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[1] We discuss an innovation in traveltime tomography that combines wavelet‐based,
multiscale parameterization and finite‐frequency theory to solve two outstanding
issues that inevitably arise from uneven source station distributions and from the
three‐dimensional (3‐D) nature of wavefront healing: how to objectively address the
intrinsically multiscale nature of data coverage while simultaneously maintain
model resolution at each scale level. We apply the new, integrated methodology to
investigate 3‐D variations of P and S wave speeds (dlnVP and dlnVS) beneath the
Himalayan‐Tibetan orogen. In particular, we are able to constrain variations in the
Poisson’s ratio via dln(VP/VS). The formulation is naturally data adaptive, resolving
features at each scale only if the required data converge is available. The very first,
long‐wavelength feature that emerges is a clear anomaly of high dlnV that extends over
more than 500 km beyond the northern edge of the Lhasa terrane at places. Farther
northward, a strong negative anomaly underlies the region where recent volcanism occurs
in northern Tibet. Regions of negative dln(VP/VS) delineate a slab‐like, subhorizontal
feature concentrated between depths of ∼100–250 km. Such characteristics are consistent
with the notion that chemically refractory, and therefore buoyant, mantle lithosphere of the
Indian shield (“Greater India”) has advanced subhorizontally northward far beyond the
surficial Bangong‐Nujiang suture. In the crust, two isolated regions of low dlnV, each
extending to depths near 100 km, occur along the Lunggar and the Yadong‐Gulu active
rifts in southern Tibet. Deep penetrating rifts imply that only a limited amount of
horizontal displacement is being accommodated on subvertical structures.
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1. Introduction

[2] Since its inception in the mid‐1970s [e.g., Aki and Lee,
1976], seismic traveltime tomography has been a key method
in probing the earth’s interior at various scales, ranging from
the whole mantle to local crustal structures [e.g., Zhao and
Kanamori, 1993; Masters et al., 1996; Grand et al., 1997;
Zhang and Thurber, 2003; Montelli et al., 2004a; Li et al.,
2008]. Its ability to unravel three‐dimensional (3‐D) varia-
tions makes traveltime tomography indispensible in provid-
ing vital insights to global tectonics and geodynamics. Over
the past few decades, there has been significant progress in
several fronts to improve the resolution of tomographic images.

[3] First, both the quality and the quantity of data have
greatly improved. Globally, the coverage of and quality of data
from the Global Seismographic Network (GSN) has been
increasing steadily. Meanwhile, many deployments of broad-
band seismographs provided much needed coverage in key
geological areas. Some recent experiments, such as during the
Project Hi‐CLIMB over the Himalayan‐Tibetan orogen, made
hundreds of deployments in spite of severe logistic constraints
[Chen et al., 2010; Hung et al., 2010]. Such efforts are cul-
minating as the USArray component of the EarthScope, a
national initiative, is well underway across the North American
continent, leading to unprecedented lateral coverage and high‐
resolution at depth [e.g., Sigloch et al., 2008; Tian et al., 2009;
Obrebski et al., 2010].
[4] Second, in the last decade, more sophisticated theory

emerged for forward calculations, taking into account the fre-
quency‐dependent nature intrinsic to traveltimes [e.g., Dahlen
et al., 2000; Hung et al., 2000; Zhao et al., 2000]. Combining
ray theory for body waves, Born approximation for forward
scattering, and paraxial approximation for wavefronts away
from the central ray, Dahlen et al. [2000] and Hung et al.

1Department ofGeosciences, National TaiwanUniversity, Taipei, Taiwan.
2Department of Geology, University of Illinois‐Urbana, Urbana, Illinois,

USA.
3Department of Ocean Science and Engineering, Zhejiang University,

Hangzhou, China.
4Institute of Oceanography, National Taiwan University, Taipei, Taiwan.

Copyright 2011 by the American Geophysical Union.
0148‐0227/11/2010JB008190

JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 116, B06307, doi:10.1029/2010JB008190, 2011

B06307 1 of 26

http://dx.doi.org/10.1029/2010JB008190


[2000] devised an efficient method for computing the Fréchet
derivative (or data kernel) which relates traveltimes, precisely
measured at different frequencies by cross correlation of
waveforms, to 3‐D perturbations in seismic wave speeds for
the whole Earth.
[5] For each source‐receiver pair, the resulting kernel occu-

pies a banana‐shaped region surrounding the geometric ray and
extending to awidth determined by the first Fresnel zone, which
bounds the volume of maximum sensitivity associated with this
particular measurement [e.g., Hung et al., 2001]. At any finite
frequency, the center of the banana‐shaped region is hollow
because the geometric ray itself represents the trajectory of
maximum sensitivity when frequency approaches infinity. This
formulation encapsulates the essence of diffractive wavefront
healing whose effect is more pronounced at low frequencies.
To this end, frequency‐dependent traveltimes take full advan-
tage of the broadband nature of signals from earthquake sources:
With traveltimes measured at multiple frequency bands, each
measurement, depending on its frequency band, is sensitive to
heterogeneities at a different spatial range from the central ray;
and measurements at different frequency bands complement
each other [e.g.,Hung et al., 2004;Montelli et al., 2004b; Yang
et al., 2006].
[6] Third, tomography is inherently an inverse problem.

Appropriate parameterization of model and proper regulari-
zation in implementing the inversion are particularly critical
in dealing with unevenly distributed data which is always the
case for actual observations [e.g., Trampert and Snieder,
1996; Chiao and Kuo, 2001; Sambridge and Faletič, 2003;
Loris et al., 2007]. Localized parameterization, using either
regular or variable sizes, has been a common practice in
regional traveltime tomography. Unlike global tomography,
which usually involves parameterization in terms of expan-
sions in spherical harmonics or in basis functions of spherical
splines (thus emphasizing spectral resolution), localized
schemes preferentially emphasizes spatial resolution [e.g.,
Chiao and Kuo, 2001; Romanowicz, 2003]. Furthermore,
spatially stationary regularization, with a priori assumptions
regarding smoothness, is often imposed during the inversion
in order to reduce nonuniqueness of the solution and to
suppress small‐scale, uncorrelated fluctuations in the solution
which arise from ill‐constrained model parameters, errors in
the data, finite truncation intrinsic to discrete parameteriza-
tion, null vectors, and approximations in the formulation of
the forward problem.
[7] A more desirable parameterization should be data

adaptive and capable of resolving spatially varying scales of
heterogeneities. That is, a scheme favorably preserves the

long‐wavelength amplitude spectra in sparse‐sampled regions
without penalizing high spatial resolution in places with dense
coverage of data [e.g., Trampert, 1998]. One promising
approach is a multiscale parameterization based on wavelet
transforms [Chiao and Kuo, 2001; Chiao and Liang, 2003;
Chiao et al., 2006]. Hung et al. [2010] are the first to extend
this technique to 3‐D, and then combined the extended mul-
tiscale parameterization with finite‐frequency tomography,
leading to the most recent, 3‐D distribution of both dlnVP and
dlnVS, or fractional changes in the speed of P and S waves,
respectively, under the Himalayan‐Tibetan orogen. Limited
by space, Hung et al. [2010; hereinafter paper 1] emphasized
results for VP and VS and their geologic interpretations,
describing the methodology only briefly.
[8] In this study, we enunciate, in some detail, the procedure

of extending multiscale parameterization to 3‐D and how to
combine this procedure with finite‐frequency tomography.
Since the Hi‐CLIMB data set used in paper 1 is comprised of
both a dense‐spaced, north‐northwest trending linear array and
a broad, lateral (east‐west) regional network (Figure 1a; data
particularly well suited for multiscale analysis) we perform
further analysis of this data set to obtain 3‐D images of frac-
tional changes in the ratio between VP and VS, dln(VP /VS), a
quantity directly related to variations in Poisson’s ratio. We
then compare the new results, vis‐à‐vis, with results of both
dlnVP and dlnVS to place additional constraints on properties of
converging lithosphere beneath theHimalayan‐Tibetan oregen
where both the greatly thickened crust and the mantle have
been investigated by several independent, complementary
methods.
[9] It is important to point out that although theoretically

the relationship among dlnVP, dlnVS, and dln(VP /VS) is simple
[e.g., Chou et al., 2009], reliable estimates of dln(VP /VS)
requires a careful selection of data to ensure that only source‐
receiver pairs common to both P and S wave are being used.
Subsequently, the entire process of inversion, along with
additional resolution tests, is carried out anew. While the
images for dlnVP and dlnVS are similar to those shown in
paper 1 (an expected outcome) most results presented in this
study are entirely new.

2. Preliminary Analysis of Data

[10] TheHi‐CLIMB seismic array covers a vast region over
the Himalayas and the Tibetan plateau. The array is roughly
L shaped, with apertures of about 800 km and 500 km along
north‐northwest—south‐southeast (NNW‐SSE) and east‐west
(E‐W) trends, respectively (see Figure 1a).

