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ABSTRACT 

In general, the contact force, which is used in controller 

design for robotic compliant motion, can be either explicitly 

calculated through complicated computation or measured by 

expensive force sensors. In this paper, we propose a force 

control strategy by using the estimated contact force. The 

estimation of the contact force and states are primarily based 

on our previous observer design. It will be shown that the 

controller achieves asymptotic stability. 

I. INTRODUCTION 

Force control of robot systems has been studied by many 

researchers [1,7,9,11]. Among those approaches there are two 

main branches. One is feedback the contact force by using 

expensive force sensora [9]. The other is direct calculation of 

the contact force by using the constrained manipulator model 

[2,6,8]. In some cases it may be inadequate to measure the 

contact force. In other cases it may be either very costly to 

measure or very complicated to compute the contact force. 

Therefore, it is desired to design a force controller based on 

the estimated contact force. 

The robot system under consideration is described by 

equations of the type [3] 

Y = .[;I (3) 

where q E R" is the generalized displacement; M(q)  is an 

n x n inertial matrix function; F(q ,q )  is an n dimensional 

vector function, containing the Coriolis, the centrifugal and 

the gravitational terms; U E R" is the generalized control 

input; d(q) is the m dimensional constraint vector function; 

J ( q )  = ~ ad(q) is an m x n Jacobian matrix; X E R" is the gen- 

eralized contact force vector associated with the constraints; 

y E RP is the output vector and C is a p x 2n constant ma- 

trix. Our objective is to find a stabilizing control law for the 
system (1)-(3), in the case where only y(t) can be measured, 

but not necessarily x(t) and X(t). 
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For a linear time-invariant differential system, it is well 

known [5] that a stabilizing control law can be constructed 

as long as the differential system is both stabilizable and de- 

tectable. However, the system under consideration is nonlin- 

ear as well as differential-and-algebraic type. These character- 

istics pose a lot of difficulty in designing a stabilizing control 

law for the system (1)-(3). In our approach, the results from 

Vidyasagar [lo] will be used and our previous observer design 

[3] will be used for the estimation of the contact force and 

states. 

In order to facilitate the following development, the sys- 

tem (1)-(3) is converted into the following form by using a 

nonlinear transformation [7] 

