
A Class of Rate-Based Real-Time
Scheduling Algorithms

Tei-Wei Kuo, Member, IEEE Computer Society, Wang-Ru Yang, and

Kwei-Jay Lin, Member, IEEE Computer Society

AbstractÐThis paper investigates a class of rate-based real-time scheduling algorithms based on the idea of general processor

sharing (GPS). We extend the GPS framework in [18] for periodic and sporadic process scheduling and show the optimality of

GPS-based scheduling. In particular, we propose the Earliest-Completion-Time GPS (EGPS) scheduling algorithm to simulate the

GPS algorithm with much lower run-time overheads. The schedulability of each process is enforced by a guaranteed CPU service rate,

independent of the demands of other processes. We provide a theoretical foundation to assign proper CPU service rates to processes

to satisfy their individual stringent response time requirements. We also propose a GPS-based scheduling mechanism for jitter control.

Finally, the performance of the proposed algorithms is studied using a generic avionics platform example and simulation experiments

on jitter control and mixed soft and hard real-time process scheduling.

Index TermsÐGeneralized processor sharing, real-time process scheduling, service rate adjustment, jitter control, sporadic process

scheduling, soft real-time process scheduling.
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1 INTRODUCTION

THE real-time resource allocation problem has been an
active research topic in the past decades. Optimal

scheduling algorithms, such as the rate monotonic schedul-
ing algorithm, the earliest deadline first algorithm, and the
least slack first algorithm [14], [16], were proposed in
different contexts. As the limitations and strength in
priority-driven scheduling are better understood, research-
ers have begun studying scheduling based on different
disciplines such as time-driven scheduling [8], [9] and rate-
based scheduling [4], [5], [24], [25], [26], [27].

This paper investigates a class of rate-based real-time

scheduling algorithms based on the idea of generalized

processor sharing (GPS) which was proposed by Parekh

and Gallager [18] in the context of rate-based flow and

congestion control at network gateway nodes. The idea of

GPS-based scheduling is very different from common

disciplines used in real-time systems such as priority-

driven scheduling [1], [14], [16], [21], [22], [23] and time-

driven scheduling [8], [9]. The GPS-based scheduling is a

work-conserving scheduling mechanism. The schedulabil-

ity of each process in GPS-based systems is guaranteed with

an assigned CPU service rate, independent of the demands

of other processes. The enforcement of a guaranteed CPU

service rate for a process must rely on certain admission

control mechanisms to manage the total workload of the
system [24].

Past work on GPS-based process scheduling, e.g., [25],
[26], [27], mainly focused on how to emulate GPS schedul-
ing such that the difference between the service time that a
process should receive under GPS and the time it actually
receives is minimized. The time complexity of such
algorithms is usually very high. Some researchers focused
on handling sporadic processes [24], as well as the issues in
scheduling real-time and non-real-time applications in a
two-level hierarchical scheduling scheme [4], [5]. Moreover,

most past research assumes that the guaranteed CPU
service rate of a process is equal to its utilization factor.
The goal of this paper is to study the GPS framework [18]
for practical systems. We first investigate an efficient
implementation of GPS, called Earliest-Completion-Time
GPS (EGPS), and prove its desirable properties. The
schedulability of each process is guaranteed with an
assigned CPU service rate, independent of the demands
of other processes. We provide a sufficient condition and
prove theorems to adjust CPU service rates for processes to
guarantee their individual stringent response time require-
ments. We then extend EGPS for practical system issues,
such as efficient scheduling of periodic and sporadic
processes and jitter control. Using our results, application
engineers can not only implement GPS-based scheduling
for practical real-time applications with stringent deadline
requirements, but also have a way to adjust or bound the
completion time of any selected process in the system. We
demonstrate the feasibility of the rate adjustment mechan-
ism by a case study on the generic avionics platform
example [13]. Our experimental results show that the
proposed GPS-based scheduling algorithms have good
performance in mixing the scheduling of soft and hard
real-time processes and in largely reducing process jitters.
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The contribution of this work is as follows: 1) We extend
the GPS framework [18] for scheduling processes with
different timing characteristics and response requirements.
The idea of CPU bandwidth reservation is used successfully
in jitter control, sporadic process scheduling, and mixed
scheduling of hard and soft real-time processes. 2) A rate
adjustment framework has been developed to meet the
response time requirement of each individual periodic or
sporadic process. Theorems are provided that a sufficient
condition is to guarantee the schedulability of processes.

The rest of the paper is organized as follows: Section 2
provides an overview of related research on GPS-based
scheduling. Section 3 presents the basic scheduling algo-
rithm which simulates the GPS algorithm without the
impractical assumptions of the GPS algorithm. We then
propose our methodologies for service rate adjustment,
jitter-control, and sporadic process scheduling based on the
basic scheduling algorithm. Section 4 presents a case study
and experimental results using the proposed algorithms.
The paper is concluded in Section 5.

2 GPS-BASED SCHEDULING AND RELATED WORK

2.1 Related Work

Recently, the idea of generalized processor sharing (GPS)
has received a great deal of attention in the context of
process scheduling and packet transmission [4], [5], [18],
[24], [25], [26], [27]. The idea of GPS-based scheduling is
very different from common disciplines used in real-time
systems such as priority-driven scheduling [1], [14], [16],
[21], [22], [23] and time-driven scheduling [8], [9].

The GPS-based scheduling is a work-conserving sche-
duling mechanism. The schedulability of each process is
guaranteed with an assigned CPU service rate, independent
of the demands of other processes. On the other hand, the
idea of priority-driven scheduling relies on an effective
method for priority assignment. The interactions among
processes with different priorities are often found to be very
difficult to analyze or even quantify. Although priority-
driven scheduling problems have been analyzed for
different architectural assumptions and contexts in the past
decades, e.g., [1], [14], [16], [21], [22], [23], numerous
challenges still remain.