Figure 1. Examples of frequency‐dependent, traveltime residuals along the N‐S trending, linear array of Hi‐CLIMB.
(a) The map on the left shows locations of seismic stations (triangles) and the region being investigated (box outlined
by dashed lines). Gray solid lines indicate locations of profiles along which images of dlnVP, dlnVS and dln(VP/VS) are
shown in Figures 5–9. Other features are major geologic boundaries (solid curves), including (from north to south) KF,
the Kunlun fault; JRS, the Jinsha River Suture; BNS, the Bangong‐Nujiang Suture; IYS, the Indus‐Yarlung Suture; STD,
the South Tibet Detachment System; MCT, the Main Central Thrust; and MBT, the Main Boundary Thrust. The map on the
left shows locations of epicenters of earthquakes E1 and E2 that generated the P and Swave data, respectively, shown below.
(b) Results from P waves. Notice that at a given station, the amplitude of residual from the high‐frequency band (“high”) is
generally larger than that from the low‐frequency band (“low”), reflecting a greater degree of wavefront healing associated
with diffraction in the latter case. In both cases, long‐ and short‐wavelength fluctuations are both present along the profile,
calling for a multiscale analysis. (c) Corresponding results for S waves. The overall patterns of traveltime residuals are similar
to those in Figure 1b. Five‐letter codes at the bottom are names of stations for internal bookkeeping.
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Figure 1
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[11] A number of studies have shown that body wave arri-
vals are dispersive, a result of diffractive wavefront healing
[e.g.,Hung et al., 2004; Yang et al., 2006]. For the Hi‐CLIMB
data set, we apply a fourth‐order, zero‐phase Butterworth
band‐passed filter at two passbands, thenmeasured traveltimes
using the method of multichannel cross correlation (MCCC)
[VanDecar and Crosson, 1990]. For P phases, measured from
the vertical component of seismograms, the high and low range
of frequencies are 0.3–2.0 Hz and 0.030–0.125 Hz, respec-
tively. Corresponding values for S phases, measured from the
tangential component of seismograms are 0.2–0.1 Hz and
0.03–0.10 Hz, respectively. For additional details of data
processing and the resulting coverage of raypaths, see paper 1.
[12] Figures 1b and 1c show a representative example of

how measured traveltimes for P and S arrivals, respectively,
vary across the long, linear array. The first notable feature is
that in general, the magnitude of traveltime anomalies at the
low‐frequency band is subdued when compared with their
counterpart at higher frequencies. This trend is precisely the
expected effect from wavefront healing: Heterogeneities,
distributed in 3‐D, cause the wavefront to become irregular as
thewavefield passes through themedium; subsequent healing
of the wavefront is more pronounced at low frequencies than
high frequencies. In the former case, along a given geometric
raypath, the propagating wave is sensitive to properties of
themedium away from the path; whereas in the latter case, the
wave is responsive to small‐scale heterogeneities close to the
path, leading to a larger traveltime anomaly.
[13] That is, under the framework of finite‐frequency

tomography, sensitivity kernels of traveltimes broaden with
period, effectively not sensing small‐scale heterogeneities in
the hole of the “banana‐doughnut” [Hung et al., 2001; Baig
et al., 2003; Yang and Hung, 2005]. In contrast, classic ray
theory based traveltime tomography assumes that the sig-
nal’s frequency approaches infinity and traveltime residuals
of the same phase measured at different frequencies have
exactly the same sensitivity confined to the raypath itself
[e.g., Montelli et al., 2004b; Hung et al., 2004].
[14] The second important feature of the data is that at both

passbands, both long‐ and short‐wavelength variations are
apparent (Figure 1), calling for an approach that can com-
petently resolve heterogeneities at different length scales. To
this end, because of varying subsurface structures and dif-
ferent configurations of receiver‐source pairs, each data set
would exhibit its own distinct characteristics. As such, a truly
versatile multiscale approach also must be data adaptive.
[15] For our data set, measured traveltime residuals are

strongly dependent on the back azimuths of earthquake sour-
ces. This feature is apparent when we group the selected
earthquake sources into a succession of swaths, each spanning
20° in back azimuth. For each group, the average traveltime
residual at each station is calculated by the mean of all mea-
sured traveltime residuals, each weighted by the inverse of
estimated standard deviation in measurement error [VanDecar
and Crosson, 1990].
[16] Figure 2 displays the average residuals of P and S

arrivals measured at the high‐frequency band from two event
groups at opposite back azimuths. With some shift in base-
line, as expected in part from differences in wave speeds,
overall patterns of residuals for P and S arrivals are similar.
Lateral, or roughly east‐west trending, variations along the
overall trend of the orogen is apparent from a single azimuth

of sources. For instance, for sources from the southwest
(Figure 2, right), traveltime residuals are strongly positive
(implying lower wave speed than that of the reference model)
on the southeastern portion of the area of coverage, then
become negative toward the west. Along the opposite azi-
muth, most anomalies along the NNW‐SSE trending linear
array shifted to more positive values; and many strong posi-
tive anomalies of the E‐W trending regional array in southern
Tibet become either smaller or even negative. Taken together,
strong lateral variations across both NNW‐SSE and E‐W
trends (Figures 1 and 2), and azimuthal dependence of
residuals (Figure 2) point to the 3‐D nature of subsurface
structures. In short, characteristics of the traveltime data
in hand require an inversion scheme that combines finite‐
frequency tomography with a data‐adaptive, multiscale
expansion in 3‐D.

3. Theory and Methodology

[17] To fully illustrate the advantage of a multiscale
approach, below we briefly review relevant aspects of the
forward problem and regularization of the inverse problem,
then discuss a wavelet‐based, multiscale inversion.

3.1. The Forward Problem: Finite‐Frequency
Formulation Versus Ray Theory

[18] The starting point of linearized formulation for tra-
veltime tomography is

�t ¼
Z Z Z

�
K xð Þ�s xð Þd3x; ð1Þ

where dt is an observed traveltime residual relative to that
predicted by a radially symmetric, reference Earth model, and
K(x) the Fréchet derivative or sensitivity kernel that relates dt
to perturbations in P or S wave slowness (s, the reciprocal of
wave speed) at every point x throughout the region, �, to be
imaged. To date, there are two main theories for constructing
the sensitivity kernel: conventional ray theory and finite‐
frequency theory that was first developed in the early 2000s
and is continually being refined [e.g., Tromp et al., 2005].
The differences between these two theories and their appli-
cations to seismic tomography are subjects of extensive
investigation in recent literature [e.g., Montelli et al., 2004b;
Hung et al., 2004; Zhou et al., 2005].
[19] For seismic phases relevant to our study, sensitivity

kernels from the finite‐frequency theory all have the so‐called
“banana‐doughnut” characteristics, with minimal sensitivity
surrounding the vicinity of geometrical raypaths [Hung et al.,
2000]. When the lateral length scale of heterogeneity in wave
speeds is considerably greater than the diameter of the 3‐D
kernel, or equivalently the frequency of the wave approaches
infinity, equation (1) simply reduces to linearized ray theory.
In this case, the Fréchet derivative essentially approaches zero
everywhere except along the geometrical ray; and equation (1)
reduces to a line integral of ds at each incremental arc length,
evaluated along the geometrical raypath which is determined
solely by the 1‐D reference model. Based on synthetic traveltime
residuals, a number of studies have shown that the two different
approaches produce comparable results in general terms, but
images from finite‐frequency formulation are superior in recov-
ering both the amplitude and the geometrical configuration of
anomalies [Montelli et al., 2004b; Hung et al., 2004].
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3.2. Grid Parameterization and Regularization
of the Inverse Problem

[20] The region of interest under the L‐shaped Hi‐CLIMB
arrays is a spherical cap that laterally covers an area of 9.4°
by 4.7° (approximately 1,000 km by 500 km) with a vertical

extent between the surface and a depth of 900 km (Figure 1).
Using a parameterization for regional tomography similar to
that of Hung et al. [2004], perturbations to the slowness of
P and S waves within the volume of interest are determined
at a total of 65 (26 + 1) by 33 (25 + 1) by 65 (26 + 1) (= 139,425)

Figure 2. Map views of how traveltime residuals of (a) P and (b) S waves vary with back azimuths. For
each map, the data are from the high‐frequency band and averaged over a swath of 20° in back azimuths
(darkened sectors in inset on the top right). For each image, we show how the data vary from opposing
back azimuths. Such variations, when combined with profiles shown in Figure 1, indicate that subsurface
anomalies are 3‐D in nature.
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nodes, resulting in approximately equal spacing of about
15 km between grids in all three dimensions.
[21] For finite‐frequency tomography, numerical integra-

tion of the sensitivity kernel within a single voxel, K(x)dx3

(see equation (1)), is evaluated by weighted sum of 27 (or 33)
sampling points using the Gaussian quadrature [Zienkiewicz
and Taylor, 1989]. (In comparison, when only ray theory is
invoked, explicit line integral along the geometrical raypath is
directly determined from the arc length of raypath within the
voxel.) Summing up contribution of numerically computed
kernels from all voxels surrounding each individual node
leads to a concise data equation that relates data and model
parameters of the form

�ti ¼ Gijmj ¼ gi;mh i; ð2Þ

or in a matrix form

d ¼ Gm;

where dti is the ith measurement out of a total of N data points
that form the data vector d. It is expressed in equation (2) as
the discrete inner product between the coefficient vector of
the data kernel, gi or the transpose of each row of G, and the
model vector m, comprised of M (139,425) unknown values
of slowness perturbations at nodes of the study volume, [m1,
m2, …, mM]

T. In matrix form, the matrix G comprises of N
row vectors of the data kernel gi

T, that is, GT = [g1 g2 � � � gN];
and Gij, or the jth component of the row vector gi

