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Abstract The importance of vibrational contributions to
the static linear and nonlinear optical coefficients is inves-
tigated. We apply the exact sum-over-state (SOS) formulas
for polarizabilities and hyperpolarizabilities expressed in
terms of vibronic states to a two-level system with a single
vibrational mode. The Herzberg-Teller expansion is
applied to the SOS formulas including vibrational energy
levels without employing the Placzek’s approximation
within both the Born—-Oppenheimer approximation and
electrical and mechanical harmonicities. The results include
not only the vibrational contribution from the lattice
relaxation expression but also the contribution arising from
the higher-order correction terms. Model calculations on a
diatomic system with two electronic states show that the
contribution of these correction terms is small. Moreover,
most of these higher-order terms are negligible in the solid-
state limit. In polyacetylene, the contribution of the lattice
relaxation expression is much larger than that in the
diatomic case. Within the tight-binding approximation,
the contribution of the lattice relaxation expression is 44%
of the pure electronic contribution for the second
hyperpolarizability.
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1 Introduction

There has been increasing interest in the study of non-
linear polarizabilities motivated greatly by the potential
for using this property to design optical communication
devices. The design of materials with large optical non-
linearities is an active and well-reviewed area of research
[1]. Nonlinear optical processes are governed by molec-
ular hyperpolarizabilities. These properties can be divided
into contributions originating from the effects of electric
fields on electronic motion and on nuclear motion. There
has been a growing number of calculations of vibrational
polarizabilities and hyperpolarizabilities in the past dec-
ades [2-10]. Polarizabilities and hyperpolarizabilities can
be defined by a perturbation theory treatment of the
electric fields, and this produces the sum-over-state (SOS)
formulas in terms of vibronic energies and dipole
moment matrix elements. The effect of including vibra-
tional levels into the SOS expressions for polarizabilities
and hyperpolarizabilities has been examined under the
electrical and mechanical harmonicity approximation, and
the perturbation formulas including corrections for
mechanical and electrical anharmonicities have been
derived [3-5].

Several approaches have been introduced to calculate
vibrational hyperpolarizabilities resulting from the effects
of anharmonicity. Restricted Hartree—-Fock 6-31G calcu-
lations have been performed to determine electrical and
mechanical anharmonicity contributions to the longitudi-
nal vibrational second hyperpolarizability for several
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conjugated oligomers [11]. Field-induced coordinates
have been used to describe the vibrational polarizability
and hyperpolarizabilities due to nuclear relaxation [12].
The effect of basis set and electron correlation beyond the
MP2 method on the electronic and vibrational hyper-
polarizabilities has been investigated [13]. Moreover, a
variational approach has been developed to calculate
vibrational linear and nonlinear optical properties of
molecules with large electrical and mechanical anharmo-
nicities [14, 15].

On the other hand, a semiclassical treatment has been
used to derive an explicit analytical expression for vibra-
tional contribution in terms of spectroscopic observables
[2]. The lattice relaxation expression has been obtained
from the exact SOS formulas within the Placzek’s
approximation [4]. In addition, the Ilattice relaxation
expression has been utilized to discuss nonlinear optical
properties of charge-transfer organic materials in the
framework of the valence-bond charge-transfer model
[16-23].

The purpose of this paper is to derive the lattice
relaxation expression from the SOS formulas by including
the vibrational energies in the denominators of the SOS
formulas without employing the Placzek’s approximation.
We apply the exact SOS formulas for the (hyper)polar-
izabilities expressed by vibronic states to a two-level
system with a single vibrational mode. The vibrational
mode is described by the displaced harmonic oscillator
model. Within the double harmonic approximation (elec-
trical and mechanical harmonicities), we obtain the lattice
relaxation expression for the vibrational contribution.
Furthermore, analytical expressions for the contributions
arising from the next higher-order correction terms are
also derived through the Herzberg—Teller expansion. The
importance of the various terms is examined for ethylene
and polyacetylene. Model calculations show that the
contribution from these higher-order terms is relatively
small for ethylene. In addition, most of the contributions
from the higher-order terms are negligible in the solid-
state limit. The contribution from the lattice relaxation
expression in polyacetylene is much larger than that in the
diatomic case. Within the tight-binding approximation,
the contribution of the lattice relaxation expression is
449% of the pure electronic contribution for the second
hyperpolarizability.

The paper is organized as follows: we begin by con-
sidering a two-level system with a single vibrational mode,
and use the exact SOS formulas to derive analytical
expressions for the static (hyper)polarizabilities in Sect. 2.
In Sect. 3, contributions from the various terms in the
polarizability and the second hyperpolarizability are cal-
culated for ethylene and infinite polyene. Finally, we make
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some comments and conclude with a discussion about
future research in Sect. 4.

2 Two-level system with a single vibrational mode

A two-level system with a single vibrational mode is
considered. The vibrational levels of the ground and
excited electronic states are modeled by harmonic oscil-
lators (the mechanical harmonicity approximation). For
simplicity, these oscillators are assumed to have identical
frequencies m, but minima for the ground electronic state
and for the excited electronic state are displaced. The
energy difference between the minima of the two electronic
states is denoted by A.