Time-driven scheduling is a classical but useful schedul-
ing paradigm which can have good predictability and low
runtime overheads. It is shown to perform well in jitter
control and scheduling in distributed systems [8], [9].
Concerns on the inflexibility of system maintenance and
development do exist if the system is not implemented
carefully [9]. Time-driven scheduling is similar to GPS-
based scheduling in the sense that they all depend on the
service rate of each process. The time-driven schedule
usually needs to have period (or rate) transformation to
leave every operation or process into a time slot of a major
cycle. The transformation often results in an increase of the
system workload. On the other hand, GPS-based scheduling
provides a simple work-conserving mechanism. The sche-
dulability of each process is simply guaranteed with an
assigned CPU service rate. The price paid for GPS-based

scheduling is runtime overheads in scheduling, context
switches, process synchronization, etc.

Parekh and Gallager [18] were the first to use the idea of
GPS for rate-based flow and congestion control at network
gateway nodes. Waldspurger and Weihl [26], [27] were the
first to develop a process scheduling algorithm based on the
idea of GPS. Their algorithm allocates a time quantum to
the process which has the worst progress in the system
according to its resource reservation. They showed that the
service time lag of a process at any time can be reduced to
O�logn�, where the service time lag is the difference
between the service time that a process should receive
under GPS and the time it actually receives. Stoica et al. [25]
proposed and analyzed another GPS-based process sche-
duling algorithm, where CPU time is allocated in discrete-
sized time quanta such that a process, regardless of whether
it is a real-time or non-real-time process, makes progress at
a uniform rate. They were the first to implement and to test
a GPS-based process scheduling algorithm which guaran-
tees constant lag bounds.

Spuri et al. [24] proposed an effective mechanism, called
Total Bandwidth (TB) server, to service sporadic processes.
The capacity and performance of a TB server are guaranteed
by preserving the CPU bandwidth. The schedulability of a
TB server and other processes in the system is guaranteed
under the framework of the EDF scheduling. A rejection
mechanism is also proposed for overload handling of a
TB server. Deng et al. [4], [5] proposed a two-level
hierarchical scheme for scheduling real-time and non-real-
time (multithreaded) applications. The schedulability of
each application is guaranteed independently of other
applications by an underlying OS scheduler which adopts
the idea of GPS. Different scheduling algorithms may be
used for different applications. They considered different
contexts, such as the existence of global resource sharing
and nonpreemptable critical sections among applications.

Our proposed scheduling algorithm, EGPS, is closely
related to the process scheduling algorithms proposed in
[4], [5], [24], [25], [26], [27]. The advanced techniques from
the above-mentioned work, such as lag management,
quantum-based scheduling, TB server, and two-level hier-
archical scheduling scheme, are orthogonal to our work and
can be made to complement each other. For example, each
TB server or real-time application can be considered as a
periodic (or sporadic) process in the EGPS algorithms.
Various techniques, such as service rate adjustment,
developed in this paper can be applied to the performance
and/or capacity management of TB servers or real-time
applications in an open environment [4], [5], [24].

2.2 General Processor Sharing

The idea of the Generalized Processor Sharing (GPS) was
proposed earlier by Parekh et al. [3], [18] in the context of
rate-based flow and congestion control at network gateway
nodes. When combined with leaky bucket admission
control, the worst-case performance on throughput and
delay can be guaranteed.

GPS is an idealized multiplexing discipline based on
the concept of the reservation ratio of processor computa-
tion time. It assumes that traffic is infinitely divisible such
that the server can serve multiple traffic sessions
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simultaneously. Suppose a GPS server executes at a fixed

rate r and each traffic session i is characterized by a
positive real number �i, i � 1; 2; � � � ; N (�i is called the

reservation ratio of session i). Each session i is guaranteed
to be served at a rate of

gi � �iP
j �j

r:

Suppose that Si�t1; t2� is the amount of traffic session i

served in the interval �t1; t2�. For any session i backlogged in

the interval �t1; t2�,
Si�t1; t2�
Sj�t1; t2� �

�i
�j
; j � 1; 2; � � � ; N:

Example 1. A GPS schedule: Fig. 1 illustrates the services

received by two sessions under the GPS algorithm. Let a
GPS server operate at a fixed rate r � 1. Fig. 1a describes

the arrival times and sizes of packets for sessions 1 and 2.
Fig. 1b shows the services of the two sessions when

�1 � �2. When �1 � �2 and both sessions are backlogged,

each session is served at rate 1
2 . For example, the packet

of session 2 which arrives at time 0 is served at the full

speed of the GPS server at time 0 since session 2 is the
only active session in the system. At time 1, when the

first packet of session 1 arrives, sessions 1 and 2 are both
backlogged and the packet of session 2 is served at rate 1

2 .

The packet is transmitted at time 5 and the amount of

accumulated packet size under transmission for session 1
at time 5 is 2. Fig. 1c shows the services of sessions 1 and
2 when 2�1 � �2. When 2�1 � �2, and both sessions are
backlogged, session 1 is served at rate 1

3 and session 2 is
served at rate 2

3 .

3 EARLIEST-COMPLETION-TIME GPS (EGPS)
SCHEDULING

Since GPS assumes that processes are infinitely divisible
such that the server can serve them simultaneously, it is
impractical for actual computer systems. In this section, we
first propose a basic scheduling algorithm similar to the
PGPS algorithm [18] and show the optimality of the
scheduling algorithm. We then use the algorithm as a
framework for our methodologies in service rate adjust-
ment, sporadic process scheduling, and jitter control.

3.1 The EGPS Scheduling Framework

3.1.1 The EGPS Protocol

The Earliest-Completion-Time GPS (EGPS) scheduling
algorithm is designed to simulate the GPS algorithm with
much lower runtime overheads. In this section, we assume
that all processes are periodic. This constraint will be
relaxed in Section 3.3.

We now show how to model a static set of processes as a
collection of traffic sessions for EGPS scheduling. Let ci and
pi be the computation time and the period of a periodic
process �i, respectively, for i � 1; 2; � � � ; N . Each process �i is
modeled as a traffic session i in which a packet of size ci
arrives at a regular interval pi, and the reservation ratio �i of
process �i is set to its utilization factor ui � ci

pi
.

The EGPS algorithm: EGPS uses a preemptive priority-
driven scheduling approach in which processes are sched-
uled in the order of their GPS completion times. Any ready
process request with the earliest GPS completion time is
executed first. Processes with the same GPS completion
time are executed on a FCFS basis.