CH2642- 7/89/OOOO- 2 1 %$l. 00 @ 1 989 I EEE 21 58 

~. 
~~~ ~ 

q J T -  



where GY, Gi , and Gi are constant matrices. 

We have the following results. 

Theorem l: [3] Consider the system (4)(5)(7). If the following 

conditions are satisfied 

(1) Assumption 1 holds, 

(2) P v ~ ( z g , 2 t , )  - P [::I v [:I] is uniformly negative 

definite for all za , k2 E R"-" and some L > 0; where 

J 

Our problem turns out to design the observer and controller 

for the transformed system (4)-(7). Throughout this pa- 

per, we assume that the system is always observable (or de- 

tectable) and that the subsystem (5) is always controllable 

(or stabilizable). The detailed discussion of observability and 

controllability for constrained robot systems are discussed in 

our other paper [4]. 

The paper is organized as follows. In section 11, we 

present some preliminary results, including our previous ob- 
and 

server design and Vidyasagar's results. In section 111, we 
V F =  - - 

present the main theorem concerning asymptotic stability. - [Z ,  3 
Section IV gives an illustrative example and Section V con- 

tains the conclusion. 

(3) E I F  ( z g ) J T  (2,) and E , F  (i2)JT (4,) are nonsingular 

for all zZ,ez ER*-",  

11. PRELIMINARIES 
then the observer defined by Eqns.(lO)-(12) is an asymptotic 

observer in the sense that 

In this section, we briefly summarize our previous ob- 
e'(t)Pe(t) < eT(to)Pe(to)e-"('- to) ,  V t  > to (13) server design 131 and some results from Vidyasagar [lo]. 

where 
First, the observer design is summarized. Given the fol- 

lowing assumption 

Assumvtion 1 

(14) 
2, ( t )  - 2, 2reT e 

e ( t ) = [  - 1  q = -  eT Pe 
z g  ( t )  - 4 2  ' 

In addition, the estimated contact force i converges to A. 

Note that the complete information of the original states 

whereP-1 = [:I,. E R ( n - m ) x 2 ( n - m )  , P .  ER("-")Xg("-") ,  a =  [$ ]  =T(?);= [ I ;  
81; ] . [I] 4% In-"  

(16) 

Next, some results from Vidyasagar [lo] are summarized. 
P is a 2(n-m) xl(n-m) positive matrix; Hi is a positive 

number; and P, CT = 0. 
Consider the nonlinear system 

Then the observer structure is chosen as follows 
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Given the following assumption 



AssumDtion 2 

0 f is continuously differentiable and vanishes when all of its 

arguments except t vanish; further, there are constants 

a and c such that 

)JVZf(t ,2 ,U)))  5 a Vt  2 ovz E B, vu E B, 

0 r is continuous and r(O,O)=O. 

Then we have the following result 

Theorem 2 [lo] Suppose the system (17)(18) satisfies Assump 

tion 2 and is stabilizable and detectable. If the system is 

stabilized by the control law 

U(t) = h(t,  z(t ) )  (19) 
then it is also stabilized by the control law 

u(t) = h( t ,Z( t ) )  (20) 

where z(t) is the output of a detector for x(t). 

Theorem 2 is remarkable in that the observer and the 

feedback controller for a nonlinear system can be designed 

separately if certain assumptions are satisfied. This result 

will be used in the next section for controller design. 

III. STABILIZING CONTROL LAW 

A constrained robot system is a highly nonlinear dynamic 

system. Particularly, it consists of differential equations and 

algebraic equations. It is quite difficult to design both ob- 

server and feedback controller simultaneously. Fortunately, 

Theorem 2 given is Section I1 provides a way to separately 

design the observer and the controller. In our design, the 

observer will have the same form as in Section I1 and the 

controller will be computed-torque like. We will show that 

the combination of the observer and the controller gives a 

stabilizing control law. 

Suppose we select a computed torque control law as fol- 

lows [7]. 

TT (Z2)U = a('(2z)E:&d + F ( Z z , & )  - TT ( Z 2 ) J T  (Za)Ad 

+ a(Za)E,'G, (kid - ko) + a(Zz)E: Gd(Zzd - Za) 

+ K G ,  EiTT ( Z z ) J T  (z1)(A - Ad) (21) 

where G.,Gd E R ( n - m ) x ( n - m ) , G f  E Rmxm are constant 

matrices; ZZd = &x(gd),gd are desired displacement vec- 

tor; Ad is desired contact force vector. Substituting (21) into 

Eqns.(4),(5), it is easy to verify that if the following condi- 

tions are satisfied, then the system is stable: 

Condition 1 

(1) G, , Gd are symmetric and positive definite. 

(2) G, is symmetric and nonnegative definite. 

(3) E, ( za )JT  (za) is nonsingular for all 2, E R"-". 

If we introduce the control law which has the same struc- 

ture as Eq.(21) but feedbacks the estimated states ip , & and 

in stead of the real states za,& and A, then the control law' 

can be represented by 

We have the following results: 

Theorem 3: Consider the dynamic system defined by Eqns. 

(4)(5)(7). Suppose we select the observer structure as (10)- 

(12) and the control law as (22), if the following conditions 

are satisfied: 

(1) There exists a real p > 0, such that for all 11 [? - ''dl ( 1  
< p , f ( & , z ~ , u )  is continuously differentiable with re- 

spect to iz , za, U, and h(za,  &,, Zad, &) is continuously 

differentiable with respect to za , kz. 