2.1 Static polarizability

In the presence of an external electromagnetic field e, the
interaction energy between the molecules and the field is
given by

Eim:—ua—zsz——a — gt (1)

Therefore, the total energy becomes

Eo—us——82—£s3—ls4—---,

_ int __
E=E+E" = 21 3 4!

where E, is the energy at zero field, u is the dipole
moment, o is the polarizability, and f and 7y are
hyperpolarizabilities.

From the perturbation theory, the polarizability « is
expressed by

mA0 m_EO

From this equation, we obtain the polarizability for a two-
level system with a single vibrational mode

_ Zl gOIngm |(0llerm) * &)
mA0 gm - =0 Eeﬁl — Lg0

The bar over the m in the |m) indicates that this is a
vibrational level of the excited electronic state, and lm)
denotes the vibrational levels of the ground state. Within
the Born—Oppenheimer approximation, we can write the
dipole moment of the ground electronic state as a function
of vibrational coordinate, and the matrix elements in the
first term in Eq. 3 becomes

(Ol1tg (Q)[m). (4)

We choose the minimum for the ground electronic state to
be zero and expand the electronic dipole moment in a

(80[ulgm) =
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Taylor series around the minimum. Within the electrical
harmonicity approximation, the dipole moment is Zm<0|uge|m><m|ueg|0> = Zrﬁ M§3(0)<O|ﬁ1> (m|0)
expanded to the first derivative term m=0 m=0
ou
ou - 0<ge> 0m) (m|Q|0) + (0|Q|m) (m|0
1 (Q) = 1, (0) + (@) 0. 5 (35 ) (omimioi) + (i) mlo))
0
O\’
Substituting Egs. 4 and 5 into Eq. 3, we obtain +( ;é) (0|Q|m) <r7z|Q|O>] . (11)
0
\ (2
Q 6Q 0 = A + il It is noted that the first term is related to the Franck—

where k is the force constant of the ground electronic state
and |(0|Q|1)> = h/2m has been used.

The first term in Eq. 6 is the lattice relaxation expression
for vibrational contribution to the polarizability. If the
vibrational frequencies are much smaller than the elec-
tronic frequencies (iw < A), the first term will dominate.
Moreover, this term arises completely from the pure
vibrational contribution to the polarizability because no
electronic excitation is involved. However, the contribution
expressed by the second term in Eq. 6 results from coupled
motion of the electronic excitation and nuclear vibration
within the adiabatic approximation.

Instead of using the Placzek’s approximation, we
expand the second term in Eq. 6 in powers of iw/A

|(80]u|em)| gOIuIem

[lmh;»mz(h;) ]
(7)

Here, we assume that the electronic transition moment
I (Q) is real valued. Since the vibrational levels of the
excited state |m) form a complete set, the first term in Eq. 7
can be reduced to

> (0l ttg, ) (1, |0) =

m=0

(Ol [0). (8)

We also write the electronic transition moment as a
function of the vibrational coordinate and expand it in a
Taylor series around the minimum of the ground electronic
state to the first derivative term

ou
= 0 i .
@) = 0+ () 0 ©)
Substituting Eq. 9 into Eq. 8, we obtain
o, \> h
200y — 2 ge
O10) = 12.0) + (F) 5o (10)

Similarly, substituting Eq. 9 into the second term on the
right side of Eq. 7 yields

Condon factor for the displaced harmonic oscillator model

- 2 SWL87S

= [{0lm)[" = ——. (12)
Hence, this term can be simplified by
S~ (0l (al0) = 5. (13)
m=0

where § is the Huang—Rhys factor. Through the raising and
lowering operator formalism of the harmonic oscillator, the
second term in Eq. 11 becomes

f:m(<0\m><m|g|o> + {0[Q]m) {m[0))
m=0
_» %im@wxmm (14)

m=0

14 has been
the second term in Eq. 11

The closed form of the summation in Eq.
obtained [24, 25]; hence,

becomes

S m((0lm) (ml0J0) + (0]]m) (o)

m=0

)

where O serves as a dimensionless measure of the
displacement d of the oscillators 6 = d/+/(0|0?0). In
the same way, we obtain the third term in Eq. 11

> ml0john) (1010) = 53 (1) = (54 1),
m=0 m 0
(16)

Therefore, substituting Eqgs. 13, 15, and 16 into Eq. 11
gives

. o Optge
0l ) 0 = 12,008 4 14,00 (35)

0
X %(—5) + <aﬂé) 2;:w(s+ 1). (17)

After similar manipulation, we obtain the polarizability to
the order of (hw/A)?
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/

1 @ugg @ugg K0 | 1O\ h
2k 0/, A A\3Q)2mw

hj’ [ugem)s () 4
+ ( !

00
h
)0%6 +1)

ho\
(%)
0
e (0) ( a"é) d(2S + 1)

Ottge 2
+(6Q) (S +55+1)| +- } (18)
It is recognized in Eq. 18 that the first term is the lattice

relaxation expression for the vibrational contribution to
the polarizability and the second term is the electronic
contribution to the polarizability. If the vibrational
frequencies are much smaller than the electronic
frequencies  (iw < A), the dominant vibrational
contribution to the polarizability originates mainly from
the pure vibrational motion. Furthermore, in addition to the
lattice relaxation term and the electronic contribution term,
the higher-order correction terms to the polarizability are
derived, and they are expressed in terms of the Huang—Rhys
factor or the displacement of the oscillators d. Therefore,
these higher-order correction terms describing the

vibrational contribution to the polarizability result from the
electron—phonon coupling.