The GPS completion time for each process is computed
based on the total load at the time. Since the total system
load changes with the arrival or the completion of process
requests, all GPS completion times must be updated
accordingly. Therefore, the implementation of EGPS de-
pends on the existence of an efficient way to track the
system load. The implementation of EGPS will be discussed
in the Appendix.

Example 2. An EGPS schedule: We illustrate EGPS schedul-
ing by an example. Suppose there are two periodic
processes, �1 and �2, in a single processor environment. �1

and �2 have computation time requirements 2 and 3,
respectively, and they have periods 6 and 9, respectively.
The reservation ratios �1 and �2 of �1 and �2 are equal to
their utilization factors 1

3 and 1
3 , respectively. The GPS

completion times of process requests are shown in
Table 1.

At time 0, the first request of �1 arrives. Since it is the
only ready process, �1 executes and finishes its execution
at time 2. At time 6, the second request of �1 and the first
request of �2 arrive. Since the GPS completion time of the
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Fig. 1. GPS schedules. (a) Packet arrivals. (b) �1 � �2. (c) 2�1 � �2.



first request of �2 is later than the GPS completion time of
the second request of �1, �1 is assigned the processor. At
time 8, �1 finishes its execution and �2 starts execution. At
time 11, �2 finishes its execution. The rest of the schedule
can be found in Fig. 2.

Using EGPS, the reservation ratio �i of each process �i is

set to its utilization factor ui � ci
pi

. Processes are also

assumed to be periodic. We shall later extend the EGPS

scheduling framework in the following ways: 1) The

reservation ratio �i of each process �i may be different from

its utilization factor ui to allow the adjustment of the

response time of process �i. 2) The response time of each

sporadic process is considered in the same framework for

scheduling periodic processes. 3) The ready time of a

process in each period may be adjusted to minimize the

variation of the completion times of a process in consecutive

periods.

3.1.2 Properties

In this section, we shall further extend the idea of EGPS by
considering the case when the reservation ratio of a process
is different from its utilization factor and then show the
optimality of the GPS and EGPS algorithms. (A sufficient
condition will be presented in Section 3.2 to verify the
schedulability of real-time processes more precisely.) We
will also show that the overhead in implementing EGPS is
very low and the schedulability of each process under EGPS
is guaranteed with an assigned CPU service rate, indepen-
dent of the demands of other processes.

Suppose that T � f�1; �2; � � � ; �Ng is a static set of
independent periodic processes. Let ui � ci

pi
be the utiliza-

tion factor of process �i and U �Pi�1;N ui � 1. The
reservation ratio �i of process �i is a positive real number
which may or may not be equal to ui. We assume that a
process request which misses its deadline remains active (as
assumed in GPS scheduling of network packets [18]). We
can show the following theorems:

Claim 1. Under GPS scheduling, process �i is guaranteed a
service rate of gi � �iP

j
�j

.

Proof. The proof directly follows from the definitions of the
GPS algorithm. tu

Lemma 1. Under GPS scheduling, process �i is guaranteed to
finish its execution in every period no later than ci

gi
time units

after the request time if cigi � pi. When �i � ui for all processes

and U �Pj uj � 1, process �i is guaranteed to finish its
execution in every period no later than U � pi time units after

the request time.

Proof. Claim 1 shows that process �i is guaranteed a service

rate of gi. Therefore, �i is guaranteed to finish its

execution in every period no later than ci
gi

time units

after the request time. When �i � ui for all processes and

U �Pj uj � 1, �i is guaranteed to finish its execution in

every period no later than ci
gi
� ci

ui
U

� ci � U � pici � U � pi
time units after the request time. tu

Theorem 1. The achievable utilization factor of the GPS
algorithm is 100 percent. In other words, the GPS algorithm
can schedule any process set which is not overloaded.

Proof. The proof directly follows from Lemma 1. tu

Denote the real times at which the jth request of process
�i completes its execution under GPS and EGPS as
GPS CTi;j and EGPS CTi;j, respectively. We shall show
that the completion time of a process under EGPS
scheduling will be no later than that under GPS scheduling
and EGPS is an optimal scheduling algorithm with the
achievable utilization factor equal to 100 percent. We will
then show that the overhead in implementing EGPS is low.

Lemma 1. EGPS CTi;j � GPS CTi;j for any jth request of any
process �i.

Proof. Let a GPS scheduler multiplex the processor among
ready processes in a unit of � time units, where � is any
sufficiently small positive real number. We shall show
the correctness of this lemma by transforming a schedule
produced by a GPS scheduler for the interval �0; n�� (for
any integer n > 0) to one that is produced by an EGPS
scheduler such that EGPS CTi;j � GPS CTi;j for any jth
request of any process �i in the interval. The proof is by
induction on n.

The statement is trivially true at time 0 � 0� for n � 0.
Suppose that the induction hypothesis holds for interval
�0; n�� and the kth request, i.e., �p;k, of process �p is
scheduled in the interval �n�; �n� 1��� while there is
another ready process request �q;m with the smallest
completion time GPS CTq;m < GPS CTp;k among all of
the ready process requests. Notice that both of the process
requests �q;m and �p;k must finish execution before their
GPS completion time GPS CTq;m and GPS CTp;k, respec-
tively, according to Lemma 1. Thus, we can simply
schedule the mth request, i.e., �q;m, of process �q in the
interval �n�; �n� 1��� and schedule the kth request of
process �p in the first unit interval occupied by the mth
request of process �q after �n� 1�� and beforeGPS CTq;m.
Because GPS CTq;m < GPS CTp;k, both process requests
still complete before their GPS completion times and the
resulted schedule for the interval �0; �n� 1��� is an EGPS
schedule. tu
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Lemma 3. Under EGPS scheduling, process �i is guaranteed to
finish its execution in every period no later than Upi time
units after the request time, where �i � ui for all processes and
U �Pj uj � 100%.

Proof. The proof directly follows from Lemmas 1 and 2. tu
Theorem 2. The achievable utilization factor of the EGPS

algorithm is 100 percent. In other words, the EGPS algorithm
can schedule any process set which does not overload the
system.