T, represents
the sensitivity of the ith data point to slowness perturbation at
the jth node. The unknown model parameters are obtained by
solving all N data equations (equation (2)) simultaneously.
[22] Since nonuniform distributions of stations and sources

inevitably leave some model parameters unresolved due to
very spare or no constraints from data, regularizations, such
as minimum‐norm and/or maximum smoothness, are often
imposed on underdetermined inverse problems in order to
obtain solutions in which large amplitudes are damped out so
fluctuations are smooth enough to reveal long‐wavelength
features. One standard choice is the weighted, damped least
squares (DLS) solution [e.g., Menke, 1984]:

m̂ ¼ GTC�1Gþ �I
� ��1

GTC�1d; ð3Þ

where m̂ represents a particular estimate of the model vector
under a fixed‐scale parameterization of nodes, l is a non-
negative damping factor assigned a priori to regulate the
degree of minimization in model norms, I an M × M identity
matrix, andC theN ×N data covariance matrix defined asC =
si
2 I, where si is the estimated error for the ith data, assuming

that each measure is independent.
[23] A competing consideration is the call for over-

parameterization in order to alleviate spectral leakage or
aliasing arising from errors in discretization and truncated
expansion of continuous model parameters [Trampert and
Snieder, 1996]. Heavy‐handed norm damping is then nec-
essary to diminish noisy fluctuations due to a significant
increase in model parameters, many of which are poorly
constrained by data. Consequently, such a practice degen-
erates the local coherence of resulting images and suppresses,
enmasse, amplitude of heterogeneities. Additionally, in order
to preserve the spectral resolution of long‐wavelength fea-

tures which are usually adequately constrained by data,
imposing smoothness constraints on the model becomes
indispensable, but at the expense of penalizing the spatial
resolution in regions of dense data coverage.
[24] An alternative regularization scheme is to enforce

convolution quelling, which broadens the cross‐path width of
rays to a prescribed value in an ad hoc manner, and penalizes
model roughness by imposing an a priori correlation length to
the model [e.g., Hung et al., 2004; Chiao et al., 2006]:

m̂ ¼ Q QTGTC�1GQþ �I
� ��1

QTGTC�1d; ð4Þ

where Q is the convolution operator that prescribes a sta-
tionary correlation length to the model [Meyerholtz et al.,
1989]. Notice that if Q is an identity matrix, then equation
(4) reduces to the weighted DLS solution (equation (3)).
The convolution‐quelling scheme operates similar to the “fat
ray” approach [Hung et al., 2004; Chiao et al., 2010] which
accounts for the frequency‐dependent sensitivity of broad-
band signals but not for the effect of wavefront healing.

3.3. Multiscale Parameterization

[25] To achieve both spectral resolution for long‐wavelength
features in sparse‐sampled regions and spatial resolution in
regions of dense data coverage, we introduce a method of
multiscale parameterization to naturally and automatically
account for regional variability in data coverage and to yield
models with spatially varying resolutions. In cross‐section
view, Figure 3 illustrates qualitatively salient principles
behind the multiscale parameterization. In regions where the
density of raypaths is high and where crisscrossing paths are
abundant, model grids are closely spaced. The reverse is true
in regions that are poorly sampled by observations. The exact
configuration and subsequent refinement of model grids are
data‐dependent.
[26] To this end, a flexible, data‐adaptive scheme of non-

stationary regularization is the hierarchical wavelet decom-
position [e.g., Chiao and Kuo, 2001; Chiao et al., 2006].
Rather than directly solving for model parameters specified at
nodes as implied in equations (3) and (4), we expand the
model vector m in terms of wavelet basis functions in 3‐D
[e.g., Mallat, 1998]:

~m ¼ Wm; ð5Þ

whereW represents a 3‐D primary wavelet transform operator
that expands the model vector of slowness perturbations at grid
nodes in terms of a set of primary bases in the wavelet space. In
essence, the inverse problem is now recast as seeking coeffi-
cients of the wavelet basis functions. Finally, the correspond-
ing inverse wavelet transformW−1 that satisfies the relationship
W−1 W = I reconstitutes the estimate of m.
[27] This algorithm is similar to that of Chiao et al. [2006]

who applied it to a 2‐D, spherical surface to investigate
crustal magnetization of Mars. We extend the method to 3‐D,
invoking a discrete wavelet transform based on linear, bior-
thogonal bases, and apply it to determine slowness pertur-
bations, ds, across an entire study volume. There are two steps
in this procedure. First, we perform a 2‐D wavelet transform
in the horizontal directions and a 1‐Dwavelet transform in the
vertical direction. Then tensor product of these two trans-
forms yields the final 3‐D wavelet transform. Details of the
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multiscale parameterization, including an illustrative exam-
ple, appear in Appendix A.
[28] To reformulate the data equation (2) in terms of ~m

(instead of m), we also introduce two dual‐wavelet trans-
forms associated with both the forward and the inverse pri-
mary transforms (W and W−1, respectively). Each dual
transform uses a set of dual bases that are biorthogonal to the
primary bases. Biorthogonality between the primary and dual
bases allows us to recast equation (2) as (see Appendix A for
further details)

�ti ¼ W�1
� �T

gi; ~m
D E

: ð6Þ

In other words, the transpose of the inverse wavelet trans-
form acting on each individual row vector, gi

T in the original
Gram matrix, G, of equation (2) would directly give the
transformed Gram matrix to solve for the wavelet repre-
sentation of the model vector.

[29] To imposeminimum‐norm regularization, the choice of
the optimum damping factor is determined by analyzing the
tradeoff between model variance and data misfit. As discussed
further in the next paragraph, instead of exerting a uniform
damping directly on all model parameters specified at each
node, such as the case in the DSL solution (equation (3)),
damping in the multiscale parameterization acts on wavelet
coefficients, resulting in approximately equal model variances
among different scales. We then construct the final image
through the inverse wavelet transform of the multiresolution
wavelet coefficients ~m:

m̂ ¼ W�1 ~m

¼ W�1 W�1
� �T

GTC�1GW�1 þ �I
� ��1

W�1
� �T

GTC�1d

� �
:

ð7Þ

Even though equations (3), (4) and (7) have similar symbolic
forms, the concepts they represent are miles apart. Among the
differences, that in damping is particularly noteworthy. In
general terms, damping sets up a threshold for the smallest
permissible singular values of the Gram matrix during inver-
sion. However, unlike conventional, grid‐based parameteri-
zation in which a single damping value acts uniformly on the
entire model, damping in equation (7) actually exerts spatially
different effects on the model according to data coverage. This
highly desirable characteristics naturally arises from the mul-
tiscale parameterization as it decomposes the model into a
hierarchy of wavelet coefficients at various scales. Usually
components of the decomposition that represent large scales
would naturally have good constraints from the data, resulting
in larger singular values than those associated with smaller
scales and thus becoming well resolved.
[30] Similarly, for regions effectively covered by dense

sensitivity kernels, a greater number of singular values asso-
ciated with small‐scale wavelet coefficients are retained above
the threshold value. In contrast, for regions with sparse sam-
pling, most singular values are damped out. Consequently, the
cutoff value of the wavelet coefficients, as determined by the
imposed damping to annihilate ill‐constrained, small singular
values, permeates through the hierarchy of spatial scales so that
the finest scales being resolved from the data are spatially
varying, being naturally determined by variations in the mag-
nitude of coefficients.
[31] In essence, as we construct the final image through the

inverse wavelet transform of ~m; a process through which the
data‐adaptive algorithm builds up the result starting from
robustly resolvable, long‐wavelength components and suc-
cessively adds more and more resolvable details at shorter
wavelengths. This is a key distinction from spatially uniform
regularization schemes. In section 4, we shall show specific
examples of this progression based on actual observations.

4. Results

4.1. Comparison Among Regularization Schemes

[32] To illustrate the utility of the multiscale approach, we
also conduct finite‐frequency tomography using more con-
ventional regularization schemes. Two commonly employed
schemes are damped least squares and convolution‐quelling
solutions, both directly solve for model parameters using

Figure 3. A schematic cross section illustrating the basic
concept of a data‐adaptive, multiscale parameterization
scheme. Slant lines represent intrinsically uneven‐distributed
raypaths to seismic stations on the surface (solid triangles). In
regions of sparse raypaths or few crossing rays, the parame-
terization is coarse, intended to capture only long‐wavelength
variations. Meanwhile, where sampling is dense, multiscale
expansion is carried out to progressively finer scales (shown
as increasing levels of gray) in order to resolvable short‐
wavelength features. See also Figure A1 for specifics.
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grids of regular spacing. In the former case, we apply only the
minimum‐norm criterion; while in the latter case, we impose
an additional smoothness constraint by a prescribed Gaussian
function with a correlation length or standard deviation of
twice the grid spacing (∼30 km) in all three directions. It is
worth noting again that conventional schemes apply regu-
larization and smoothness constraints uniformly throughout
the grids, thus unsuitable for retrieving features whose spatial
and spectral distributions are innately nonstationary. In con-
trast, multiscale parameterization decomposes the nonstation-
ary, final image to be solved into a natural hierarchy of image
components on various length scales. In essence, themultiscale
parameterization exploits simultaneously spectrally resolvable
and spatially localized characteristics of the data over a range
of scales, and then synthesizes results from each scale to
achieve resolutions that are inherently data adaptive.
[33] Figure 4 shows comparisons among three different

schemes of regularization in terms of tradeoffs between model
variance and misfit of data: the former is a measure of uncer-
tainty in model parameters resulting from errors in the data,
while the latter is estimated from the sum of the squared dif-
ferences between observed and predicted data, after being
normalized by the sum of the squares of observed data. To
obtain a preferredmodel, we follow the established practice in
inverse theory of staying near the point of maximum curva-
ture along the tradeoff curves (denoted by solid symbols in
Figure 4 [Parker, 1994]). Such a solution gives good fits of
the data but avoids amplifying errors in the data which often
lead to superfluous features with extremely large uncertainties.
In addition, we tested different values of damping which
produce images that are highly compatible with each other,
with some differences only in the amplitude of resulting
anomalies, so long as one stays near the point of maximum

curvature along the tradeoff curve (see further discussions
related to Figure 7 below and in Appendix A).
[34] In Figure 5, we compare images, using the same three

schemes as those in Figure 4, along a cross section following
the NNW‐SSE trending linear array. Overall, there are simi-
larities among the three sets of images in that except for the
shallow anomaly near the Indus‐Yarlung Suture (IYS, the
surfical boundary between the Lhasa and the Tethyan Hima-
laya terranes), negative anomalies mostly occur near the left
end of the profile, while positive anomalies dominate the
center. Meanwhile, there are also important differences. For
instance, the two conventional schemes lead to much lower
amplitudes of anomalies than the multiscale approach. We
have adjusted the range of scales by over a factor of two in
Figures 5b and 5c, such that these images show approximately
the same range of color as their counter parts in Figure 5a.
[35] Images obtained from simple minimum‐norm con-

straints exhibit many fragmented features with low ampli-
tudes (Figure 5b), an expected shortcoming [e.g., Chiao and
Liang, 2003; Chiao et al., 2006]. To suppress such poorly
constrained, short‐wavelength variations, it is a common
practice to impose a priori smoothness constraints that min-
imize the first derivatives and/or second derivatives of model
parameters [e.g., Montelli et al., 2004b; Wolfe et al., 2009].
We did not apply smoothness constraints so Figure 5b can be
directly compared with Figure 5a based on the multiscale
approach where there is no smoothing. It is evident that for
both P and Swaves, the multiscale parameterization results in
the lowest model variance, by far, under the same level of data
misfit (Figure 4). Similarly, for a given value of model vari-
ance, the multiscale parameterization clearly yields the best
fit to the data.

