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A comprehensive investigation of the free in-plane vibration of a spinning annular disk
is presented in this paper. Emphasis is given to the effect of clamping ratio on the natural
frequencies and critical speeds of the spinning disk. For a disk with small clamping ratio,
the limiting speed at which the disk is allowed to rotate safely is determined by the critical
speed of the axisymmetrical mode. Beyond this critical speed divergence instability will be
induced. For a disk with large clamping ratio, on the other hand, the speed limit is
determined by the critical speed of a mode with a large number of nodal diameters. It is
observed that the critical speeds of the modes with nodal diameters approach an asymptotic
value as the number of nodal diameters increases. Numerical simulations show that this
asymptotic critical speed is independent of the clamping ratio, while it is dependent on the
Poisson ratio of the disk.
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1. INTRODUCTION

It is well known that the natural frequencies of the in-plane radial and torsional vibrations
of a spinning disk depend on the rotational speed. Bhuta and Jones [1] investigated the
axisymmetric planar vibration of a rotating disk and found that effect of rotation is
generally to lower the natural frequencies. The same problem was studied by Doby [2] with
a different formulation. Burdess et al. [3] generalized the analysis to asymmetric in-plane
vibration, and discussed the properties of both the forward and backward travelling
circumferential waves. In most of these works the disk is assumed to be full, and as a
consequence only two boundary conditions on the outer radius should be satisfied. A
comprehensive analysis of the stability and natural frequencies of in-plane vibration of a
spinning annular disk, which should be of more practical importance, cannot be found in
the literature.

In this paper we first derive the equations of motion for the spinning disk with respect
to a stationary co-ordinate system. Lamé’s potentials are used to simplify the highly
coupled equations. Natural frequencies for annular disks with various clamping ratios are
presented. Emphasis is given to the effects of the clamping ratio on the natural frequencies
and critical speeds of the spinning disk.

2. EQUATIONS OF MOTION

In Figure 1 is shown an elastic annular disk spinning at constant speed V. The material
of the disk is assumed to be homogeneous and isotropic, with mass density r, Young’s
modulus E and Poisson ratio n. If the disk is thin, plane stress conditions can be assumed
and the equilibrium equations in the radial and tangential directions in terms of the
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in-plane displacements ur and uu can be written with respect to the body-fixed co-ordinate
system (r, u) as [3]

{E/r(1− n2)}(L11ur +L12uu )= ür −2Vu̇u −V2(ur + r), (1)

{E/r(1− n2)}(L21ur +L22uu )= üu +2Vu̇r −V2uu , (2)

where the differential operators are defined as
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Equations (1) and (2) can be rewritten with respect to an inertial frame (r, h) by using the
transformations

u̇r (r, u)=
1ur (r, h)

1t
+V

1ur (r, h)
1h

, u̇u (r, u)=
1uh (r, h)

1t
+V

1uh (r, h)
1h

, (7, 8)

where

h= u+Vt. (9)

It is convenient at this stage to introduce some dimensionless variables and operators
(denoted with an asterisk):

r*= r/b, z= a/b, u*r = ur /b, u*h = uh /b,

V*=Vbzr/E, t*= (t/b)zE/r.

Figure 1. A freely spinning annular disk.
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The equations of motion in terms of these dimensionless variables with respect to the
inertial frame can be written as follows:

1
(1− n2)

(L*11u*r +L*12u*h )=012u*r
1t*2 +2V*

12u*r
1t* 1h

+V*2 12u*r
1h2 1

−2V*01u*h
1t*

+V*
1u*h
1h 1−V*2(u*r + r*), (10)

1
(1− n2)

(L*21u*r +L*22u*h )=012u*h
1t*2 +2V*
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1t*

+V*
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1h 1−V*2u*h . (11)

The differential operators L*11, L*12, L*21 and L*22 are similar to those in equations (3)–(6) with
r and u being replaced by r* and h, respectively. We assume that the annular disk is
clamped at the inner radius r*= z and is free at the outer boundary r*=1. The
dimensionless boundary conditions with respect to the inertial frame are

u*r = u*h =0 at r*= z, (12a, b)
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(13a, b)