Proof. The proof follows directly from Lemma 3. tu

Theorem 2 guarantees that each process under EGPS will

always meet its deadline if the total system utilization factor

U �Pj uj is no more than 100 percent. That is, once a

process �i is given a reservation ratio ui � ci
pi

, the process

will always finish its execution in every period no later than

U � pi time units after the request time, regardless of any

bad behavior of other processes (see Lemmas 1 and 2). The

enforcement of a guaranteed CPU service rate for a process

must rely on a certain admission control mechanism to

manage the total workload of the system [24]. As a result,

EGPS, which provides a work-conserving scheduling

mechanism, is very different from common disciplines

such as priority-driven scheduling [1], [14], [16], [21], [22],

[23] and time-driven scheduling [8], [9]. In the following

sections, we provide an intuitive way for application

engineers to verify the schedulability of real-time processes

better, especially when the reservation ratio of a process is

different from its utilization factor. We will further extend

EGPS to address other important scheduling issues such as

preperiod deadlines and jitter.

Corollary 1. The schedulability of each process is enforced by a
guaranteed CPU service rate, independent of the demands of
other processes, if the system is not overloaded.

Proof. The proof directly follows from Theorem 2. tu
Lemma 4. Under EGPS scheduling, the maximum number of

context switching per process request is two.

Proof. Since the priority order of ready processes under
EGPS remains fixed during process executions and EGPS
follows a stack discipline in scheduling processes, the
maximum number of context switching per process
request is two. One counts for the preemption of the
executing process and the other counts for the comple-
tion of the process. tu

Lemma 5. If the number of process requests before time t is M,
then the calculations of virtual time V �� and Next�� for the
predictions of GPS completion times in EGPS scheduling are
no more than 2M times.

Proof. The proof directly follows from the fact that V �� and
Next�� need to be calculated only when a GPS event
occurs. There are at most 2M GPS events for M process
requests. (The implementation of EGPS scheduling,
including the calculations of V �� and Next��, can be
found in the Appendix.) tu

3.2 A Sufficient Schedulability Condition for EGPS
with Service Rate Adjustment

Past research in GPS-based process scheduling [24] often
assumes that the reservation ratio of a process is equal to its
utilization factor, which is defined as the ratio of its
computation requirements and its minimum separation
time. However, processes in many real-time applications
have preperiod or even postperiod deadlines. GPS-based
scheduling, which assumes that the reservation ratio and
the utilization factor are equal, cannot be applied to such
applications. For example, when playing an MPEG movie,
the interval between the display of two consecutive frames
must remain nearly a constant. Therefore, the display of a
frame in each period of an MPEG movie has a stringent
jitter requirement. Finishing the display of a frame before its
next period is not good enough to smoothly play an MPEG
movie. This observation motivates us to develop a
methodology to guarantee the individual response time
requirements of processes whose reservation ratios may or
may not be equal to their utilization factors.

In this section, we provide an intuitive way for
application engineers to verify the schedulability of real-
time processes better, especially when the reservation ratio
of a process is different from its utilization factor. We relate
the concept of blocking time in real-time process scheduling
to the rate assignment mechanism. A sufficient condition is
provided to verify the schedulability of real-time processes.
The research results also provide a convenient way to
manage the jitter problem of critical processes. We shall
show the practicality of this work by a case study on the
generic avionics platform example [13] in Section 4.1.

3.2.1 Theorems for Schedulability Analysis

Suppose the reservation ratio �i of a process �i is a positive

real number which may or may not be equal to ui. Process �i

is guaranteed to be served at a rate of gi � �iP
j
�j

under GPS.

As astute readers may notice, Lemmas 1 and 2 are very

conservative to estimate the completion time of a process

with a small reservation ratio. We shall show that a process

�i with a large reservation ratio (and, thus, a potentially

large gi) may not result in much delay on the completion

time of a process �j with a small reservation ratio (and a

potentially small gj) because the computation time ci of

process �i does not increase in proportion to the value of its

reservation ratio.

Let process �i be the only process with the reservation

ratio �i larger than ui, and U �P1�k�N uk � 100%. Define

Ii � �ci�Uÿui��i��i
�. Ii is not only the bound of the completion

time of process �i but also the (maximum) bound of an

interval in each period of �i such that other active processes

�j have a small guaranteed service rate gj (because of a large

value for �i). We can show the following theorems for the

EGPS algorithm:

Theorem 3. Each request of process �j (j 6� i) is guaranteed to
complete before its next period if cj � pj uj

Uÿui��i , where
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pj � Ii. In other words, process �j is guaranteed to finish its
execution in every period no later than pj�U ÿ ui � �i� time
units after the request time.

Proof. Since pj � Ii, the entire period of a request of

process �j may overlap the Ii intervals of some request of

process �i. Thus, the request of process �j may only

receive a total amount of pj
uj

Uÿui��i time units for

execution under GPS. In other words, each request of

process �j is guaranteed to complete before its next

period under GPS if cj � pj uj
Uÿui��i . Since Lemma 2 shows

that the EGPS completion time of a process request is no

later than its GPS completion time, each request of

process �j is guaranteed to complete before its next

period under EGPS if cj � pj uj
Uÿui��i . In other words,

process �j is guaranteed to finish its execution in every

period no later than
cj�Uÿui��i�

uj
� pj�U ÿ ui � �i� time units

after the request time. tu
Theorem 4. Each request of process �j (j 6� i) will complete

before its next period if cj � �pj ÿ dpjpieIi�
uj

Uÿui � d
pj
pi
eIi uj

Uÿui��i ,
where pj > Ii.

Proof. Since the number of requests from process �i within

each period of process �j is at most dpjpie, there can be at

most dpjpie number of Ii intervals in which process �j has a

small guaranteed service rate gj under GPS (in the worst

case). Within each such Ii interval, process �j receives at

most Ii
uj

Uÿui��i units of processor time under GPS.

