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Abstract 2. Theory 
A model order reduction (MOR) technique for 2.1 €?..ut Dumfer Governing Equufions 

heat-transfer system-level modeling is presented. A 
heat transfer solver using the finite difference method In this study, we  focus on the heat transfer effect of ,  
(FDM), which is appropriate for MEMS thermal MEMS structures with various boundary conditions. 
analysis, is implemented. The numerical models The goveming equation of 3D transient heat-transfer 
generated by the FDM solver then were successfully 
reduced into low-order compact models by an 

V T+-g( r , t )= - - ;  RegionR, t > O  ( I )  Amoldi-based model-order-reduction technique. The 
compact macromodels can be easily inserted into 
system-level or circuit simulators. We also where T is temperature distribution, R is the 
demonstrated that the macromodel results for a thermal computational domain (MEMS smchre), A?,/) is the 
actuator are in good agreement with the experimental heat generated per unit volume in the , results. 

problem is the so-called heat equation [SI: 

1 I ~ T  
k a az 

1. Introduction 
There are numerous beat transfer applications in 

MEMS, such as thermal actuating, uncooled infrared 
sensing, chip cooling, temperature sensing, PCR, and so 
on. Most of the applications need feedback loops for 
precise control or actuation, and thus require compact 
but accurate heat transfer models for system-level 
analysis. The typical approach for creating heat-transfer 
compact models is to use lumped-element methods [I]. 
For example, a lumped constant heat capacity ( C,h) can 
he used to represent an average heat capacity for a 
complex geometry, and lumped heat resistors (R ) can fh. 
he used to account for each energy leakage mechanism, 
including conduction, convection, and 'radiation. 
Although this approach significantly simplifies complex 
heat transfer systems, it required many costly FEM (or 
FDM) simulations to extract C,,, and 4, and the 
accuracy of lumped-element models is detrimentally 
affected by the complexity of original geometries. 

In this work, we implemented a 3-D FDM heat 
transfer solver, and demonstrated that the numerical 
models created by FDM/FEM heat transfer solvers can 
be transformed into compact macromodels using an 
Amoldi-based model order reduction (MOR) technique 
[2-41. Because the compact macromodels are 
generated from the F E W D M  approximation of 
complex geometries, they preserve the original 
geometric characteristics. Also, since the order of 
compact macromodels is much less than original 
FEMEDM models, the total computational time is 
significantly reduced by a t  least 3 orders of magnitude. 
This perfomiance improvement thus makes the compact 
macromodels compatible for system-level or circuit 
simulations, which is essential for overall performance 
prediction. 

x 
Pc 

a (=-) is thermal diffusivity, p is density, c is 

specific heat, and k is thermal conductivity. The 
boundary and initial conditions are 

(2) 

T(F, t) = F(P) Region R, t =  0 , (3) 

ar k,-+hF=f;(i.,t) BoundaryS,,t>.O 
an, 

whereF(P) is the initial temperature, f ; ( i . , f )  is the beat 
flux flowing out of the boundary SA k, is thermal 
conductivity on the. boundary S, h; is the convection 
coefficient on the boundary &.. 

The heat transfer goveming equations can be 
approximated using the finite-element method (FEM) or 
the finite-difference method (FDM). In this work, we 
develop a 3D transient heat transfer solver with FDM 
approximation on Equations 1, 2 and 3 [6 ] .  Since the 
operation temperatures for most of MEMS devices are 
relatively low, the radiation effect is very small and is 
not considered in the FDM solver. 

2.2 Mcthodofogv of Modef Order Reducffon WOR) 

Although the'3-D FDM heat transfer solver is 
capable of calculating transient behaviors, the 
computational cost is very expensive due to the 
significant large number o f  nodes in- the 3-D 
computational domain. Fortunately, the goveming 
equation as well as the boundary conditions, as shown in 
Equations 1 and 2, are linear equations, and therefore 
the system matrices generated by the FDM or FEM 
approximation process for Equations 1 and 2 can be 
reduced by an &noldi-based model order reduction 
technique. The detailed description of the model order 
reduction process is described as follows: 
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The dynamic system equation formulated by the 
FDM approximation of goveming equation (Equation 1) 
and the boundary conditions (Equation 2) can be written 
as: 