It is noted that the differential equation (10) is inhomogeneous due to the body force term
r*V*2. As the disk rotates at certain speed, steady in-plane displacements u*(s)

r (r*, h) and
u*(s)

h (r*, h) are induced due to the centrifugal effect. We consider small perturbations in
displacements, û*r (r*, h; t*) and û*h (r*, h; t*), superposed on the steady state solutions. By
substituting the total displacements, u*(s)

r + û*r and u*(s)
h + û*h , into the equilibrium

equations (10) and (11), one can obtain the equations of vibration in terms of the small
displacement perturbations û*r and û*h . The resulting equations and boundary conditions
are similar to equations (10)–(13) with r*V*2 in equation (10) being deleted and
displacements u*r and u*h being replaced by û*r and û*h , respectively. In the following
discussion we neglect all the asterisks and drop the superposed hats on û*r and û*h for brevity.

3. LAME� ’S POTENTIALS

The homogeneous equations (10) and (11) can be simplified if Lamé’s potentials f and
c are introduced [4]:
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. (14, 15)

Substituting equations (14) and (15) into the homogeneous parts of equations (10) and (11)
results in the equations
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=0, (16, 17)
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Figure 2. The natural frequencies of in-plane vibration of an annular disk with clamping ratio 0·2.

where

G= l2
19

2f−V2 12f/1h2 +V2f−2V2 1c/1h− 12f/1t2 −2V 12f/1t 1h−2V 1c/1t,

(18)

H= l2
29

2c−V2 12c/1h2 +V2c+2V2 1f/1h− 12c/1t2 −2V 12c/1t 1h+2V 1f/1t,

(19)

and, l1 and l2 are two constants depending on the Poisson ratio,

l2
1 =1/(1− n2), l2

2 =1/2(1+ n). (20a, b)

The general solutions for G and H in equations (16) and (17) can be expressed in the
form

G=(Anrn +Bnr−n) cos nh, H=(−Anrn +Bnr−n) sin nh, n=0, 1, 2, . . . ,

(21, 22)

where An and Bn are undetermined constants. Equations (18) and (19) are two
inhomogeneous equations for f and c. The complete solutions for f and c include
time-independent particular solutions fp , cp , and time-dependent homogeneous solutions
fh and ch . Both the homogeneous and the particular solutions should satisfy the
homogeneous boundary conditions (12) and (13). While fp and cp are important in
determining the steady state response [5], they have nothing to do with the natural
frequencies of the system. In order for the homogeneous solutions to satisfy the
homogeneous boundary conditions, fh and ch may be expressed in the forms

fh (r, h; t)=Fmn (r) einh e−ivmnt, ch (r, h; t)=−iCmn (r) einh e−ivmnt, (23, 24)

where

Fmn (r)= cnJn (bn1r)+ dnsn1Jn (bn2r)+ enYn (bn1r)+ fnsn1Yn(bn2r), (25)

Cmn (r)= cnsn2Jn (bn1r)+ dnJn (bn2r)+ ensn2Yn (bn1r)+ fnYn (bn2r). (26)
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Here J and Y are Bessel functions of the first and the second kinds. vmn is a natural
frequency of the spinning disk. sn1 and sn2 are defined as

sn1 =
−2V(vmn − nV)

(v− nV)2 +V2 − l2
1b

2
n2

and sn2 =
−2V(vmn − nV)

(v− nV)2 +V2 − l2
2b

2
n1
,

(27a, b)

where, bn1 and bn2 are positive real roots of the quartic equation

l2
1l

2
2b

4
n −(l2

1 + l2
2 )b2

n [(vmn − nV)2 +V2]+ [(vmn − nV)2 +V2]2 =0. (28)

After applying the homogeneous boundary conditions (11, 12), the resulting frequency
equation can be obtained as

g11 g12 g13 g14

g21 g22 g23 g24 =0, (29)
g31 g32 g33 g34

g41 g42 g43 g44

where the gij are defined in the Appendix. For each n, there is an infinite number of discrete
vmn which satisfy equation (29).