12, (0)S(S + 1)

2.2 Static first hyperpolarizability

The SOS expression for the first hyperpolarizability f is
given by

(0llm) m]uln) (o)
3'ﬁ K n;; En — Eo)(E, — Eo)

B (0] e|m) (m|u|0)
(0] u|0) m;—( E, — Eu) (19)

For the two-level system with a single vibrational mode,
the first hyperpolarizability is expressed by

(80| u|gm){gm|u|gn)(gn|u|g0
F=Y% (80|ulgm) (gm|ulg ><g |ulg0)

m#0 n£0 (Egm - Eg())(E 80)
(80|t gm) (gm|p|en) (en|u|g0)
+
”%;) ,Z: Egm — EQO)(E gO)

g0|u|6m><em|ulgn> (gn|p/g0)
F 22 B BB~ Eg)
(80| p|em)(em|u|en) (en|u|g0)
s e Ol ol
_ 80|u|gm)(gm|u|g0
<gOIHIgO>m§) (B — Eo)?

~ (50010 3 <g0'(‘,;'em><2mlg‘lg°>- (20)
=0 em — Lg
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Through use of Egs. 4 and 5, we find that the first and fifth
terms in Eq. 20 (the pure vibrational terms) are equal to
zero. Therefore, there is no pure vibrational contribution to
the first hyperpolarizability.

Substituting Egs. 4 and 5 into the second and third terms
in Eq. 20 with only one pure vibrational frequency in the
denominators, we obtain

(0[Q|1) (Oug, (g1|uler) (en|u|g0)
( )0,, 0

hw 00 A+ nho .
 (11010) (3t 5~ (80lulem) emlulg1) 2
ho 00 /o= A + mhw '

Since the matrix elements in Eq. 21 are real valued and n
and m are dummy variables, Eq. 21 can be written as

L {01Q1) (Ot (g1|ulen)(en|p|g0)
ho  \ 00 ) = A+ nho '

(22)

Expanding the summation in powers of /iw/A, we have

1|u|en){en 0
Z<g |ulen) (en|u|g0)

P A+nho

X l—nh—w—i— ho —
A A ’
(23)
Using Eq. 9 and the completeness relationship for the

vibrational levels of the excited state, we write the first
term in Eq. 23 as

D (Uttge ) (7l 0)

n=0

Optge
0Q

Therefore, the first hyperpolarizability to the order of 1/A -
(ho/A)° becomes

P ) 10 () 0GR 9

On the other hand, the electronic contribution to the
polarizability is «° = 24;,/A. The first derivative of the
electronic contribution to the polarizability with respect to
the vibrational mode at the minimum of the ground
electronic state is given by

220) >0<1Q|0>- (24)

fol's 1 ou )

— | =4—u,,(0 &) 26
(52),~ 30 (35), 20
Through Eq. 26, Eq. 25 can be expressed by

;1 (O, Out®

~—=2) | — 27
#=ulw), (2 2

where k is the force constant of the ground vibrational state
and |(0|Q|1)|* = ii/2me has been used. This equation is
the lattice relaxation expression for the vibrational
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contribution to the first hyperpolarizability f. If the
vibrational frequencies are much smaller than the elec-
tronic frequencies (hw < A), Eq. 27 leads to the dominant
contribution to the first hyperpolarizability.

We proceed to determine the contribution from the next
higher-order terms to the first hyperpolarizability. To
consider the terms involving two electronic excitations
(Az) in the denominators, we have to include the second
term in Eq. 23 and the fourth and sixth terms in Eq. 20. The
fourth and sixth terms in Eq. 20 are given by

Z 3 (80| lerm) (erm|u|en) (en| u|g0)

== (A+mho)(A+ nho)

g0|ulem
~ (0lulg0 ZM'M . (28)

We expand the first term in powers of fiw/A

2 22 3 Ol e ) O

0 =0
h
x(l—(m—kn)Xw—F---)]. (29)
Keeping Eq. 29 to the order of 1/ A?, we obtain
ZZ O] g [72) (72| 11, |72) (1] 10 |0) = 123, (0) . (0)

2P
+ 20 (%) (B) +r0) <ag‘g)] 010710)
(30

Similarly, the second term in Eq. 28 is also expanded to the
order of 1/A?

|(0]ulem)?
(0| g |m) (m|p,, 0
S s =2 > (Ol ) e 0

x (1—2m%°°+--~>. (31)

Keeping Eq. 31 to the order of 1/ A?, we have

0 2
— 2.0+ (%) oo

> (Ol g, ) (|1, 0)

m=0

(32)
Hence, Eq. 28 to the order of 1/ A? becomes

— 2
101402 ), O

. [zuge(m (aa“g) 0 (66“5) 00) =1 0) (aa“g) ] |

(33)

Additionally, the second term in Eq. 23 is given by

hw
722 1|:uge|n n|:u'eg|0> (34)
=0

substituting Eq. 9 into Eq. 34, we obtain

Zn[uge ()10} + 1,0) () (1m0

O,

6Q>O<1|an><lel0>1- (35)

(110 a0
After similar manipulation, Eq. 34 can be simplified by

S 0 )l 0) = (0 (5) +me0(5).