Figure 4. Tradeoff between model variance and data misfit for three different schemes of regularization.
Results for (a) P and (b) S waves, respectively. The labels are: triangles (“simple”), minimum‐norm,
damped least squares; squares (“quell”), convolution quelling over a distance of ∼30 km in all directions;
and circles (“multi”), multiscale parameterization. Solid symbols denote preferred solutions whose images
are shown in Figure 5 for further comparison. It is evident that the multiscale approach achieves the best
tradeoff between model variance and data misfit. Labels a and b mark optimal solutions under the
multiscale approach for P and S waves, respectively. Perturbations to these two solutions are investigated
further in Appendix A (Figure A4).
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[36] Instead of introducing another damping factor to
reduce model roughness (often defined by the first spatial
derivatives or the Laplacian of model parameters), we
undertake an alternative approach of applying convolutional
quelling. This procedure solves for model parameters that are
subject to a smoothing operator in the form of a Gaussian
filter, blurring out details of the image and removing noisy
undulations in dlnV [Meyerholtz et al., 1989]. In one partic-
ular aspect, this approach shares a property of the preferred
method of multiscale inversion in that the Q operator in
equation (4) is simply the inverse of the symmetric Gaussian
operator, equivalent to the transpose of the inverse wavelet
transform in equation (7). At comparable levels of data misfit,
images from convolutional quelling achieve better spectral
resolution in long‐wavelength features in the upper mantle
than damped least squares (see Figures 5b and 5c).
[37] However, in both cases where regular‐spaced, grids and

spatially stationary regularization are used, the strong positive
anomaly in the upper mantle, extending over horizontal dis-
tances of several hundreds of kilometers in Figure 5a, is
smeared obliquely along sparse‐crossing raypaths (Figures 5b
and 5c). Meanwhile, short‐wavelength (∼100 km), negative
anomies in the crust, well‐resolved by the multiscale approach

(Figure 5a), are also less apparent (Figures 5b and 5c). Overall,
quelling resulted in somewhat worse performance than simple
damped least squares because a prescribed, nonadaptive corre-
lation length among anomalies cannot fit all short‐wavelength
variations in the data [e.g., Chiao and Kuo, 2001].
[38] To further illustrate the multiscale approach, Figure 6

shows how the final solution is built up, adding one hierar-
chical level at a time, for dlnVP and dlnVS along the same
profile as shown in Figure 5. Notice that long‐wavelength
features emerge on the coarsest scale (level = 1), with the
demarcation between positive and negative anomalies farther
to the north of the Bangong‐Nujiang suture (BNS, the surfi-
cial boundary between the Lhasa and the Qiangtang terranes
in southern and central Tibet, respectively [Yin and Harrison,
2000]). Fitting of data progresses steadily as finer‐scale fea-
tures appear. The fitting of P wave data improved rapidly
after level 4 is incorporated; resulting in a well‐resolved
negative anomaly throughout the thick crust near the IYS.

4.2. Anomalies in VP, VS, and VP/VS

[39] In Figure 7, we present a summary of our results. Three
maps, taken at depths of 56, 155, and 295 km, and two cross
sections, trending roughly N‐S and E‐W, illustrate 3‐D var-

Figure 5. Comparison of images of dlnVP and dlnVS along a N‐S trending profile using the three dif-
ferent schemes of regularization as in Figure 4: (a) multiscale, (b) simple minimum‐norm, and (c) con-
volution‐quelling. While all three methods place a large‐scale anomaly of positive dlnV in the upper
mantle near the center of the profile, the bottom of this subhorizontal anomaly (Figure 5a) is smeared out
along raypaths in the latter two cases. This artifact is most obvious for dlnVP near the bottom of Figure 5b
(cross‐hatched patterns between about 29° to 32°N). In addition, the latter two schemes of conventional
regularization underestimate the amplitude of anomalies (The range of color scale for Figure 5a is ±3%,
twice as large as that for Figures 5b and 5c (±1.5%)).
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iations in VP, VS, and corresponding changes in VP/VS under a
large portion of the Himalayan‐Tibetan orogen. All results for
the fractional change in VP/VS, dln(VP/VS), are new from this
study, while the map views for dlnVP and dlnVS complement

the recent report in paper 1 in which horizontal slices at
depths of 42, 112, 225 and 338 km were shown.
[40] Theoretically, dln(VP/VS) is simply the difference

between dlnVP and dlnVS [e.g., Chou et al., 2009]. Although

Figure 6. Hierarchical built up of the multiscale images for dlnVP and dlnVS along the same N‐S trend-
ing profile as in Figure 5. The images are formed by successive superposition of images from the coarsest
(“Level 1”: level 1 only) to the finest scales (“Level 6”: sum of levels 1 to 6). The right panel shows how
data fits improve as each smaller‐scale features are incorporated in the model. Solid, dashed, and dotted
contours correspond to ±1%, ±1.5%, and ±2% of anomalies, respectively. A subhorizontal anomaly of
high VP and VS, and the Indian mantle front (IMF), are the most obvious features imaged in the upper
mantle. Notice that in the crust, regions of low VP and VS near the IYS (the active Lunggar rift, L) and the
BNS become prominent only when levels 5 and above are included.
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Figure 7. Images showing 3‐D variations of VP, VS, and VP/VS beneath central Tibet from multiscale,
finite‐frequency traveltime tomography. (a) Map views of dlnVP, dlnVS, and dln(VP/VS) at three selected
depths. Solid curves show major geologic boundaries as those in Figure 1. IMF marks the Indian mantle
front. (b and c) Cross sections of dlnVP, dlnVS, and dln(VP/VS), trending approximately east‐west and
north‐south (E‐W and N‐S, respectively) and extending down to a depth of 400 km. In general, results for
long wavelength variations in VP and VS are in good agreement. More important, the subhorizontal
configuration of positive anomalies of VP and VS in the upper mantle stands out as a negative anomaly in
VP/VS (whose color scheme is the reverse of those for VP and VS).This feature is interpreted as underthrust
Indian mantle lithosphere of Archean age, thus being chemically depleted and buoyant. In all images, we
masked out portions of the models where sampling is sparse and resolution is poor [Hung et al., 2010].
Solid, dashed, and dotted contours correspond to ±1%, ±1.5%, and ±2% of anomalies, respectively.
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the configuration of sensitivity kernels are roughly comparable
between P and S waves at each frequency band used here,
differences in coverage of source‐receiver pairs at places can
lead to discordant resolutions between dlnVP and dlnVSwhich,
in turn, may produce fictitious anomalies in VP/VS. Conse-
quently, we select a subset of events for which traveltime
residuals of both P and S waves are available simultaneously.
This subset amounts to 78%and 82%of the original data set for
P and S waves, respectively. An unavoidable side effect is a
slight reduction in the spatial coverage of images when com-
pared with those in paper 1, but the overall distribution of
dlnVP and dlnVS remain unaffected. To visualize regions reli-
ably sampled by both P and S waves simultaneously, we plot
squared root values of the diagonal elements of thematrixGTG
in Figure A2, whereGT is the transpose of the Gram matrixG
in equation (2). GTG is akin to the model resolution matrix,
indicating howwellmodel parameters are being constrained by
the combined high‐ and low‐frequency traveltime residuals.
For comparison, we present corresponding values for the full
data set in Figure A3 and there are no significant differences
between Figures A2 and A3. For dlnVP and dlnVS, resolution
tests in paper 1 indicate that robustly constrained regions roughly
correspond to nodes where their indicators of robust observa-
tional control have values exceeding 0.5% of the overall medium
at all nodes. Thus at each node,we use this value as the threshold
below which the result of inversion is deemed not reliable
enough for display. The corresponding threshold for dln(VP/VS)
is then 0.7%, reflecting the propagation of independent errors
when the difference between dlnVP and dlnVS is taken.
Imposing these thresholds on the results of inversion leads to
slight differences in the spatial coverage of images among
dlnVP, dlnVS, and dln(VP/VS) (Figure 7).
[41] For dlnVP and dlnVS, there are two important features

as pointed in paper 1: First, in the upper mantle, a positive
anomaly, concentrated between depths of about 100 to 250 km,
extends subhorizontally over a distance of about 600 km to
the north of the BNS (near 33°N). This feature is most
obvious in dlnVP (Figure 7c, left) and the corresponding
feature in dlnVS is where its value rapidly changes from near
naught to strongly negative. (Regional traveltime tomography
based on teleseismic sources is sensitive only to gradients in
dlnV, as its baseline depends on the choice of reference model
(in this case model AK135 [Kennett et al., 1995]). Second, in
the curst, there are two isolated negative anomalies straddling
the IYS, each extending down to a depth close to 100 km
(Figure 7b, left and middle).
[42] For dln(VP/VS), a slab‐like, subhorizontal negative

anomaly in the upper mantle is concentrated between depths
of 100 and 200 km. This feature is obvious along the E‐W
profile and extends over approximately two thirds of the N‐S
trending cross section (Figure 7, right). The result that the
anomaly in dln(VP/VS) does not extend as deep as either that
of dlnVP or dlnVS is a direct consequence of high dlnVS being
most pronounced above 200 km (Figure 7, middle and left).
[43] In the crust, while the two isolated anomalies of neg-

ative dlnVP are comparable in amplitude, the anomaly on the
west has greater amplitude in dlnVS than the other anomaly
about 200 km farther to the east (Figure 7). As such, the
former anomaly shows up with a high ratio of VP/VS but the
latter anomaly becomes null in terms of VP/VS (Figure 7).
[44] In both the upper mantle and the crust, a comparison of

dlnVP and dlnVS, vis‐à‐vis, with new results for dln(VP/VS)

yields additional information which is useful in constraining
geological processes responsible for these anomalies. In
section 5, we first discuss resolution tests in addition to those
already performed in paper 1. These new tests then form the
basis for further geological interpretations.