( 5 )  

where _A is an n by n matrix and n is the total number 
of nodes, : is the vector which contains the unknown 
temperature distribution on each node, and the input 
function E ,  is the -combination of E,, U2 , Z3 ... etc. 
El , E2 , Z3 ... can be the heat generation, heat flux or 
constant temperature boundary conditions in the heat 
transfer system model. The matrices _C and _D are 
carefully chosen so that the output vector can be 
designed as the average temperature of different 
components, the temperature distribution on a specific 
area, or even the tip displacement of a thermal actuator. 
In the LapIace domain, the transfer function of the 
system is: 

- 

- - 

T(4 = =c'(& - g ' g +  p 
= - - - _  CTC/-sA1)"_6+_0 - _  (6) 

- 6 = -4'4 
ARer expanding the transfer function in Taylor 

- - _  

series about s=O, we obtain: 

A=O 

where m, are the coefficients of the Taylor series, 

(m, =<(&")!) , The Taylor expansion can be 
truncated to approximate the transfer function Ti). 
However, CAk)! lines up with a single eigenvector 
quickly and thus this procedure is usually numerically 
unstable. Therefore, we apply the Amoldi-based 
algorithm to stably compute orthogonal bases {P j }  that 
spans the Krylov subspace: 

- -  

Given the matrix _V whose columns are { P j ] ,  the - 
reduced order model (macromodel) is 

where 

Note that the reduced system, as shown in 
Equation 7, has the same input ( U )  and output ( y  ) as in 
Equation 5 .  Since the typical ranks of Aq , B, and 

Cq are very small, the computational efficiency for 

simulating transient responses and frequency responses 
of the macromodel is significantly increased. 

- _  - -  
- - 

3. Applications of the MOR Technique 
on MEMS Devices Modeling 

The main purpose of MOR techniques is to reduce 
the order of the original F E W D M  systems so that the 
computational performance will he improved with little 
compromise in accuracy. In this section, two examples 
of model-order-reduction applications on MEMS heat 
transfer effects are presented. The first example 
provides the estimation of the tip deflection of a thermal 
actuator based on the temperature calculation from the 
macromodels. Measured results are also demonstrated. 
The second example demonstrates the electric resistance 
variation of an infrared imager (bolometer) cell due to 
heat absorption. The macromodel results are also 
verified with our FDM solver and commercial FEM 
package Coventonvare [7]. 
3.Z Z%ermul ucinutor 

3.1. f Commrison wifh the FEMFDMResults 

Figure 1 shows the CCD picture of thermal 
actuator which was fabricated by Multi-User MEMS 
Process (MUMPS) [8]. The device is fixed to the 
substrate at the anchors. With a constant electrical 
current flowing through the hot arm and the cold arm 
(when a constant voltage is applied across the two 
contact pads), the asymmetric dimension of two arms 
causes the current density of the hot arm to be larger 
than that of the cold arm. This.asymmetric heating 
caused by current density will make the temperature in 
the hot arm higher than that in the cold arm. The 
thermal expansion difference between the two arms 
results in an in-plane bending of whole structure. 

, .  

Figure 1: n e  CCDpicfure of the aperimenfa/ device. 
The contactpads ore on the right side of the pictux and 
are not comp/eteely shown. 

This thermal actuator is modeled by imposing 
several thermal boundary conditions and volume 
conditions on the structure. The convection boundaries 
are applied on the surfaces adjacent to the air. The 
constant-temperature boundaries are applied to the 
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interfaces between the anchors and the substrate. 
Volume heat generation (J/m3) is applied on the whole 
structure, and the heat-generation value is determined by 
the electrical current density distribution, which can be 
easily accurately estimated by the effective resistance of 
each segment of the structure. The mechanical, thermal, 
and electric properties as well as the dimension of the 
measured and simulated device are listed in Table 1 and 
Table 2. 