[ h e \> h (3
—(28+1 £) —(-29). 36
“Vamo Bt )+<6Q>02ma)< 2) (36)
Those terms with the order of 1/ A? in Eq. 22 are then given
by

) ()

w 0 A

. [ﬂﬁe O(-2) + w0 (%) s 1)
o)

Combining Eqs. 27, 33, and 37, we write the first
hyperpolarizability as

¥ -5(a) (5) A0 0

o0 o0
1 n aluge Olhee
a0 (36, )

(10 (0) — 11 (0 (a"“)

x [M;@( 2) + 0
+(aé‘5)%(—§5)

+ (38)
where (0|Q?|0) = /i/2mw and (0|Q|1) = \/h/2mw have
been used.

It is noted that the first term in Eq. 38 is the lattice
relaxation expression for vibrational contribution to the first
hyperpolarizability. If the vibrational frequencies are much
smaller than the electronic frequencies, the lattice relaxa-
tion term will dominate. It is also worth mentioning that
there is no pure vibrational contribution to the first hyper-
polarizability. Therefore, the lattice relaxation contribution
with the order of 1/A to the first hyperpolarizability results

0
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from the coupled motion of the electronic excitation and the
nuclear vibration within the adiabatic approximation.
Moreover, we also obtain the higher-order correction terms
to the first hyperpolarizability.

2.3 Static second hyperpolarizability

From the perturbation theory, the second hyperpolari-
zability y can be expressed by

_ (Ol alfe) (fe| | m) Gm| ) (| 4]0)
4")) V_ZZZ Ek—E() E _EO)(En_EO)

kA0 mA£0 n#O
(0] pl&) (k| 14]0) < (O] p|m) (| 1] 0)
; (Ex — Eo) Z;O (Ep — Eo)* (39)
where it = p — (0|p|0).

We first consider the pure vibrational terms in Eq. 39
given by

(80| ulgk) (gk|ftlgm) (gm|pilgn) (gn|u|g0)
k#zo W,Z;éo ; (Egk - Eg())(Egm - EgO)(E - EgO)
(80 pgk) (gk|ulg0) < (80| ulgm) (gm|u|g0)
]#Z() (Egk _ EgO) ,,;) (Egm _ Eg0)2 . (40)

Under the same approximation, Eq. 40 then becomes

1 a,ugg 4 s ,
2(ha))3(6Q>0|<0|Q|1>| (1]Q[2)]

2 2
- (h;)3 [(aaig)oumgwl . (41)

Using [(0|Q|1)|* = Ai/2me and |(1|Q]2)]* = i/mw, we
find that Eq. 41 is equal to zero. Analogous to the case for
the first hyperpolarizability f, there is also no pure vibra-
tional contribution to the second hyperpolarizability y. In
particular, as shown in Eq. 18, only the polarizability o
contains a pure vibrational contribution.

Next, we consider those terms with two pure vibrational
frequencies in the denominators

YT (g0|ulek) (ek| | gm) (gm|p|gn) (gn|ulg0)

EgO)(Egm - EgO)(E - Ego)
(80| ulgk) gklulﬂﬂ)<em|u|gn><gnlu|g0>
gk - gO)(E gO)(E n EgO)
gO\ulgk gklulgm><gm|ﬂlen><enlulg0>
¥ 222 (b E) B ) Ben — E)
-y <80\u|ek><ek|ulg0> 3 (80l plgm) (gmp|g0)
o (E — Ego) w0 (Egm — Ego)2

k=0 m#0 n#0 (Egk

2D D

k20 =0 n£0

(42)
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Under the same approximation, Eq. 42 can be reduced to

(g2|lg1)(g1]u|g0) > (g0 ulek) (ek|p|g2)

(hw)? £~ (A4 kho)
(80]plg1)(g1|1|g0) x— (g1|1tlem) (em|i|g1)
" (hw)? Z(:) (A + mhw)

gOIM\gl ? Z (g0 ulek) (ek|u] g0) (43)

(A + kliw)

We expand the summations in Eq. 43 in terms of 7iw/A

(g0]plek) (ek|plg2)
Z (A + kho)

= 5 2 | OB B

()]

><<1 Xw )} (45)
(80|plek) (ek|ulg0) _ 1
> o) ;[omgem (flitg 0

()]

The first terms on the right side of Eqs. 44, 45, and 46
become

(]

m=0

N /T S
Ol ) ) = (L) e @)
- o, Ol
S0t 1) = 12.00) + (%) e
(48)
% 2

S (Ot ) (1 0) = 2,(0) + (

k=0

6Q)O<0|Q 0).  (49)

Therefore, Eq. 43 expanded to the order of 1/A is given by

Ontge)” (Ontge) *1
( 00 ) ( 00 )OE (0)

where k is the force constant of the ground vibrational
state. If the vibrational frequencies are much smaller than
the electronic frequencies, this term will dominate.