Besides these Ii intervals, process �j may receive an

amount of �pj ÿ dpjpieIi�
uj

Uÿui time units for execution

under GPS. Thus, process �j may receive a total amount

of �pj ÿ dpjpieIi�
uj

Uÿui � d
pj
pi
eIi uj

Uÿui��i time units for execution

in each period under GPS. Obviously, if cj is no larger

than this amount, each request of �j will complete before

its next period under GPS. Since Lemma 2 shows that the

EGPS completion time of a process request is no later

than its GPS completion time, each request of �j will also

complete before its next period under EGPS. tu
Corollary 2. Each request of process �j (j 6� i) will complete

before its next period if pj � dpjpieci � �U ÿ ui�pj, where pj >
Ii and �i >> ui.

Proof. When �i >> ui, Theorem 4 implies that process �i
may receive up to dpjpieci units of CPU time in every

period of process �j because Ii ' ci. In other words,

process �j may have to share only �pj ÿ dpjpieci� units of

CPU time with other processes (besides �i) in its period

under GPS. According to the definition of the GPS

algorithm, process �j will receive a guaranteed amount
uj

Uÿui �pj ÿ d
pj
pi
eci� of CPU time in its period. Obviously, if

cj � uj
Uÿui �pj ÿ d

pj
pi
eci�, then process �j will complete before

its next period under GPS. Since cj � �pj ÿ dpjpieci�
uj

Uÿui
implies that �U ÿ ui�pj � �pj ÿ dpjpieci� because uj � cj

pj
.

pj � dpjpieci � �U ÿ ui�pj. Since Lemma 2 shows that the

EGPS completion time of a process request is no later

than its GPS completion time, each request of �j will also

complete before its next period under EGPS if the above

condition is true. tu
Note that, when pi > pj, Corollary 2 implies that process

�j is guaranteed to finish its execution no later than �U ÿ
ui�pj � ci time units after the request time. Process �i
introduces ªblocking timeº of ci time units to process �j.
The idea of Corollary 2 can be further extended in the
following way:

Let processes in a process set T be partitioned into two
exclusive process sets T1 and T2, where each process �i in T1

has a reservation ratio �i >> ui and each process �j in T2 has
a reservation ratio �j � uj. Let Ii be the maximum length of
an interval in a period of �i such that another active process
�j has a small guaranteed service rate gj (because of a large
value for �i).

We can show the following corollary:

Corollary 3. Each request of process �j in T2 will complete before
its next period if pj � �

P
i2T1
dpjpieci� � U2pj, where pj > Ii for

any i 2 T1 and j 2 T2, and U2 �
P

i2T2
ui.

Proof. Similarly to the argument in Corollary 2, process �j

may have to share only �pj ÿ �
P

i2T1
dpjpieci�� units of CPU

time with other processes in T2 in its period under GPS.

According to the definition of the GPS algorithm,

process �j will receive a guaranteed amount
uj
U2
�pj ÿ

�Pi2T1
dpjpieci�� of CPU time in its period. Obviously, if

cj � uj
U2
�pj ÿ �

P
i2T1
dpjpieci��, then process �j will complete

before its next period under GPS. Since cj � uj
U2
�pj ÿ

�Pi2T1
dpjpieci�� implies that U2pj � �pj ÿ �

P
i2T1
dpjpieci�� (be-

cause uj � cj
pj

), pj � �
P

i2T1
dpjpieci� � U2pj. Since Lemma 2

shows that the EGPS completion time of a process

request is no later than its GPS completion time, each

request of �j will also complete before its next period

under EGPS if the above condition is true. tu
Corollary 3 can be further extended when each process �j

in T2 has a reservation ratio �j � uj:
Corollary 4. The response time of each request of process �j in T2

will complete before its next period if pj � �
P

i2T1
dpjpieci� �

U 02cj
�j

,

where pj > Ii for any i 2 T1 and j 2 T2, and U 02 �
P

i2T2
�i.

Proof. This lemma can be proven in a way similar to that in
Corollary 3. tu

The theorems provided in this section can be used to
guarantee the schedulability of periodic processes. For
example, Lemmas 1 and 2 can be used to estimate the
worst-case completion time of periodic processes with a
large reservation ratio (i.e., processes with stringent
response time requirements). Corollary 4 was used to
guarantee the schedulability of periodic processes with a
reservation ratio no larger than the process utilization
factor. The schedulability tests in this section are to provide
an intuitive and sufficient condition to test the schedul-
ability of real-time processes. We relate the concept of
blocking time in real-time process scheduling to the rate
assignment mechanism in rate-based scheduling. The
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results in this paper can be further extended by incorporat-
ing the concept of feasible ordering and service curves,
originally proposed by Parekh and Gallager in [18]. The
concept of feasible ordering and service curves (which
considers a sequence of intervals in which different sessions
are backlogged) is closely related to the Rate Monotonic
Analysis (RMA) [23], where RMA considers the computa-
tion times requested by higher-priority real-time processes
when a real-time process under schedulability tests has the
worst-case response time [14]. Although RMA offers a more
precise schedulability test, it is a pseudopolynomial-time
schedulability test. The results in this section can be further
extended into RMA-like pseudo-polynomial-time tests
based on the concept of feasible ordering and service
curves. It can be done by considering the periodic
occurrences of real-time processes and their accumulated
computation times under different busy intervals, where
the corresponding sessions of real-time processes are
backlogged (similar to the sequence of busy intervals under
the concept of feasible ordering and service curves). Due to
the real-time process model, the resulted schedulability
tests are also pseudo-polynomial-time tests. We refer
interested readers to [18], [19], [23] for details.

3.3 Sporadic Process Scheduling

In the past decades, researchers have proposed various
methodologies to schedule sporadic processes. In particu-
lar, Mok proposed a simple and conservative methodology
to reserve CPU cycles for each sporadic process [16]. The
required CPU cycles of each sporadic process are guaran-
teed by using a periodic process. Sprunt proposed the idea
of the Sporadic Server in the context of fixed priority
scheduling, which not only utilizes the CPU cycles better,
but also provides an improved response time for sporadic
processes [21]. The Total Bandwidth (TB) server proposed by
Spuri et al. [24] is the first sporadic process scheduling
mechanism based on the idea of rate-based scheduling,
although the TB server is scheduled with other processes
under the earliest deadline first (EDF) scheduling [14]. The
TB server is the first simple and effective mechanism for
sporadic process scheduling in the context of dynamic
priority scheduling. The reservation ratio of a TB server is
set as the expected utilization factor of the processor for the
server.