, ,I 
Thickness (I) 

Geometrical dimensions I Length(pm) 
Leneth of hot arm ( L A )  I 200 

2 

WiGh of hot arm ( kh') 
Length of cold arm (L,) 
Wldth of cold arm (W,) 

Length of flexure (L,) 
Width of flexure (WA 

Gap k) 

MOR order = 2 
MOR order = 5 
MOR order-10 

3 
160 
16 
3 

40 
3 

time (sec) factor (04) 

0.01 2X1Ob 0.50 
0.44 4~ I 0' 0.50 

~ 0 . 0 1  >2x10b 0.51 

Thermal property 
thermal conductivity(pW/pm. K )  

convection coefficient ( D w/mZ . K) 
specific heat ( p J  / kg . K) 

=- Mechanical property 
Densitv(ka/wn') 

1 .48x1O8 

1 . 0 ~ 1 0 ~ ~  

5 

Electrical property 
Resistance (ohmkq) 10 

Macromodel order = 2 
Macromodel order = 5 
Macromodel order = 10 

A Covenlorme 

O.MIE+CO 1.MIE-04 2.MIW4 3.00E.O 
Time (sec) 

Figure 2: Comparison of the FDM, the macromodel and 
Coventorware results for average temperature increase 
ofthermal actuator: 

lsimulationl Soeed-ua I Error 

FDM I 18743.000) 1 N/A 
Table 3: The pedomance comparison of FDM solver 
and macramodels. 

3.1.2 Comuarison with the Measured Results 

In this section, the measured tip deflection of the 
thermal actuator will be compared with the results 
estimated by the macromodel (order 5) .  In order to 
calculate the tip deflection based on the temperature 
distribution on the device, we apply the analytical 
equations derived in [9] and [IO]. 

The comparison of the measured and calculated 
in-plane deflection of the actuator is shown in Figure 3. 
At the low temperature, the measured results match with 
the FDM solver and the macromodels very well. At 
high input voltage; the radiation heat become significant 
because of the high temperature induced by the joule 
heating. As a result, the simulated results deviate from 
the measured results at higher input voltages. 

16 

'5 8 

c 
F 4 

2 

0 

ATip deflection (Experiment) 

ATip deflection (Macromodel) 

XTip deflection (FDM)  

X 

X A  

X 
X I A  
A 

- 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.( 

Voltaee 1V) 

Figure 3: Comparison of experimental /ip 
displacement and macromodel calculated tip 
displacement with an input voltage from I volt to 6.5 
VOllS. larger than 2 match the FDM/FEM results very well. 
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3.2 Infrared imager 

Figure 4 shows a typical schematic of a pixel cell in 
an infrared imager [ I l l .  This cell consists of a Si,N, 
suspended structure (absorber) of 0.5 pm in thickness 
and two supporting tethers. A thin film of vanadium 
oxide (VO,) is deposited on the suspended structure. 
The TCR (temperature coefficient of resistance) of the 
VOX layer is -0.02/K (assumed the operating 
temperature is in linear range). The input’heat flux 
impinging on the top of the absorber is 1000 pWlpm2. 
The resistance variation caused by the temperature 
distribution of the absorber is obtained by carefully 
choosing the C matrix. Figure 5 shows both the 

FDM and the macromodel results for the transient 
behavior of electrical resistance when the infrared 
imager pixel absorbs heat flux. The discrepancy 
between the two cuwes is within 1%. Table 4 shows 
the comparison of performance and accuracy between 
the FDM solver and the macromodels for the device. 

- 

Radiation 

.. . .  I 
. .  

Figure 4: The diagram ofinfrared sensor 

i n r n  I 

49.45 ‘ 
0.WEtW 2.WE-M 4.WE-M 6.WE-04 %WE-M 

Time (sec) 

Figure 5: Comparison between FDM and 
macromodel results: electricnl resistance vs. time 
when the infrared imager pixel absorbs heat. 

4. Conclusion 
A model order reduction technique for generating 

heat-transfer macromodels is presented in this work. 
Numerical analysis examples for simulating the transient 
heat transfer behaviors are demonstrated. The 
macromodel results are compared with the results from 
both FDM and commercial FEM solvers. The results 
of macromodels with order 3 or larger are accurate for 
the two examples demonstrated. The macromodel 
simulation performance is increased by at least 3 orders. 
The macromodels are compatible for system-level or 
circuit simulations. Experiment results of a thermal 
actuator are also in good agreement with the 
macromodel results. 
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