22 - 2 2 6  

(2) For all II [" -y (I< P 7 I1 V z f ( k Z 1 Z Z , U )  II and I1 
2 2  - ZZd 

v, h(zo , kz , zgd , zzd) 11 are uniformly bounded by 8,  and 

, respectively. 

(3) All conditions of Theorem 1 are satisfied. 

(4) The controller gains G., G d ,  GI are selected as the Con- 

dition 1. 

Note that 

and the matrix functions f and h are defined by 

(23) 

U is selected as Eq.(22). 

then for 11 X ( t o )  -&(to) [I< 6, the system states zz,Zz and 
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A can track the desired states z 2 d , i z d  and A d ,  respectively. 

Proof: Since the controller gains are selected to satisfy the 

Condition 1, then according to [IO], there exist a continuously 

differentiable scalar function Vl , and functions b,,  &, d3 be- 
longed to K [12], such that 

for all t 1 0 and for all 11 el 115 p; where L is a positive 

constant, Ve,V,(el) is the gradient of V, with respect to e,; 

g ( & )  = k d  and e1 = x - x d .  

Since condition (2) holds, there exist 8, > 0, 0, > 0 such 

that for all t 2 t o ,  all 11 e, II< p,II e, I[< p,II U ll< p and 

11 U II< p the following equations hold 

Because all conditions of Theorem 1 hold, the observer is 

an asymptotic observer, according to [lo] there exist a Lya- 

punov function V,, which is function of (el -e,) or expressed 

as V, (el - e,), and functions $, , $, , $, belonged to K such 

that 

for 11 e, [I< b1 and t 2 to .  Let cl=min {i, $}. Select c2 for 

h ( c 2 )  < & ( € I ) ,  and 62 for 62 I ea and LB18261 < 43(c1), 
and 6, for $, (63) < 4, (6,). If we choose 

(31) 
6 = min (p ,  -) 63 

2 
then 

6 5 6312 < 62 < €2 < €1 5 6112 (32) 

Suppose llei(to)ll = Ilx(to) - X d ( t O ) l l  < 6 and Ilei(to) - 

e,(to)ll < 6. Since the stability of the estimated error state 

vector is independent of the choice of the control law, Eqns. 

(28)(29) always hold. 

Rewrite (25) in terms of the control U, we have 

If we introduce the feedback control in the form of Eq.(22), 

then (23) becomes 

From Eqns. (24)(34), we have 

vl(e1) = velvl(el)(f(z,h(k,Xd)) - g ( x d ) )  < (36) 

for all t 1 t o ,  11 el II< 6. Thus, for 1 1  el(to)  I[< 6 and 

Ilel(to) - e,(to)ll < 6, the tracking error state vector e,(t) 

will converge to zero as time approaching infinity. Namely, 

the system states 2 2 ,  $2 can track the desired states Z 2 d ,  x z d .  

Consider Eqns. (4)(11), the closed loop system is given 

as 



( I +  G,)E~J+T (z,)~~(z,)(~ - A,) + 0 (38) G;=O.OS, then according to Theorem 1, the observer defined 

by Eqns. (47)-(SO) is an asymptotic observer for the system 
as 00. Since E I F  (z , )JT(%) is nonsiWular and defined by Eqns. (43)(44)(47). 

is nonnegative definite, the contact force vector X will also 

converge to the desired contact force vector A+. Q.E.D. 
A computed-torque controller is designed as 

U1 =G,(f-Xd)-Xd +24,& +22,G,(& -&) 

In this section, an example is given to illustrate the above U, = - 2&U1 + 100(iad + G,, (& - 2,) + Gd(Z2d - e?) 

+ 0.0012; + e,) (52) 
development. Suppose a constrained dynamic system is given 

bY 
The controller gains are chosen aa G, = 1, G. = 7, and Ga = 

12. Suppose the initial conditions are 
61 =U1 (39) 

(40) (100 - 4d i )h  + 4; + lob - 4424; = U, z?(O) = 1, &(O) = 1, i2(0) = 0.5, &(O) = 0.5 

The constraint and output equations are X(0) = 4, i(0) = 3 

and the desired values are 
4(ql,Y 4 4  = 4: - q2 (41) 

zad  = t y  Pad = 1, = 10, 

y=[;;;;] 

where ql,qa,u,up E R and y E R a x l  

(42) then the results are shown in Fig. (1) to Fig. (3). 

From Fig.(l)-(3), we know that the estimated states 5, 
and I will converge to the system states z, , z2 and A, respec- 

tively. Moreover, the controller design based on estimated 

states and estimated contact force also show the capability of 

tracking the desired input. 

By introducing the Lagrange multiplier and applying the 

McClamroch and Wang's nonlinear transformation, Eqns.(39)- 

(42) can be transformed into 

2 4  + 22& = U1 + X (43) 

5, = -0.01i; - 2, + 0.022,u1 + O.OlU, (44) 
V. CONCLUSION 

In this paper, we have shown that the constrained robot 
2 1  = o  (45) 

1 1 0  
IJ= [ o  1 l][Z?] 

system can be stabilized by a controller based on estimated 

contact force and states. The tool used in obtaining this result (46) 

By singular value decomposition, a linear output can be con- 

structed from (46) as 

is the results given by VidYmagar. Although the controller 

used here is the form of computed-torque, it can be arbitrary 

form as long as the relevant assumptions are met. The above 

idea is also demonstrated in an example. Since the contact 
g = lo 2]y = 22, + 24, (47) 

Select the observer structure as follows force can be estimated and the controller based on thin esti- 

mated force results in a stabilizing control law, we feel that 

this result should be useful for robot force control. 
212, + 212952 = ul + f + 22,G;(2, + I t ,  - 2, - &) (48) 

Select H = 0.15 and the observer gains aa G;=-7, G;=5.5, 
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Fig.3 Contact Force A, i and Ad 