5. Discussions and Tectonic Significance

5.1. Resolution Tests

[45] In paper 1, we have conducted a suite of resolution tests,
demonstrating the capability of multiscale, finite‐frequency
tomography in restoring true configuration of heterogeneities
in both VP and VS. Specifically, we used a variety of different
distribution of anomalies including variable‐sized checker-
boards in the entire volume being investigated, a channel‐like
layer in the lower crust with a thickness equal to the smallest
grid spacing (∼15 km), and isolated, crustal volumes of low VP
and low VS which extend to a depth of about 100 km.
[46] Here we emphasize tests designed to assess how

robust features in dln(VP/VS) are resolved. First, we explore
effects of norm damping in restoring anomalies in VP/VS.
For both P and S waves, the tradeoff between model vari-
ance and data misfit has a well‐defined point of maximum
curvature (Figure 4) and we try several different combina-
tions of norm damping between P and S waves in the
vicinity of optimal solutions. In general, salient features in
dln(VP/VS) are insensitive to perturbations in norm damping,
even though the amplitude of anomalies do show some
fluctuations as one would expect. We discuss details of this
procedure in Appendix A (Figure A4), and show examples
of resulting images in Figures A5–A7.
[47] Second, we generate synthetic traveltime residuals for

specific features of dln(VP/VS) that appear in our results
(Figure 7) and perform inversion to ensure that such features
are well resolved. In doing so, we calculate synthetic residuals
using exactly the same source‐receiver configurations, the
multiscale expansion, and other relevant parameters as those
used in the analysis of actual data. Moreover, prior to the
inversion, we add random errors whose mean amplitude
is about 5% of the average size of signals. In sections 5.2
and 5.3, we summarize results of such tests in conjunction
with geological interpretations of features being tested
(Figures 8 and 9).

5.2. Large‐Scale Anomalies in the Upper Mantle

[48] To verify the presence of a slab‐like, subhorizontal
region of lowVP/VS in the uppermantle, we place a tabular layer
of limited lateral extent beneath the northern Himalayas and the
Lhasa terrane. This isolated feature has a uniform amplitude of
−2% in dln(VP/VS), with corresponding anomalies of +2% and
+4% in dlnVP and dlnVS, respectively. Figure 8 shows the result
of this test. While there are some inevitable smearing, config-
urations of all anomalies in VP, VS, and VP/VS are well resolved,
as outlined by regions where the increase in amplitude is rapid.
Likewise, peak amplitudes of anomalies are slightly under-
estimated by about only 10–13%. Clearly a difference of about
2% or less in dln(VP/VS) is easily resolvable. This estimated
minimum resolution is only about half the overall contrast
between the slab‐like anomaly and the region farther to the
north, leaving little doubt that there is a subhorizontal region of
lowVP/VS in the uppermantle under the northernHimalayas and
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the Lhasa terrane. In contrast, anomalously high values ofVP/VS
stand out north of the BNS near 33° N (Figure 7, right).
[49] Based on a suite of complementary evidence, including

previous work on modeling of plate flexure using Bouguer
gravity anomalies, Chen et al. [2010] surmised that positive
anomalies of dlnVP and dlnVS are most likely associated with

subhorizontally advancing mantle portion of underthrust
Indian lithosphere (so‐called “Greater India”). Along the
western side of the area of our study, the northern edge of the
Greater India, or the Indian mantle front (IMF), terminates
about 100 km north of the BNS (Figure 7) [Chen and Tseng,
2007]. In particular, the IMF is marked by rapid decrease in

Figure 8. A resolution test designed to corroborate the subhorizontal, slab‐like anomaly of high VP and
VS but low (VP/VS). The input is comprised of a horizontal layer, embedded between depths of 100 and
200 km beneath the Lhasa terrane. Its lateral extent is set to about 500 km by 200 km, with +2% and +4%
increases in VP and VS, respectively (or a −2% reduction in VP/VS). Contours mark 1%, 2%, and −1% in
dlnVP, dlnVS, and dln(VP/VS) where the amplitude of anomalies increase rapidly. Exactly the same data
coverage and algorithms of analysis apply to both synthetic test and real observations, with a random error
of 5% in amplitude added to the former case. The layout is the same as that of Figure 7.
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both dlnVP and dlnVS, and a corresponding increase in the
birefringence of vertical incident shear waves [Chen et al.,
2010].
[50] The results that most of this slab‐like anomaly of high

VP and VS is associated with low values of VP/VS (Figure 7)
further reinforce this interpretation: The Indian shield, like
most other shield regions, is likely to have a chemically

refractory mantle lithosphere which provides the necessary
buoyancy to counteract thermal contraction caused by more
than 2.5 Ga of cooling since the Archean. Meanwhile, Lee
[2003] suggested that there is a negative correlation between
the magnesium number (Mg#) and VP/VS; so one expects high
Mg#, indicating depletedmantlematerials whoseVP/VS is low.
Furthermore, the negative anomaly of dln(VP/VS) is apparently

Figure 9. A resolution test aimed to verify the isolated nature of anomalies in the crust. (Layout is the
same as that in Figure 8.) The input consists of two isolated cylinders, each with a radius of ∼100 km and
extends down to a depth of 100 km. For the cylinder on the west, reductions in VP and VS, are −2% and
−4%, respectively (corresponding to a 2% increase in VP/VS). Corresponding values for the other cylinder
are reductions of −3% in both VP and VS, resulting in a null anomaly in VP/VS. Synthetic traveltimes are
generated under the same conditions as those of Figure 8.
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restricted to depths no deeper than 200 km, somewhat shal-
lower than the corresponding positive anomalies of VP and VS.
This result is consistent with the isopycnic hypothesis [e.g.,
Jordan, 1979, 1988] which predicts that extraction of basalt in
the Archean would have left the mantle lithosphere to be most
depleted near its top. However, some recent studies questioned
if the relationship proposed by Lee [2003], an extrapolation
based on data measured at standard temperature and pressure,
may be too strong [Faul and Jackson, 2005; Wagner et al.,
2008]. So a precise, quantitative relationship awaits more
measurements under high pressures and temperatures.
[51] At any rate, it is curious to note that strong negative

anomaly of dln(VP/VS) does not extend as far north as positive
anomalies of dlnVP and dlnVS (a direct consequence of a
gradual termination of positive dlnVS between about 31.5°N
and 33°N) even though the strongest gradients all occur near
33°N (Figure 7c). At the moment, the cause for a gradual
termination of positive dlnVS is not clear. We suspect that the
transitional region corresponds to the northernmost border of
underthrust Greater India, comprised of gradually refertilized
Indian continental lithosphere as it was intruded by mafic
dykes and thinned during the opening of the Neo‐Tethyn
ocean: a well‐documented process during major orogeny in
the Phanerazoic (such as the Calidonides [e.g., Gee et al.,
2008; Milnes, 1998]). Indeed, some previous work attrib-
uted highly modified Indian crust that used to lie outboard of
stable, Greater India, as the source material making up the
Greater Himalayas or the overthrust nappe above the Main
Central Thrust of the Himalayas [e.g., DeCelles et al., 1998],
but a competing hypothesis favors southward transport and
exhumation of midcrust to lower crust materials beneath
southernmost Tibet [e.g., Searle et al., 2003].
[52] North of 33°N, the upper mantle beneath the Qiangtang

terrane is characterized by high VP/VS ratios. This is approxi-
mately the southern portion of a region in northern Tibet where
a number of previous studies have argued for an unusually
warm upper mantle, including an unusually thin crust over a
regional scale (implying thermal isostasy), and perhaps lateral
(E‐W trending) flows in the upper mantle, as indicated by very
large values (∼2 s) of shear wave birefringence, or even partial
melts [Chen et al., 2010;Chen and Özalaybey, 1998; Jiménez‐
Munt et al., 2008;McNamara et al., 1997;Molnar and Chen,
1984;Ni and Barazangi, 1983;Owens and Zandt, 1997; Tseng
et al., 2009].
[53] The most direct evidence for partial melts, which would

easily account for very high VP/VS ratios, comes from the
observation of volcanism on the surface. The most recent epi-
sode ofmagmatism in Tibet, ranging in age from about 15Ma to
recent, is largely comprised of lavas with mafic to intermediate
composition; and this volcanism is restricted exclusively in regions
north of 34°N [e.g.,Chung et al., 2005, and references therein].
Chen and Tseng [2007] pursued the tectonic context of this
recent episode of igneous activity, attributing it to convective
removal of thickened, hydrous subcontinental mantle litho-
sphere of the Qiangtang terrane, whose remnant is now resting
directly over the top of the lower mantle or the 660 km dis-
continuity [Tseng and Chen, 2008].