We then consider those terms involved in A” in the
denominators, and include both the second terms in Egs.
44, 45, and 46 and those terms with only one pure vibra-
tional frequency in the denominators in Eq. 39 given by
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ZZZ (80|u|gk) (gk|pilem) (em|filen) (en|u|gO)

k#0 m=0 n=0 8k - 80)(E€m gO)(Een - EgO)

(0| ulek) (ek|fi|gm) (gm|i|enn) {en|u|gO
*ZZZ (g Iﬂkl g ><g |xlen) {en|p|0)

=0 m#0 n=0 e Eg())(E gO)(E - Eg())

(g0 ulek) ek\ulem><emlu|gn><gnlulg0>
¥2.20 2 G By Ean — E0) B E)
(g0]u|gk) (gk|p|g0) <~ (g0|ulem) (em|u|g0)
- k#zo (Egk - Ego) n;) (Eeﬁz - Eg())2 . (51)

It is noted that k and n are dummy variables and k is only
equal to 1 through Eq. 5. Hence, Eq. 51 can be simplified
by

Ol ) 5~ (g1 lerm) (el len) el 0)
(A + mhw)(A + nho)

=0 n=0
SYYY (80| ulek) (ek|i|gm) (gm|p|en) (err|pu|g0)
(A + kho) (mhow) (A + iho)
k=0 m#0 n=0
g0lu\g1 i 3 (80| u|em) (em|u|g0) (52)
= (A + mho)?

We expand the summations in terms of Ziw/A to the order
of 1/ A?. Through similar manipulation, Eq. 52 can be
expressed by

ol 12000 = 00 0)(5) (52,

1 2 6“66 a'ugg

0(35),(38),

+ 1 3ho a‘uge ? Ot %
2 \a0 /), \o0/),\30 ),
Loy o (O \* 1l (O, *

T ge(o)(aQ e \ag ),

1 2.(0) (Gﬂgg>2+ 1 hw(ﬁﬂge)z(%)z}, (53)
ks 00 2k 2 \ 00 /,\ 00 /,
where k is the force constant of the ground vibrational
state.
Furthermore, we also have to include the second terms
in Eqgs. 44, 45, and 46. After similar manipulation to sim-

plify these terms, those terms with the order of 1/ A? in Eq.
43 become

1 1 (Opg, 2, Optge h
A22k(6Q) v <o>—ugg<o>(aQ)O\/ﬁmw 5

Ottge\ " T
+(©Q) (45 +5)].

Collecting all the terms with the order of 1/ A? in Egs. 53
and 54, we obtain

(54)

20 0) = e O 0) () ().

o, O, Ot
2 ee 88 “Fge
+kA2 el < < kA?z“ N2,
Ol 2 l'hw AN
A2 o ) gt ) (6Q> Sl
+ L 1 how auge 1 137w a,ugg Ottye %
2/<2A2 TeaT 2 20 J,\ 90 /,\ 30 /,

1 1 (Oug, Ottge [ h .
+2kA2(©Q> (0)(6Q)0 2mw 0 (53)

It is worth noting that one half of the contribution from
the forth term,

11, Oftgg ’
052 (50

results from those terms with only one pure vibrational
frequency in the denominators in Eq. 51 and the other half
of the contribution results from those terms with two pure
vibrational frequencies in the denominators in Eq. 42. On
the other hand, the electronic contribution to the first
hyperpolarizability is

ﬁe = 6(”(’,(’, - :ugg)_ (57)

The first derivative of the electrical contribution to the first
hyperpolarizability with respect to the vibrational mode at
the minimum of the ground electronic state is given by

(5.6

0
6000 - 1052 (B) (59

Through Eqgs. 58 and 26, the first four terms in Eq. 55 can
be expressed by

1|1 /0of Rl 1/0 op°

eo), (o) o), o))
k(8\oQ/,\00Q/, 6\ 00 /,\00/,

Hence, combining Eq. 50 with Eq. 55, we write the second
hyperpolarizability as

’ 11 a“,sg) a'“é’c' ? ll 0o’ (@(xe
r Ak2<aQ <@Q>o+k{8<@Q>o 6Q>o
%), 08)] (). (),
w520, (50)) e (G, (G s+
1 7w (Opg,\* 1 380 (g (Ot [Ohee
W@(ag) *PW(agL(ag%(@%

L1t aﬂgg Ottge / h

If the vibrational frequencies are much smaller than the
electronic frequencies, the first term will dominate. The
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second and third terms in Eq. 60 related to the derivatives
of the electrical contribution to the polarizability and
the first hyperpolarizability are the lattice relaxation
expression for the vibrational contribution to the second
hyperpolarizability. Moreover, there is no pure vibrational
contribution to the second hyperpolarizability. Therefore,
the contribution with the order of 1/A to the second
hyperpolarizability arises from the coupled motion of the
electronic excitation and the nuclear vibration within the
adiabatic approximation. In addition, the higher-order
correction terms are also obtained.

For the current study, we will focus on a centrosym-
metric system with only two electronic energy levels. For
this system, the dipole moments are equal to zero,
Iee(Q) = 1, (Q) = 0. It is straightforward but laborious to
derive the second hyperpolarizability to the order of A™*
expressed by

22,(0) (g, \ > B (O, !