This section extends EGPS scheduling further for
sporadic process scheduling. A sporadic process �i can be
characterized by three timing parameters: a minimum
separation time pi, a worst-case computation time ci, and
a deadline di. The deadline of a sporadic process can be
larger or smaller than its minimum separation time. In
particular, we are interested in sporadic processes whose
deadline is no larger than their individual minimum
separation time in this paper. We shall discuss the
relaxation of this condition later.

We allow the reservation ratio of a sporadic process �i to
be different from its utilization factor, i.e., cipi . Theorems are
shown to guarantee the schedulability of sporadic processes
which may coexist with periodic processes in a system
where an arbitrary assignment of reservation ratio for
processes is possible. The goal of this work is not only to
extend the EGPS scheduling for mixed scheduling of

periodic and sporadic processes with arbitrary reservation
ratios, but also to provide a sound theoretical foundation for
applications engineers to assign proper reservation ratios
for TB servers and other processes in the system.

3.3.1 Theorems for Schedulability Analysis

We now investigate how we can handle sporadic processes.

Let process �j be a sporadic process with a minimum

separation time pj, a worst-case computation time cj, a

deadline dj, and a guaranteed service rate gj � �jP
1�i�N �i

,

respectively. Denote the real times at which the jth request

of process �i completes its execution under GPS and EGPS

as GPS CTi;j and EGPS CTi;j, respectively. We can show

the following theorem using EGPS:

Lemma 6. EGPS CTi;j � GPS CTi;j for any jth request of any
periodic (or sporadic) process �i with �i being any positive real
number.

Proof. This lemma can be proven in the same way adopted
in Lemma 2, regardless of whether a periodic or sporadic
process request misses its deadline or not, since EGPS
and GPS both consider a process request as a scheduling
unit and do not consider the periodic nature of any
process. tu

Theorem 5. The response time of each request of process �j is no
more than

cj
gj

, where
cj
gj
� pj.

Proof. Requests from �j are guaranteed to be serviced at the

rate gj under GPS. If
cj
gj
� pj, then each process request

can complete its execution no later than
cj
gj

under GPS.

Since Lemma 6 shows that the EGPS completion time of

a process request is no later than its GPS completion

time, each process request completes its execution no

later than
cj
gj

under EGPS. tu
Theorem 5 can be further extended to consider the

ªblocking timeº of process �j which is introduced by
periodic processes �i with �i >> ui (see Corollary 2). Let
processes excluding �j in a process set T be partitioned into
two exclusive process sets T1 and T2, where each process �i
in T1 has a reservation ratio �i >> ui and each process �j in
T2 has a reservation ratio �j � uj. Suppose that T1 consists of
periodic processes only. We can show the following
corollary:

Corollary 5. The response time of each request of process �j is no

more than �Pi2T1
ddjpieci� �

cj
g0j

, where dj is the deadline of

process �j, g
0
j � �j

�j�
P

k2T2
�k

, and �Pi2T1
ddjpieci� �

cj
g0j

is no more

than the minimum separation time pj of process �j.

Proof. This lemma can be proven in a way similar to that in
Corollary 4. tu

Theorem 5 does not consider the cases where
cj
gj
> pj (or

dj > pj), when some sporadic processes arrive with certain

distributions, and when more than one sporadic process

share a service rate gj. When
cj
gj
> pj (or dj > pj), the service

of a request of a sporadic process �j may not be completed
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when a new request arrives because of an insufficient

reservation ratio gj. The accumulation of pending requests

might also happen when the arrivals and the computation

time requirements of sporadic processes follow some

distributions. Such situations can be analyzed and resolved

by the service curve approach originally proposed by

Parekh and Gallager [18], where the arrival of a traffic

stream is bounded by a curve. Note that deterministic

service guarantee, a more general concept of rate guarantee,

has been well-developed in the networking area, e.g., [2],

[18], [20]. The traffic aggregation approach developed in [2]

can resolve the case when more than one sporadic process

share a service rate gj. In particular, the proposed SCED+

algorithm provides statistical multiplexing between the

best-effort and ªguaranteedº services. We refer interested

readers to [2], [18], [20] for details.

3.4 Jitter-Control EGPS (JEGPS)

In many real-time applications, the temporal distance
between consecutive completions of a process must be
controlled to reduce jitters. Many real-time applications,
such as multimedia systems and avionics software, often
have stringent jitter requirements. Jitter control in tradi-
tional priority-driven scheduling often relies on proper
priority assignments for processes. Such an approach often
results in violations of timing constraints for less critical
processes and degradation of overall system utilization.
Jitter control is trivial in time-driven scheduling [8], [9]. As
computations are properly assigned to time slots of a major
cycle, no jitter will occur. The cost paid for time-driven
scheduling is the difficulty in system maintenance and the
increased system workload to fit computations into the
major cycle.

The goal of this section is to propose a GPS-based
mechanism to alleviate the jitter problem. Distinct from the
methodology for service rate adjustment proposed in the
previous section, the jitter-control mechanism proposed in
this section aims at providing heuristics to improve the
EGPS algorithm in jitter control.

Let xi � CTi;j ÿ CTi;jÿ1 denote the time difference
between the completion times of process �i in the jth
and �jÿ 1�th periods. The jitter of process �i is defined as
the variance of xi divided by the period, i.e.,
V ariance�xi�=pi. The idea for the jitter-control version of
the EGPS algorithm is as follows: When a process
produces the result too late in a period, it is better not
to produce the result too early in the next period. Having
results produced too close to each other from the same
process may cause buffer overflows for multimedia tasks
and even more jitters for future executions.