5.3. Rifting of the Thickened Crust

[54] As pointed out in paper 1, the two negative anomalies
in the crust of southern Tibet are most likely associated with
(from west to east) the Lunggar and the Yadong‐Gulu active

rifts, respectively: The center of each anomaly coincides with
the rift axis; and the longitudinal extent of each anomaly
corresponds to zones of low electric resistivity deduced from
magnetotelluric (MT) profiles along the rift valley [e.g.,
Unsworth et al., 2005].
[55] Obvious from a bimodal pattern of positive traveltime

residuals along E‐Wtrending profiles and from resolution tests
reported in paper 1, the two crustal anomalies are separated
from each other. To ensure the reliability of results for VP/VS,
here we use the same configuration of synthetic anomalies as
in paper 1,with two isolated cylinders of∼100 km in radius and
in depth (Figure 9). For the purpose at hand, we specify
anomalies of −2% and −4%in VP and VS, respectively, near the
Lunggar rift, so the expected value of dln(VP/VS) is +2%. The
corresponding values for the anomaly near the Yadong‐Gulu
rift are −3% in both VP and VS, so dln(VP/VS) should be close
to null.
[56] Figure 9 shows the resulting images which recover the

overall shape and amplitude of both anomalies well. The range
of dln(VP/VS) being confidently resolved in this test is 2%,
comparable to the contrast appeared in the crust (Figure 7).
Once again, damping during the inversion caused an unavoid-
able but only moderate amount of vertical smearing and
decrease in peak amplitude. Nonetheless, lateral smearing is
sufficiently small that there is no ambiguity in identifying each
anomaly as an isolated feature. To a large extent, the high res-
olution is also a direct consequence of dense‐spaced stations,
about 5–8 km apart at most, along the N‐S trending linear array
(Figure 1).
[57] More interesting is the difference between the two

anomalies which is discernable from dlnVS but becomes
obvious when viewed as dln(VP/VS). For the Yadong‐Gulu
rift, which apparently reaches somewhat below the base of
thickened crust (∼70 km in thickness), very small dln(VP/VS)
implies concordant changes between dlnVP and dlnVS, con-
sistent with a predominantly thermal origin of this anomalies
[Jackson et al., 2000; Sinogeikin et al., 2003]. If fluids, such
as partial melt or volatiles, are present deep in the crust, one
would expect highly elevated values of dln(VP/VS) [e.g.,
Hammond and Humphreys, 2000; Zhang et al., 2004], which
are not observed. In fact, it has been known for almost 30 years
that frequent seismicity, including several moderate‐sized
events, occurs in the uppermost mantle near the Yadong‐Gulu
rift [Chen et al., 1981; Chen and Molnar, 1983; Chen and
Yang, 2004; Zhu and Helmberger, 1998]. Thus the tempera-
ture in the uppermost mantle must be well below the solidus of
peridotite, probably in the range of only 600–800°C, so enough
elastic strain can accumulate and cause earthquakes [Chen and
Molnar, 1983; Wiens and Stein, 1983].
[58] In contrast, high dln(VP/VS) along the Lunggar rift

indicates the likelihood of volatiles or even partial melt in the
crust. The latter, if present, must be in very small quantities
because recent igneous extrusion is all but absent [Taylor and
Yin, 2009]. Since subcrustal seismicity is prevalent only
near the Yadong‐Gulu rift, one of the longest in the entire
Himalayan‐Tibetan oregen, it appears to have a different
origin or is at a different stage of evolution from numerous
other rifts which share an approximately N‐S trend. Equally
important, deep penetration of the two anomalies implies that
active extension concentrates on steep‐dipping zones which,
unlike subhorizontal detachment faults, can accommodate
only very limited amount of horizontal displacement. Further-
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more, the predominately N‐S trend of rifts, spaced several
hundreds of kilometers apart but occurring throughout Tibet
[e.g., Taylor and Yin, 2009], would lead to crustal blocks with
quasi‐linear edges: a feature that may be a useful clue in
identifying collapsed plateaus from ancient orogens.

6. Conclusions

[59] Using high‐quality, broadband data recorded by the
Hi‐CLIMB array, we illustrate how a multiscale parameteri-
zation of tomographic inversion, coupledwith finite‐frequency
theory to handle frequency dependence of traveltimes and
then in a data‐adaptive manner, can resolve spatial‐varying
anomalies of seismic wave speeds at different length scales.
Unlike models built up on fixed‐scale grids, multiresolution
parameterization preserves both spectral and spatial resolu-
tions which are automatically regulated by the quality and the
coverage of data.
[60] Our results corroborate that a subhorizontal anomaly

of high dlnVP and dlnVS underlies much of the Himalayan and
Lhasa terranes. Broad aperture of data coverage constrains
the minimal lateral (east‐west) span of the anomaly to be
between approximately 84° and 89°E in longitude. This
feature extends northward up to 33°N at places and is con-
centrated between depths of about 100 to 200 km. Much of
this anomaly shows lowVP/VS, providing additional evidence
for the interpretation that such an anomaly is associated with
subhorizontal underthrusting of chemically depleted, buoyant
mantle lithosphere of the Indian shield [e.g.,Chen et al., 2010;
Hung et al., 2010].
[61] In the crust, two anomalies of low VP and VS occur

along two N‐S trending, geothermal active rift zones that are
about 300 km apart. Each anomaly is cylindrical in shape, with
a diameter of about 100 km and extending throughout the
thickened crust near the IYS. Locations of these anomalies
correlate well with regions of low electrical resistivity in the
crust, but the two anomalies of low VP and VS are disconnected
[Hung et al., 2010]. Moreover, due to particularly low values
of VS the western anomaly along the Luggar rift is character-
ized by highVP/VS ratio, an attribute not shared by theYadong‐
Gulu rift to the east. In the latter case, a null anomaly in
dln(VP/VS) is consistent with frequent occurrence of moderate‐
sized earthquakes in the uppermost mantle [e.g., Chen et al.,
1981; Chen and Molnar, 1983] where the temperature must
be far below the solidus of peridotite to allow elastic strain to
accumulate: a prerequisite for generating earthquakes. Taken
together, all available geophysical evidence points to the
conclusion that pervasive, southward channel flowof the lower
crust, if ever active, was limited in both space and duration
[e.g., Searle et al., 2003; Hung et al., 2010].

Appendix A

[62] Here we present additional discussions on three topics
that have not been explored fully in the main text: the wavelet
transform, multiscale parameterization, and regularization.

A1. Wavelet Transforms

[63] FollowingChiao et al. [2010], we briefly review the basic
properties of and relationships between the primary and the
inverse wavelet transforms and their associated dual transforms.

[64] At original grid nodes, we expand themodel vector,m,
in terms of a set of basis functions, Fj (j = 1, …, M), asso-
ciated with a 3‐D, primary wavelet transform operator, W.
We then define an associated dual‐wavelet transformW* and
apply it to the vector of data kernel, gi, in order to obtain the
Grammatrix in a new form that relates the model vector, now
expressed in wavelet coefficients, to the data vector. This dual
wavelet transform involves the expansion in terms of a sec-
ond set of dual bases,Fj

*, which is biorthogonal toFj. (Notice
that in general, the bases for an invertible wavelet transform
are not necessarily mutually orthogonal to each other.) Here
biorthogonality is defined by the inner product between these
two sets of bases, hFj, Fj′

*i = djj′. Specifically,

Wm ¼
XM
j¼1

m;Fj*
� 	

Fj; ðA1Þ

W*gi ¼
XM
j¼1

gi;Fj

� 	
Fj*: ðA2Þ

Taking the inner product of equation (A1) and the data kernel,
gi, we rewrite our formulation in terms of dual wavelets using
relations expressed by (A1) and (A2):

gi;Wmh i ¼ gi;
PM
j¼1

m;Fj*
� 	

Fj

* +
¼PM

j¼1
m;Fj*
� 	

gi;Fj

� 	

¼ PM
j¼1

gi;Fj

� 	
Fj*;m

* +
¼ W*gi;m
� 	

:

ðA3Þ

With the commutative property of inner product, equation (A3)
can be carried forward asmatrixmultiplication and rewritten as

gi;Wmh i ¼ Wmð ÞTgi ¼ mT WTgi
� � ¼ WTgi;m

� 	
: ðA4Þ

In Hilbert space, each linear operator,W, has a corresponding
adjoint operator, denoted by W†, that satisfies the following
relationship:

gi;Wmh i ¼ Wygi;m
D E

: ðA5Þ

Comparing the three equivalent expressions, equations (A3)–
(A5), it follows that the dual transform W* is simply the
adjoint (conjugate transpose) ofW. In Hilbert space, instead of
simply summing up the product of each component from two
vectors, their inner product is evaluated by first taking the
complex conjugate of the second of the two vectors. In tra-
veltime tomography, all quantities are real and therefore so is
W, or equivalently WT = W† (see equations (A4) and (A5)).
[65] Likewise, we introduce the inverse transform W−1

and its corresponding dual transform (W−1)* and apply
them to the model vector and the vector of data kernel (now
both in wavelet space), respectively. Following the same
operations as in equations (A3)–(A5) and using the identity
W−1 W = I, equation (2) is recast as

�ti ¼ gi;W
�1 Wmð Þ� 	 ¼ W�1

� �
*gi; ~m

� 	 ¼ W�1
� �T

gi; ~m
D E

:

ðA6Þ
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Therefore, coefficient vectors of the data kernel, which relates
the model vector in wavelet space, ~m, to the ith traveltime
data, can be found by applying the dual‐wavelet transform
associated with the inverse wavelet transform to the original
data kernel in the node‐based parameterization, or equiva-
lently calculated by the matrix multiplication between the
conjugate transpose matrix of W−1 and column vector, gi. In
practice, this inverse wavelet transformation is the very
starting point of all operations that eventually lead to the
solution for m.