K \o0 ), a2\ 30 ),

4 3 Otge h
1.0) +10.0)(F) 20

(85+6
)02”’“’ o)

%), (o)

1
A

/

’)}:

A

+ uge

(

a:uge n g Wy
*(ag) me) (25 +3) |+ |1, (0)4S
Ot fi 3
#2055 ) Voo~ (9+37)]
Optge

+ 12,(0) < 20
d 3/2
+ 11, (0 ( a 5) (2i> — (300 +76%)]

ou,, B o\?
(“g) (2—> (582 + 495 + 8) | +

3 Model calculations

i
) CU(1252 + 565 +8)

(61)

3.1 Two-level system: ethylene

It is important to compare the relative importance of the
various contributions to the polarizability and the hyper-
polarizabilities. To obtain an order-of-magnitude estimate
for those terms derived in the previous sections, we first
consider the simplest n-electron system: ethylene. We will
use Yaron and Silbey’s parameters for ethylene [3]. A
typical vibrational frequency @ for a C=C double bond is

@ Springer

0.19 eV. The energy difference between the ground and
excited electronic states A is taken to be the band gap in
polyacetylene, approximately 1.4 eV. The average vibra-
tional amplitude +/%/2mw for a C=C double bond is
0.043 A. The calculated change in bond length on excita-
tion of octatetraene is of the same order of magnitude
0.059 A for the central bonds, so we expect J to be of order
unity.

Furthermore, in order to estimate the derivative of the
transition moment, we will also follow Yaron and Silbey’s
argument [3] that the transition moment is just proportional
to the bond length

(%)% @

where Q, is the bond length (Q,= 1.4 A). Therefore,
substituting these parameters into Eqs. 18 and 61, we can
estimate the relative magnitude of various terms in the
polarizability and in the second hyperpolarizability. These
results are shown in Tables 1 and 2, respectively.

Table 1 presents the magnitude of various contributions
from those terms in Eq. 18 relative to the electronic con-
tribution ,ug,e(O) /A. As shown in Table 1, the relative
magnitude of these contributions decreases with the
increasing of the order of iw/A, and it also decreases with
the increasing of the order of (du,,/3Q),. In addition, the
sum of the relative magnitude from the vibrational con-
tribution terms is —0.023311. Therefore, the contributions
of these higher-order terms to the polarizability for ethyl-
ene are extremely small.

Table 2 presents the relative magnitude of various
contributions from those terms in Eq. 61. The value of the
contribution from the o term (,uge( )/ Az)(auge / GQ) rela-
tive to the electronic contribution 1}, (0)/ A? is the same as
that obtained by Yaron and Silbey [3]. However, the value
of the contribution from the term gg,(0)/ A? relative to the
electronic contribution is approximately four times as large
as that obtained by Yaron and Silbey. This difference
results from the fact that Yaron and Silbey only considered
those terms with a pure vibrational frequency in the
denominator in Eq. 39. Additionally, the sum of the rela-
tive magnitude from the vibrational contribution terms is
0.184496. Analogous to the case for the polarizability,
Table 2 also shows that the contributions from the higher-

Table 1 Relative magnitude of various contributions to the polariz-
ability o for ethylene

o\ Oy, Ottye
1 (1) 12,(0) 1 0) (%), (%),
0 1 0 0.00094
1 —0.033 0.0041 —0.00016
2 0.0056 —0.00083 0.000039
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Table 2 Relative magnitude of "

various contributiqns t(f.o.the ) " gf ) Hf:le (0) (%) o ,uf,e(O) (gﬂ—é)z Hhee (0) (‘;%):) Cﬁlé)z

second hyperpolarizability y for

ethylene 2 0 0 0.028 0 6.6 x 107°
3 -1 0.061 —0.0075 0.00023 —3.1x 107
4 0.13 —0.03 0.0029 —0.00014 25 x 107°

order terms to the second hyperpolarizability for ethylene
are relatively small.

As shown in Tables 1 and 2, the vibrational contribution
to the polarizability and to the second hyperpolarizability
for ethylene is much smaller than the electronic contribu-
tion. Most of the correction terms are related to the
derivative of the electronic transition moment; hence, the
vibrational contribution from these terms originates from
the dependence of the electronic transition moment on the
vibrational displacements. Equation 62 has been used to
estimate the derivative of the electronic transition moment
[3], and it was pointed out that the dependence of the
electronic transition moment on the vibrational displace-
ments for ethylene is very weak. Therefore, the vibrational
contribution from these correction terms is small. Fur-
thermore, it is noted in the present model that the sum of
the relative magnitude from the vibrational contribution
terms for the polarizability for ethylene is —0.023311. In
contrast with the case for the second hyperpolarizability,
the sum of the relative magnitude from the vibrational
contribution terms is 0.184496. Thus, the vibrational con-
tribution for the second hyperpolarizability for ethylene is
more significant than that for the polarizability.

3.2 Two-band system: polyacetylene

It is significant to consider whether any qualitatively new
effects will arise in polymeric systems. The simplest two-
band system, polyacetylene, will be examined using the
tight-binding approximation with harmonic vibrations. The
Longuet-Higgins and Salem’s model is used to describe
the polyenes [26-29]

H= Zﬁ(rn) (C:[Cn+1 + C:,r_,_]cn) + Zf(rn)v (63)
n n

where f(r) is the transfer (resonance) integral and f(r) is o-

bond compressional energy. Following Kiirti and Kuzmany

[26], we assume that f(r) is given by the exponential

function

B(r) = —Ape"Pr, (64)

where r is the distance between the two carbon atoms,
Ap=1243.5¢eV, and Bg = 0.3075 A. At equilibrium, the
lengths of single and double bonds are R = 1.45 A and
R =136 A, respectively. For a perfect dimerized chain

with periodic boundary condition, the eigenvalue wy for the
one electron state |k) is given by

o =[BT+ B3+ 28,5, cos(ka)]”z
= \/Etox/cosh 2x0 + cos ka,

where a is the unit cell length, 7y = A/;e*“/ 2By xo = (r —
r2)/2Bp, and f§; and f, are the resonance integrals for the
single and double bonds, respectively.