4. NATURAL FREQUENCIES AND CRITICAL SPEEDS

In Figures 2–4 are shown the dimensionless natural frequencies vmn as functions of the
dimensionless rotational speed V for clamping ratios z=0·2, 0·5 and 0·7, respectively. The
model label (m, n)f denotes the forward traveling modes with m modal circles and n nodal
diameters. Similarly, the subscript b denotes a backward traveling wave. The critical speed
Vcn is defined as the rotational speed at which the natural frequency of the mode (0, n)b

vanishes. The numerical results of our calculations are partially checked by two previous
papers, one of which is the paper by Burdess et al. [3] on the in-plane vibration of a full
disk with two nodal diameters. Our results approach those in reference [3] as the clamping
ratio approaches zero. The second check is to compare our results with those presented
by Srinivasan and Ramamurti [6] on a non-rotating annular disk with clamping ratio
ranging from 0·2 to 0·8. We proceed with our analysis after verifying our results by
successful comparisons with these previous works.

Figure 3. The natural frequencies of in-plane vibration of an annular disk with clamping ratio 0·5.
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Figure 4. The natural frequencies of in-plane vibration of an annular disk with clamping ratio 0·7.

In Figures 2–4 we show only the natural frequency loci of the modes with n=0, 1, 2, 3
and 30. The natural frequency loci of the modes with n=4, 5, . . . , 29 are omitted in these
figures for brevity, with the understanding that the slopes of these curves increase as n
increases, and the corresponding critical speeds move leftward toward the critical speed
corresponding to the mode (0, 30)b . For the modes with nq 30, which are also not shown
in these figures, the corresponding critical speeds continue to move leftward slightly and
approach an asymptotic value.

In Figure 5 is shown the relation between the critical speed Vcn and the number of nodal
diameters n for a Poisson ratio of 0·3 and for clamping ratios 0·1, 0·3, 0·5, 0·7 and 0·9.
This figure is obtained by specifying v=0 in equations (27) and (28), and solving for V

from equation (29) for various n. It is clear from this figure that Vcn indeed approaches
an asymptotic values (0·572 for n=300) as n increases. Furthermore, it is interesting to
observe that the asymptotic critical speed is independent of the clamping ratio. The relation
between the critical speed of the mode (0, 200) and the Poisson ratio n is shown in Figure 6.
No appreciable difference is observed in Figure 6 if n=300 is used in the calculation
instead of 200.

Figure 5. The relation between the critical speed and the number of nodal diameters.
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Figure 6. The relation between the critical speed of the mode (0,200) and the Poisson ratio n.

It is also interesting to compare the critical speeds of the in-plane vibration with those
of the out-of-plane vibration of a spinning disk (see Figure 6 of reference [8]). In the case
of a large clamping ratio, the critical speeds in both cases tend to be dominated by the
modes with a large number of nodal diameters.

The phenomenon that the critical speeds of the modes with a large number of nodal
diameters tend to approach an asymptotic value may be better understood if one looks
at the equation of motion (10) carefully. For the modes with very large n the terms with
a second order derivative with respect to h tend to dominate because the mode shapes are
known to be of the forms (23) and (24). After retaining only these terms with 12/1h2 one
obtains the equation

{1/2(1+ n)}(1/r) 12ur /1h2 =V2 12ur /1h2.

Therefore, one may estimate the limiting critical speed for a very large number of nodal
diameters roughly, bearing in mind that this limiting speed is independent of the
clamping ratio, as Vc 1 1/z2(1+ n).