3.4.1 Jitter-Control Mechanism

The Jitter-Control EGPS (JEGPS) is a generalization of the
EGPS algorithm to minimize the variation of the completion
times of process requests in consecutive periods. If the
request of a process completes its execution late in the
current period, the request of the same process in the next
period should not complete its execution too early. The
JEGPS algorithm is defined as follows:

Let ri;j be the real time at which the jth request of process

�i arrives and CTi;�jÿ1� be the real time at which the �jÿ 1�th
request of process �i finished its execution. Suppose that the

ready time of a process request is equal to its request time

and we will use the terms ªready timeº and ªrequest timeº

interchangeably for the rest of this paper. The jth request

time of process �i is set as follows:

r0i;j � ri;j �minf�pi ÿ Upi�; �CTi;�jÿ1� ÿ ri;�jÿ1� ÿ ci�g;
where �pi ÿ Upi� is the maximum amount of slack time that

the jth request of process �i has and �CTi;�jÿ1� ÿ ri;�jÿ1� ÿ ci�
is the amount of time that the jth request of process �i
wishes to delay its execution, as shown in Fig. 3. The GPS

completion time of the jth request of process �i is calculated

based on the new request time. Processes are scheduled in

the order of their GPS completion times.

3.4.2 Properties

Suppose that U��Pi�1;N ui� � 100%. Let the reservation

ratio �i of each process �i be equal to its utilization factor

ui � ci
pi

. Denote the real times at which the jth request of

process �i completes its execution under GPS and JEGPS as

GPS CTi;j and JEGPS CTi;j, respectively. We can prove

the following theorems:

Lemma 7. Under the GPS algorithm, process �i with an adjusted

ready time is guaranteed to finish its execution in every period

no later than pi time units after the (original) request time.

Proof. Since the difference between the new request time r0i;j
and the original request time ri;j is no more than

�pi ÿ Upi�, the correctness of this proof directly follows

from Lemma 1. tu
Lemma 8. JEGPS CTi;j � GPS CTi;j for any jth request of

any process �i, where the process request times in a GPS

schedule are based on the process request times in the

corresponding JEGPS schedule.

Proof. This lemma can be proven in a similar way as in

Lemma 2. Note that the completion time of a process

request is simply a function of its guaranteed CPU

service rate and required computation time, regardless of

whether the process request time is adjusted or not. tu
Theorem 6. The achievable utilization factor of the JEGPS

algorithm is 100 percent. In other words, the JEGPS algorithm

can schedule any process set which does not overload the

system.

Proof. The proof directly follows from Lemma 8. tu

Obviously, JEGPS is also an optimal scheduling algo-

rithm. It is trivial to show that other properties of EGPS
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shown in the previous section remain here. We shall study
the performance of JEGPS in Section 4.2.

4 PERFORMANCE EVALUATION

The performance of the proposed algorithms was verified
by a case study on the generic avionics platform example
[13] and a series of simulation experiments. A number of
simulations experiments were done to compare the perfor-
mance of the EGPS algorithms (EGPS and JEGPS) with
other well-known real-time scheduling algorithms such as
the rate monotonic scheduling (RMS) algorithm, the earliest
deadline first (EDF) algorithm, the least slack first (LSF)
algorithm, and the first-in-first-out (FIFO) algorithm. The
LSF algorithm used a fixed slack (equal to the period minus
the computation time) for each process.

The primary performance metrics used in this paper are
the jitter of process executions in consecutive periods,
referred to as the Jitter, and the ratio of requests that miss
deadlines, referred to as the Miss Ratio. Let numi and missi
be the total number of process requests and deadline
violations during an experiment, respectively. Miss Ratio is
calculated as missi

numi
. Let xj � fj ÿ fjÿ1 denote the time

difference between the completion times of process �i in
the jth and �jÿ 1�th periods. The Jitter of process �i is
defined as the variance of xj divided by the period, i.e.,
V ariance�xj�

pi
.

4.1 Generic Avionics Platform

Table 2 shows the assignment of a reservation ratio for each
process in the generic avionics platform example [13] to
meet their respective jitter or deadline requirements. The

assignment of a reservation ratio for each process was done

as follows: Initially, each process was assigned a reservation

ratio equal to its utilization factor. Then, we started to

reassign reservation ratios to processes which have strin-

gent response time requirements and processes which are

affected by the reassignments.
Since process Weapon_Release has a stringent 5ms jitter

requirement, the reservation ratios x and y of processes

Timer_Interrupt and Weapon_Release were reassigned by

solving the following equations: Note that the reservation

ratio of process Timer_Interrupt had to be considered

because the assignment of a large-valued reservation ratio

for process Weapon_Release would seriously affect the

schedulability of process Timer_Interrupt.

x

82:45� x� y � 0:051;

y

82:45� x� y �
3

5
;

where 82:45 is the total reservation ratio of other processes.

The above two equations were written according to

Lemmas 1 and 2. Note that Lemmas 1 and 2 were used to

estimate the worst-case completion time of periodic

processes with a large reservation ratio (i.e., processes with

stringent response time requirements). Corollary 4 was

used to guarantee the schedulability of periodic processes

with a reservation ratio no larger than the process

utilization factor. Process Nav_Update was assigned a

reservation ratio less than its utilization factor simply to

demonstrate Corollary 4.
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The response time of sporadic processes, e.g., Weapon
Protocol, was guaranteed by Corollary 5. We assumed
that the minimum separation time of sporadic process
Weapon_Protocol is 200ms, i.e., the period of Display_
Keyset. The reservation ratio of process Nav_Update was
set as 12:5 to satisfy the deadlines of processes Radar_
Tracking_Filter and RWR_Contact_Mgmt.

4.2 Jitter Control

In this section, we demonstrate the capability of the JEGPS
algorithm on jitter control in a uniprocessor environment.
Process sets in the simulation experiments were generated
by a random number generator. The number of processes in
a process set ranged from 10 to 20. The utilization factor of a
process ranged from 2 percent to 30 percent and the period
of a process ranged from 10 to 1; 000. Ten process sets were
simulated for each system utilization factor and the
simulation results were averaged. Each process set was
simulated for all scheduling algorithms from time 0 to time
2; 000; 000. The simulation experiments started from the
system utilization factor equal to 50 percent to that equal to
100 percent.