According to Yaron and Silbey’s argument [3], we only
need to consider the optical K = 0 phonon mode. In order
to calculate the polarizability o and the second hyper-
polarizability y, we will use simple displaced harmonic
oscillators to approximate the excited state potential sur-
faces. Although the derivation is similar to the case for the
two-level system, a sum over all excited electronic states is
necessary. From Eq. 18, the polarizability with real tran-
sition moments is given by

o= L (e (Ot
©2k\ 00 /,\ 00 /,
00 2 2
Hee,(0) 1 (Opg\" B
+;< A,‘ +A, aQ g<maw

1 ( hw 0
KI{_E |:.u§ei (O)Sl - :uge,v (O) (

(65)

[\

>Od,-(2S,- +1)

O\
+(ﬂ) —— (S} +5Si+1)

02mm (66)

-

where Q refers to the K = 0 phonon mode, fi,,, is the tran-
sition moment between the ground and an excited electronic
state, and the sum is over all excited electronic states.

The band theory for polyacetylene within the tight
binding approximation has been developed by Cojan,
Agrawal, and Flytzanis [28, 29]. For polyacetylene, the
dipole moment for the ground electronic state vanishes
(144 (Q) = 0), so the first term in Eq. 66 becomes zero. The
second term in Eq. 66 is the electronic contribution to the
polarizability expressed by
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> 113,,(0)

o (67)

=1
In the large N limit, p,,, is replaced by Q(k) and the sum

over states is replaced by an integral over the first Brillouin
zone [26, 28-30]

a [|Qk)’
NS / o (68)

where ¢, = 2wy is the transition energy at k. A factor of 2
has been included to account for the double occupation of
the orbitals. When we derived Eq. 68 from Eq. 67, the
summation over many-electron wave functions has been
replaced by the summation over single-electron wave
functions and the transition matrix element f,, has been
replaced by Q(k) given by

2 2
_ 1a(ﬁ1 — ﬂZ) _4a zﬂmt

Q(k) e - ”4[(1 + cos ka) + /33(1;(1

— coska)]
(69)

Following Yaron and Silbey [3], we use periodic
boundary conditions for the phonon and treat the
electronic motion as a open chain. The K = 0 optical
phonon for a chain of 2N carbons is

Ox—o = (70)

1 ,

Since the electronic wave functions are invariant to the
transformation (f3, f§,)=-(cf,,cfl,) where c is a constant
[3], i, depends only on the ratio

)
ﬁrat _ﬁl +ﬁ2

Therefore, we can replace the derivative with respect to Q
in Eq. 66 with a derivative with respect to f,,,

a'ugei _ a'ugei a:Brat
(56), (). (%6),
In the large N limit, we have
Optge, dQ(k)\  [dQ(k) dBa
(aQ )ﬁ ( dQ )( (dﬁm,)o(dQ)o
_a (14 coska) — B2, (1 — cos ka) \/Tl 1
" 2[(1 + coska) + B, (1 — coska)]> V 2NBpcosh® xo’

(72)

= — tanh x. (71)

Furthermore, the displacement d; is replaced by the
electron—phonon coupling 4; [31]
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a— a4 (2 73)

where 0 is the equilibrium geometry of the ground
electronic state, ky is the force constant for the K =0
phonon mode in the ground (and excited) state, and ¢ is
the energy of the excited state relative to the ground state.
Similarly, the Huang—Rhys factor S; is also expressed by
the electron-phonon coupling

1 kd? 1 ko .,
=5 s A
2 ho 2hw

(74)

In addition, the size dependence of each term in Eq. 66
can be analyzed in the large N limit. It is noted that the
electronic contribution in Eq. 68 is proportional to N. From
Egs. 72, 73, and 74, we find for polyacetylene that
(Ong.,/0Q),, is proportional to N2 d;to N~'/2, and ; to
N~'. For example, the size dependence for the third term in
Eq. 66 is given by

1 (Opge\” 1\?
4 E<6Q)0—2mwNN(\/_N> =1 (73)

and the size dependence for the fourth term becomes

SiCpres@o o

i=1

Table 3 displays the size dependence of each term in
Eq. 66 for the polarizability of polyacetylene in the large N
limit.

As shown in Table 3, only the size dependence of the
electronic contribution term is proportional to N, while the
size dependence of the other terms is smaller than N.
Therefore, these higher-order terms for polyacetylene are
negligible and only the electronic contribution is important
in the large N limit.