One of the dynamic systems exhibiting a similar phenomenon is the lateral vibration of
a rotating circular string [7], with an equation of motion in the form

12u/1t2 +2V 12u/1t 1h−(s2 −V2) 12u/1h2 =0,

where u is the lateral displacement of the rotating string with respect to the inertial frame,
and s is proportional to the string tension. In this case, the critical speeds of all modes
are exactly equal to s. Sometimes this phenomenon is attributed to the non-dispersive
nature of the string, in contrast to those dispersive systems such as beams or plates. Of
course, the in-plane vibration of a spinning disk is dispersive in nature. However, it may
be said that the dispersive nature of the vibration modes with a large number of nodal
diameters tends to be diminishing.

The speed limit to which the disk is allowed to rotate safely depends on the clamping
ratio, however. For the disk with clamping ratio z=0·2, the first critical speed corresponds
to the mode (0, 0) and is equal to 0·369, as shown in Figure 2. Beyond this critical speed
the natural frequency v00 becomes purely imaginary and divergence instability is induced.
A closer look at the corresponding eigenfunctions reveals that the mode (0, 0) is a torsional
mode, while the mode (1, 0) is a radial mode. As the clamping ratio increases, z=0·7 for
instance, the asymptotic critical speed becomes the limit speed of the spinning disk.
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5. CONCLUSIONS

The effects of the clamping ratio on the critical speeds and the natural frequencies of
in-plane vibration of a spinning annular disk have been investigated. For a disk with a
small clamping ratio, the limiting speed at which the disk is allowed to rotate safely is
determined by the critical speed of the axisymmetrical mode. For the cases with a large
clamping ratio, on the other hand, the limiting speed is determined by the critical speed
of modes with a large number of nodal diameters. Numerical simulation shows that the
critical speeds of the modes with nodal diameters approach an asymptotic value as the
number of nodal diameters increases. This asymptotic critical speed appears to be
independent of the clamping ratio, while it is dependent on the Poisson ratio of the disk.
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APPENDIX

g11 = kn8z
−1Jn (bn1z)− bnJn+1(bn1z), g12 = kn7z

−1Jn (bn2z)− sn1bn2Jn+1(bn2z),

g13 = kn8z
−1Yn(bn1z)− bn1Yn+1(bn1z), g14 = kn7z

−1Yn (bn2z)− sn1bn2Yn+1(bn2z),

g21 =−kn8z
−1Jn (bn1z)+ sn2bn1Jn+1(bn1z), g22 =−kn7z

−1Jn(bn2z)+ bn2Jn+1(bn2z),

g23 =−kn8z
−1Yn (bn1z)+ sn2bn1Yn+1(bn1z), g24 =−kn7z

−1Yn (bn2z)+ bn2Yn+1(bn2z),

g31 = (kn1 − b2
n1)Jn (bn1)+ kn2Jn+1(bn1),

g32 = (kn3 − sn1b
2
n2)Jn (bn2)+ kn4Jn+1(bn2),

g33 = (kn1 − b2
n1)Yn (bn1)+ kn2Yn+1(bn1), g34 = (kn3 − sn1b

2
n2)Yn (bn2)+ kn4Yn+1(bn2),

g41 = (kn1 − 1
2sn2m0b

2
n1)Jn (bn1)+ kn5Jn+1(bn1),

g42 = (kn3 − 1
2m0b

2
n2)Jn (bn2)+ kn6Jn+1(bn2),

g43 = (kn1 − 1
2sn2m0b

2
n1)Yn (bn1)+ kn5Yn+1(bn1),

g44 = (kn3 − 1
2m0b

2
n2)Yn (bn2)+ kn6Yn+1(bn2).
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the constants kni and m0 are defined as follows:

kn1 = m0(1+ sn2)(n2 − n), kn2 = m0(1− nsn2)bn1, kn3 = m0(1+ sn1)(n2 − n),

kn4 =−m0(n− sn1)bn2,

kn5 =−m0(n− sn2)bn1, kn6 = m0(1− nsn1)bn2, kn7 = n(1+ sn1),

kn8 = n(1+ sn2), m0 =1− n.