A2. Hierarchical Refinement of the Multiscale Model

[66] Starting with the grid system described in section 3.2,
the continuous 3‐D model of slowness perturbation is dis-
cretized into M regular‐spaced nodes. Three indices, in
subscript, specify a given grid node in the elongated N‐S,
the narrow E‐W, and the vertical direction, respectively. The
other index l, in superscript, denotes the wavelet decom-
position of m at the lth hierarchical scale level (Figure A1a).
(For simplicity, we shall drop the index for the vertical

direction in Figure A1a and in subsequent notations that
pertain only to map views.)
[67] In FigureA1,we showhow the hierarchical refinements

build up to a highest scale level of l = 4. As the total length
along the E‐W direction is about half of those along the other
two dimensions, we first divide the elongated study region into
two approximately square cells. Similar to the spherical tri-
angular meshes adopted by Chiao and Kuo [2001], the mesh
refinement begins from the root level l = 1, with four (= 22)
isosceles triangles occupying the two cells; and each triangle
has two congruent sides about 500 km in length (Figure A1a).
[68] While the mesh is in ordinary space, eventually two

types of parameters attach to each node of the mesh: the value
of a component in the model vector m, and a related wavelet
coefficient, ~c, which, in turn, is associated with ~m. To avoid
confusion, we denote parameters in wavelet space and in
ordinary space by symbols with and without a tilde, respec-
tively. This is necessary as the lifting scheme described in the
next section involves both types of parameters. As an
example, the vector ~c1, representing slowness perturbations at
the root level (in wavelet space) and being specified at the

Figure A1. Schematic diagrams illustrating how to build a multiscale parameterization, from levels 1 to 4,
for the model of slowness perturbations. (a) Map view of a 2‐D spherical surface which is successively
divided into triangular meshes. At each node, the two integers in subscript specify node indices in the
N‐S and the E‐W direction, respectively. The integer in superscript indicates the scale level in a 2‐D
wavelet transform. When more than one parameter is shown at a given node, their relationships are defined
by the lifting schemes described in section A3. (b) Cross‐sectional view of how a thick sector of shell is
being progressively bisected into finer layers. At each depth, the integer in subscript indicates the node index
in the vertical direction while the integer in superscript indicates the scale level in a 1‐D wavelet transform.
The lifting schemes in section A3 describe relationships among parameters that occupy the same node posi-
tion. Slant, solid lines represent intrinsically uneven‐distributed raypaths. In regions of sparse raypaths or
few crossing rays, the parameterization is coarse, intended to capture only long‐wavelength variations.
Meanwhile, where sampling is dense, multiscale expansion is carried out to fine scales in order to resolvable
short‐wavelength features.
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vertexes of the four triangles, has six degrees of freedom
(DOF’s): three (21 + 1) in the long (N‐S) and two (20 + 1)
in the short (E‐W) dimension, respectively (Figure A1a),

~c1 ¼ ~c10;0;~c
1
1;0;~c

1
2;0;~c

1
0;1;~c

1
1;1;~c

1
2;1

h iT
:

Notice that in general, at a given scale level l, there are a total
of 22l children or subtriangles with (2l + 1) × (2l−1 + 1) DOF’s
for the nodes at a particular depth:

~cl ¼
h
~cl0;0;~c

l
1;0; � � � ;~cl2l�1;0;~c

l
2l ;0; � � � ;~cl0;2l�1 ;~cl1;2l�1 ; � � � ;~cl2l�1;2l�1 ;~cl2l ;2l�1

iT
:

For the next level of refinement, l = 2, we connect the mid-
points on each side of the four triangular meshes to yield
16 (= 24) children triangles with a total of 15 ((22 + 1) ×
(21 + 1)) DOF’s (vertexes). The wavelet coefficients, i.e.,
components of the transformed model vector ~m are closely

related to ~c at different levels. The determination of ~c is
tied to the lifting scheme we use for both the forward and
the inverse wavelet transforms. In the next section, we will
demonstrate how the lifting scheme connects ~c to slowness
perturbations in ordinary space at different scale lengths as
shown in Figure 6.
[69] At any fixed horizontal position, the slowness per-

turbations across 2L layers or segments (connecting 2L +
1 nodes) in the vertical direction are also represented by
hierarchical variations that begin with a linear trend across
each of two segments of equal length on the longest length
scale (whose value is approximately equal to that in the E‐W
direction) with just three DOF’s (Figure 3). With the addi-
tion of two DOF’s to express the needed details at the next
scale level, we end up with four segments of equal length,
each at half of the previous length. As the refinement goes
on with additional 2l DOF’s for the (l + 1)th scale level, the

Figure A2. Square root values for diagonal elements of the matrix GTG, where G is the Gram matrix of
the inverse problem (equation (2)). Each value corresponds to the overall sensitivity of combined high‐
and low‐frequency traveltime data to the variation in slowness at each node. The plots are presented in
logarithmic scale, with high values indicating regions where constraints are particularly strong. Here we
use only a subset of data: those with simultaneous recorded P and S waves in order to estimate dln(VP/VS).
The layouts are directly comparable to Figure 7.
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2L segments are grouped into L scale levels and the total

DOF’s, 2L + 1 = 3 +
Pl¼L

l¼2
2l−1, remain unchanged.

A3. Lifting Scheme for Wavelet Transform

[70] For fast and straightforward implementation of both
2‐D and 1‐D wavelet transforms, we use the hierarchical
streaming lifting scheme first developed by Sweldens [1996].
This scheme has complementary low‐pass and high‐pass
wavelet filters that capture both smooth and detailed varia-
tions, respectively; and is well suited for our purpose. Unlike
classical wavelet transforms, the lifting scheme can easily
transform discrete, irregularly sampled data or model para-
meters in curvilinear coordinate systems. In particular,
because all operations are directly carried out in the spatial
domain, there is no need to make ad hoc assumptions such as
periodicity for a data set of finite length, or bounded model
space as required in Fourier‐based wavelet transforms. While
our main objective, as described in equation (6), involves the
inverse wavelet transform, we take a heuristic approach and
shall begin with a general discussion of the lifting scheme for
the forward transform.

[71] The forward transform employs a hierarchical, tree‐like
algorithm which iteratively halves the number of variables at
each reduced level until reaching the final, root level. Each
iteration involves three steps and we shall illustrate this pro-
cedure by the 1‐Dwavelet transform of slowness perturbations
specified at grid nodes in the vertical direction. To this end,
take a set of arbitrary model parameters as the input. First, split
the discrete model parameters into two subsets according to
even and odd index of nodes in the original model grids. In the
case of Figure A1b, there are a total of 17 nodes, indexed from
0 to 16 (in subscript) at the highest scale level (i.e., 4).
[72] The second step is to calculate expected values of the

model parameters in the odd subset based on a local criterion
defined by the average of values at adjacent nodes in the even
subset. Differences between the original values at odd index
nodes and corresponding predictions from averaging values
at adjacent even index nodes represent details of the original
input at the smallest scale. This procedure is then carried out
at each successive level until the root level is reached. So in
general the resulting difference has the following form:

~d
l
2jþ1 ¼ ~c lþ1

2 jþ1 �
1

2
~clþ1
2j þ ~clþ1

2jþ2

� �
; ðA7Þ

Figure A3. Same plots as in Figure A1, except that we include all available data for P and S waves.
Figure A3 supersedes Figure S4 of Hung et al. [2010].
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where the superscript, l = 3, 2, 1 indicates the scale level, and
the subscript, j = 0, …, 2l−1, represents the node index in
the vertical dimension at a given horizontal position. The
resulting difference, ~d2j+1

l , calculated from values specified at
level l + 1, is now assigned as the ( j + 1)th wavelet coefficient
at the reduced level l.
[73] Third, update the values at the even index nodes to

maintain certain global properties, such as preserving the
mean of the original parameters at all scale levels:

~clj ¼ ~clþ1
2j þ 1

4
~d
l
2j�1 þ ~d

l
2jþ1

� �
: ðA8Þ

(The fact that the mean of model parameters remains
unchanged is readily seen by plugging equations (A7)–(A8)

and gathering even and odd terms of ~cj
l+1, leading to

P2l�1

j¼0
~cj
l =

1
2

P2lþ1�1

j¼0
~cj
l+1.) It is important to note that except for the first

iteration (going from l = 4 to 3), where variables ~c2j+1
l+1 , ~c2j

l+1,
and ~c2j+1

l+1 on the left‐hand side of equation (A7) are the same
as the original parameters at grid nodes (in ordinary space),
all three variables are updated values at even index nodes
calculated from the previous iteration using equation (A8).