We can obtain the expression for the second hyper-
polarizability similar to Eq. 60 to the order of A2 Tt is
noted that ., (Q) = 0 for polyacetylene, so only two terms
survive. Following the derivation of the second hyper-
polarizability for the two-level system, we have

= al50), (50),
7 T 8k \00 ), \ 00
Otge, 1 (Ot,\*

e i), o

In the large N limit, the derivative of the polarizability with
respect to the vibrational mode

() =S o). -

i=1
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Table 3 The size dependence of each term in Eq. 66 for the polarizability of polyacetylene in the large N limit

(1/Zk)(a“gg/aQ)o(a/‘gg/aQ)o =0 =0
D21 e, (0)/A ~N =N
321 (1/A) (Bttge, /0Q)G () 2mev) ~N(1/VN)? =1
St (1/A) (=ho/ A g, (0)S; ~N(1/N) =1
221 (1/A0) (=hor / Ai)itg,, (0) (Opy,, /0Q) o (—di) ~N(1/VN)® =1
2251 (1/A) (=hao/A; )(@uge,/@Q)ﬁ(h/me)(Si +1) ~N(1/VNP(1/N +1) =UN+1
Yo (1/A; )(ha)/A) yge (0)S:(S;i +1) ~N(1/N)(1/N + 1) =1/N+1
S (1/A) (hoo /&) g, (0)(auge /0Q)o(—d:)(2S: + 1) ~N(1/VN)(1/VN)(1/N +1) =N +1
S (1/A) (ho/ A (O, /OQ)G () 2mr) (S + 5 + 1) ~N(1/VNP(1/N? +1/N +1) =1/N* +1/N +1
becomes 4 Discussion and conclusions
a 4 dQ(k) We applied the exact SOS formulas for static polariza-
ZNE / gg (k) (W) Odk' (79) bilities and hyperpolarizabilities expressed in terms of

We use Kiirti and Kuzmany’s parameters for polyacetylene
[26]. The force constant of the K = 0 phonon mode is
5.390 mdyne/A. Therefore, we can calculate the o? term

1 /0w Oof
R o = . 80
! 8ko (aQ)o (6Q>0 ( )

It is noticed that the size dependence of the o’ term is
proportional to N. On the other hand, through Eq. 72, the
size dependence of the second term in Eq. 77 is given by

RS

Hence, only the o> term contributes to the second hyper-
polarizability to the order of A2 in the large N limit.

Furthermore, we compare the contribution of the o? term
with the value of the pure electronic second hyperpolariz-
ability. The band theory result for the electronic second
hyperpolarizability is given by [29]

a5 ) o

¢ = 2N— dk.

a

(82)

Through Egs. 80 and 82, we determine the ratio of vibra-
tional contribution from the «® term to electronic
contribution, 7"/} = 44%. If we express the total second
hyperpolarizability as a sum of the contributions from the
«? term and the pure electronic term, ' = 7 + 7. Thus,
the «® term contributes 31%(y"”/y’) to the whole second
hyperpolarizability. The result is different from Yaron and
Silbey’s result [3]. This inconsistency arises from the fact
that we use the different parameters for the transfer inte-
grals and Yaron and Silbey use the parameters for a C=C
double bond to approximate the force constant ky for
polyacetylene.

vibronic states to the two-level system with a single
vibrational mode. For this system, we derived vibrational
contributions to (hyper)polarizabilities in a systematic
expansion in the powers of fiw/A, and obtained the lattice
relaxation expressions for the vibrational contributions and
the contributions from the next higher-order correction
terms. Additionally, we also obtained additional terms not
contained in the formulas obtained using the Placzek’s
approximation. Those higher-order terms for the vibra-
tional contribution expressed in terms of the Huang—Rhys
factor or the displacement of the oscillators depend on the
strength of the electron—phonon coupling. Similarly, this
method was also generalized to the multi-level system with
multiple vibrational modes. By performing calculations on
model systems, we found that the contributions from the
higher-order terms to the polarizability and to the second
hyperpolarizability for ethylene are relatively small. On the
other hand, it was shown that only electronic contribution
to the polarizability for polyacetylene is significant.
Moreover, the contribution from the o term and the
electronic contribution for polyacetylene are comparable.
The contribution of the o term is 44% of the electronic
contribution. Therefore, inclusion of vibrations for poly-
acetylene has a non-negligible effect on the second
hyperpolarizability.

We have examined the validity of the lattice relaxation
expression of vibrational contributions to static linear and
nonlinear optical coefficients from the exact quantum
mechanical expression. If the vibrational frequencies are
much smaller than the electronic frequencies, the lattice
relaxation expression for vibrational contributions to the
polarizability will dominate, and this term is a pure
vibrational contribution. In addition, the contributions from
the higher-order terms to the polarizability are negligible in
the solid-state limit. In particular, there are no pure
vibrational contributions to first and the second hyper-
polarizabilities. Similarly, the lattice relaxation expression
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for vibrational contributions to the first hyperpolarizability
is dominant. However, there exist other terms at the same
order as the lattice relaxation expression for vibrational
contributions to the second hyperpolarizability. When the
dipole moment of the ground electronic state for symmetric
modes vanishes, only two terms at this order survive. One
is the lattice relaxation expression (o> term) and the other
involves the derivative of the electronic transition moment
with respect to the vibrational mode. In the solid-state
limit, only the o term is important.

The current study concentrates on static vibrational
polarizabilities and hyperpolarizabilities determined from
the general perturbation approach under the electrical and
mechanical harmonicities. Additionally, two special cases,
ethylene and polyacetylene, are considered to compare the
contributions from various terms to the polarizability and
to the second hyperpolarizability. In the future, dynamic
polarizabilities and hyperpolarizabilities including the fre-
quency dependence of the electric field will be considered
under the present model, and the effects of the correction
terms from anharmonicity contributions and the chain-
length dependence of the contributions from various terms
in polarizabilities and hyperpolarizabilities deserve further
investigation.
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