As such, all variables are turned into wavelet coefficients
after applying equation (A8).
[74] Notice that the subset of coefficients with odd indices,

calculated from equation (A7), represent detailed variations
of the input, while those in subset with even indices corre-
spond to smooth variations. The latter also form a new
sequence of values which serves as the initial values to cal-
culate the wavelet coefficients at the next, coarser scale. After
applying the 1‐D wavelet transform in the vertical direction
through this lifting scheme, the resulting wavelet coefficients
retain the same DOF’s as the original parameters in ordinary
space. However, the wavelet coefficients now explicitly
express the longest wavelength variations in a subset with
both even and odd indices at the root level, and detailed
variations as subsets with only odd indices at all leaf levels:

W1D c0; c1; � � � ; c15; c16½ �T
� �

¼ ~c10; ~d
3
1;
~d
2
1;
~d
3
3;
~d
1
1;
~d
3
5;
~d
2
3;
~d
3
7;~c

1
1;
~d
3
9;
~d
2
5;
~d
3
11;

~d
1
3;
~d
3
13;

~d
2
7;
~d
3
15;~c

1
2

h iT
:

The inverse transform simply reverses both the order and the
sign of operations (see equations (A8) and (A7)):

~clþ1
2j ¼ ~clj �

1

4
~d
l
2j�1 þ ~d

l
2jþ1

� �
; ðA9Þ

~clþ1
2jþ1 ¼ ~d

l
2jþ1 þ

1

2
~clþ1
2j þ ~clþ1

2jþ2

� �
: ðA10Þ

This lifting scheme, involving only linear interpolations, is
equivalent to the forward and inverse transforms using the CDF
(2,2) wavelet (named after Cohen‐Daubechies‐Feauveau).
[75] As mentioned in section A2, at a given depth, the 2‐D

multiscale parameterization is built up through hierarchical
refinements of triangular meshes. Vertexes in the mesh at
the final, finest level of refinement coincide with grid nodes
of the model for which a solution is sought. Like the 1‐D
case, applying the 2‐D forward transform begins at the top
(finest level) where we divide the parameters into subsets
with even and odd indices. The former comprises those with
even indices in both dimensions, which would coincide with
vertexes of quadruple‐sized triangular meshes at the next,
coarser level. The latter includes the remaining vertexes
with at least one odd index, which are at the midpoints of
each side of the enlarged triangles at the next level.
[76] Next, we replace the values at the vertexes in the odd

subset through a step analogous to equation (A7) in the 1‐D
transform:

~d
l
2pþ1;2q ¼ ~clþ1

2pþ1;2q �
1

2
~clþ1
2p;2q þ ~clþ1

2pþ2;2q

� �
;

~d
l
2p;2qþ1 ¼ ~clþ1

2p;2qþ1 �
1

2
~clþ1
2p;2q þ ~clþ1

2p;2qþ2

� �
;

~d
l
2pþ1;2qþ1 ¼ ~clþ1

2pþ1;2qþ1 �
1

2
~clþ1
2p;2q þ ~clþ1

2pþ2;2qþ2

� �
:

ðA11Þ

where p = 0, .., 2l−1, q = 0, …, 2l−2; and ~d2p+1,2q
l , ~d2p,2q+1

l ,
and ~d2p+1,2q+1

l form wavelet coefficients at level l, being
specified at the midpoint of each side of the triangular
meshes parallel to the N‐S, E‐W and diagonal directions,
respectively. Last, the vertexes in the even subset, located

Figure A4. A plot of how the derivative of model variance
with respect to reduction in the variance of data misfit (i.e.,
1− data misfit), x, or the slopes of a curve in Figure 4 after a
sign change, varies as a function of data misfit. Here a and b
mark preferred solutions for dlnVP and dlnVS, respectively,
and a− and b+ indicate alternative choices of an under-
damped result for dlnVP and an overdamped result for dlnVS,
respectively. Pairing these four preferred or trial solutions
provides a test for the reliability of estimated dln(VP/VS).
The best pairing is between the preferred solutions for both
dlnVP and dlnVS as shown in Figure 7. Results for the other
three possible pairings (marked as (1), (2), and (3)) are
shown in Figures A5–A7.

HUNG ET AL.: MULTISCALE FINITE‐FREQUENCY TOMOGRAPHY B06307B06307

20 of 26



on three corresponding sides of the meshes are respectively
updated as follows (see equation (A8)):

~clp;q ¼ ~clþ1
2p;2q þ

1

4
~d
l
2p�1;2q þ ~d

l
2pþ1;2q

� �
;

~clp;q ¼ ~clþ1
2p;2q þ

1

4
~d
l
2p;2q�1 þ ~d

l
2p;2qþ1

� �
;

~clp;q ¼ ~clþ1
2p;2q þ

1

4
~d
l
2p�1;2q�1 þ ~d

l
2pþ1;2qþ1

� �
:

ðA12Þ

Similar to the 1‐D case (equations (A9) and (A10)), the
inverse wavelet transform in 2‐D is carried out by reversing
the above lifting scheme, beginning at the root level (l = 1)
where there are six DOF’s in ~c1, whose components are
associated with the vertexes of the four largest triangular
meshes (Figure A1a). The vector ~cl+1, whose components
are wavelet coefficients specified at the vertexes of sub-
divided triangular meshes at each finer level, is recursively
built up by reversing the order and sign of the arithmetic
operations of ~cl and the wavelet coefficients ~dp,q

l at the

Figure A5. Resulting images for pairing 1: an underdamped solution for dlnVP (a−) and the preferred
solution for dlnVS (b). There are some minor differences when compared with Figure 7, but only in short‐
wavelength features. This is an expected result in that the solution for dlnVP is underdamped.
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Figure A6. Resulting images for pairing 2: the preferred solution for dlnVP (a) and the an overdamped
solution for dlnVS (b+). Overall characteristics of the images are similar to those shown in Figure 7, but
appear at smaller amplitudes because the solution for dlnVS is overdamped.
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Figure A7. Resulting images for pairing 3: an underdamped solution for dlnVP (a−) and an overdamped
solution for dlnVS (b+). This is the worst case scenario and not surprisingly, the images for dln(VP/VS)
becomes difficult to interpret.
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current level l. (For our application at hand, the wavelet
coefficients result from solving the inversion problem ac-
cording to equation (7).)
[77] Specifically, at level 2, we have the following

expressions:

~c20;0 ¼ ~c10;0 �
~d11;1
4 ;~c22;2 ¼ ~c11;1 �

~d11;1
4 ;

~c20;0 ¼ ~c10;0 �
~d10;1
4 ;~c20;2 ¼ ~c10;1 �

~d10;1
4 ;

~c20;0 ¼ ~c10;0 �
~d11;0
4 ;~c22;0 ¼ ~c11;0 �

~d11;0þ~d13;0
4 ;~c24;0 ¼ ~c12;0 �

~d13;0
4 ;

~c21;1 ¼ ~d11;1 þ
~c20;0þ~c22;2

2 ;~c23;1 ¼ ~d13;1 þ
~c22;0þ~c24;2

2 ;

~c20;1 ¼ ~d10;1 þ
~c20;0þ~c20;2

2 ;~c22;1 ¼ ~d12;1 þ
~c22;0þ~c22;2

2 ;~c24;1 ¼ ~d14;1 þ
~c20;0þ~c24;2

2

~c21;0 ¼ ~d11;0 þ
~c20;0þ~c22;0

2 ;~c23;0 ¼ ~d13;0 þ
~c22;0þ~c22;2

2 ;~c21;2 ¼ ~d11;2 þ
~c20;2þ~c22;2

2 ;

~c23;2 ¼ ~d13;2 þ
~c22;0þ~c24;2

2 :

In actual practice, first we calculate (W−1)T gi which involves
the inverse waveform transform W−1 and the data kernel gi
(equation (6)).We then estimatem, via ~m, through equation (7).

A4. Data Coverage and Effects of Norm Damping

[78] Figure A2 shows the square root values for diagonal
elements of the matrix GTG, a measure of the overall sen-
sitivity of combined high‐ and low‐frequency traveltime
data from simultaneously recorded P and S waves. This data
set lead to results shown in Figure 7 in which images of dln
(VP/VS) are shown in additional to those of dlnVP and dlnVS.
In Figure A3, based on the entire data sets for both P and
S waves, we present the corresponding plots to those in
Figure A2, applying exactly the same input values as those
used by Hung et al. [2010] where an erroneous set of plots
were inadvertently displayed. Save for a few minor details,
Figures A2 andA3 are similar overall. In a very general sense,
Figures A2 and A3 are analogous to plots of raypaths when
only geometrical rays are used in tomographic inversion.
[79] Next we investigate how perturbations in norm

damping affect dlnVP and dlnVS which, in turn, influence
results for dln(VP/VS). As illustrated in Figure 4, we choose
the preferred values of damping around the point of maxi-
mum curvature along tradeoff curves betweenmodel variance
and data misfit. To the left of preferred values in Figure 4,
model variance rises precipitously without much improve-
ment in data misfit. Figure A4 emphasizes this point in terms
of the derivatives of model variance with respect to reduction
in the variance of data misfit (i.e., 1− data misfit), x, or the
slopes of curves in Figure 4 after a sign change, as a function
of data misfit.
[80] On face value, the preferred model for dlnVS appears

underdamped relative to that for dlnVP (labeled as b and a,
respectively, in Figures 4 and A4). However, because the
Gram matrices of P and S wave data are different, direct
comparison of numerical values of damping offers no
insight into these solutions. Theoretically [Lanczos, 1961;
Backus and Gilbert, 1967], if singular values of the Gram

matrix, G, are known, the solution for m from generalized
inverse is

m̂P ¼ VP
LP

L2
P þ �I

 !
UT

Pd: ðA13Þ

where LP is a P × P diagonal matrix containing a total of P
nonzero singular values of the Gram matrix; UP is a N × P
unitary matrix of singular vectors corresponding to nonzero
singular values that span the data space; VP is a M × P
unitary matrix of singular vectors that span the model space;
I is a P × P identity matrix; and l is the damping factor. So
the true effect of damping depends on the ratio between l,
which damps out small singular values, and the maximum
singular value. In practice, a typical Gram matrix, on the
order of about five giga elements in our case, is simply too
large to lend itself to singular value decomposition.
[81] As a pragmatic solution, we investigate underdamped

solutions of dlnVP at values of x close to that of the optimal
solution for dlnVS (such as the one marked as “a−” in
Figure A4), and overdamped solutions of dlnVS at values of
x comparable to that of the optimal solution for dlnVP (e.g.,
the one marked as “b+” in Figure A4). When compared with
the optimal solutions (Figure 7), the perturbed solutions
yield nearly identical patterns in the overall distribution of
dlnVP and dlnVS, with only slight differences in the ampli-
tude of anomalies (left panels Figures A5–A7).
[82] Figures 7 and A5–A7 also illustrate how different

combinations of the four trial solutions affect dln(VP/VS).
Overall, results for dln(VP/VS) remain stable. Noticeable
changes occur only in the worst case scenario where non-
optimal solutions for both dlnVP and dlnVS are combined to
estimate dln(VP/VS).
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