Fig. 4 shows that JEGPS greatly outperformed EDF, RMS,
FIFO, LSF, and EGPS in reducing the jitters of processes.
The simulation results of process sets with system utiliza-
tion factors equal to 60 percent and 90 percent and larger
than 90 percent were not shown in Fig. 4 for FIFO, RMS,
and LSF, respectively, because of some deadline violations
for the algorithms. The lower the system utilization factor,
the better the jitter control for JEGPS because of more
flexibility in adjusting the ready time of processes. When
the system utilization factor approached 100 percent, the
advantage of JEGPS diminished because of less flexibility in
adjusting the ready time of a process. Note that, when the
system utilization factor is 100 percent, EGPS and JEGPS
had exactly the same schedule as EDF.

4.3 Scheduling of Mixed Process Sets

This section is meant to demonstrate the capability of the
EGPS algorithm in mixed scheduling of hard real-time and
soft real-time processes. Process sets in the simulation
experiments were generated by a random number gen-
erator. The number of processes in a process set ranged
from 10 to 20. The utilization factor of a process ranged

from 2 percent to 30 percent and the period of a process
ranged from 10 to 1; 000. More than 10 process sets were
simulated for each system utilization factor and the
simulation results were averaged. Each process set was
simulated for all scheduling algorithms from time 0 to time
2; 000; 000. The simulation experiments started from the
system utilization factor equal to 50 percent to that equal to
150 percent. The ratio of the total utilization factors of hard
real-time and soft real-time processes is 1 : 2. That is, when
the total system utilization factor was 150 percent, the total
utilization factors of hard real-time and soft real-time
processes were 50 percent and 100 percent, respectively.
The priority assignment of processes is according to that
defined in each simulated algorithm. Note that the total
utilization factor of hard real-time processes is no more than
100 percent.

Fig. 5 shows that the miss ratio of hard real-time
processes scheduled by EDF, RMS, FIFO, LSF, and EGPS,
respectively. EGPS greatly outperformed other scheduling
algorithms and the schedulability of hard real-time pro-
cesses was fully guaranteed. It is also interesting to see that
the miss ratio of soft real-time processes scheduled by EGPS
was very low, as shown in Fig. 6. In fact, it was about the
same as the miss ratio of soft real-time processes scheduled
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by RMS and LSF. The low miss ratio of soft real-time
processes scheduled by EGPS was partially because the
EGPS reservation ratio for the processor was given to soft
real-time processes in inverse order of their periods in the
experiments. The miss ratio of JEGPS was the same as that
of EGPS because the only difference between JEGPS and
EGPS was on the adjustment of ready times of processes.
Note that, since the process requests that missed their
deadlines were aborted, the increasing rate of the miss ratio
for each scheduling algorithm was much lower than that for
each scheduling algorithm when process requests that
missed their deadlines could be delayed to the next period.
That also explained why the increasing rate of the miss ratio
for EDF was very low.

5 CONCLUSIONS

This paper investigates a class of optimal real-time
scheduling algorithms, called EGPS, based on the idea of
generalized processor sharing. The schedulability of each
process is guaranteed by an assigned CPU service rate,
independent of the demands of other processes. We have
presented a GPS-based scheduling framework for periodic
and sporadic process scheduling, jitter control, service rate
adjustment, and mixed scheduling of soft and hard real-
time processes. In particular, we propose a methodology
and theorems to adjust CPU service rates for processes to
guarantee their individual stringent response-time require-
ments. The performance of the proposed algorithms is
verified by a case study on the generic avionics example
[13] and a series of simulation experiments. Techniques
proposed by previous work, such as lag management,
quantum-based scheduling, TB server, and two-level
hierarchical scheduling scheme [4], [5], [24], [25], [26],
[27], are really orthogonal to our work and can be made to
complement each other. For example, each TB server or
real-time application can be considered as a periodic (or
sporadic) process in the EGPS scheduling. Various techni-
ques, such as service rate adjustment, considered in this
paper can be applied to the performance and/or capacity
management of TB servers or real-time applications in an
open environment [4], [5], [24].

Past research on process scheduling, e.g., [14], [16], has
concentrated on the schedulability problem or the feasibility
problem of a process system. Researchers proposed various
ªoptimalº scheduling algorithms with a good achievable
utilization factor, but ignored properties such as jitter
management which may be important to some commercial
time-critical systems such as Video-on-Demand systems [10].
We believe that more research in exploiting the application
semantics and the needs of application systems may provide
the best reward in solving the resource allocation problem.
For future research, we plan to extend the EGPS algorithms to
distributed real-time systems. With the homogeneity of the
EGPS algorithms and network scheduling algorithms such as
the Packet-by-Packet GPS algorithm [18], we expect that the
EGPS algorithms will be good in handling processes with
end-to-end delay requirements in a distributed real-time
system [6], [7], [17]. The work reported in [19] for multinode
GPS scheduling provides a good direction for extending the
EGPS scheduling framework. We shall also explore more

precise schedulability tests based on the concept of
feasible ordering and service curves [18].

APPENDIX

THE IMPLEMENTATION OF EGPS

The practical implementation of EGPS depends on the
existence of an efficient way to track the progress of GPS. A
simple mechanism based on the idea of virtual time [18] is
included in this appendix to track the progress of GPS. We
refer interested readers to [18] for details.

Let each arrival or departure, i.e., service completion, of a
packet from the GPS server be an event and ti be the time at
which the ith event occurs. Bi is the set of process requests
that are busy in the interval �tiÿ1; ti�. Suppose that t1 � 0
denotes the arrival time of the first packet, i.e., process
request. Virtual time V �t� is defined as follows:

V �0� � 0

V �tiÿ1 � �� � V �tiÿ1� � �P
m2Bi

�m
; � � �ti ÿ tiÿ1�; i � 2; 3; � � �

Virtual time V �t� can be interpreted as being increased at a
marginal rate

1P
m2Bi

�m

(at which backlogged sessions receive service). Let V �t� � 0
if the processor is idle at time t.

Let the jth request of process �k arrive at real time ak;j.
Sk;j and Fk;j denote the virtual times at which the system
begins and completes �k;j under the GPS algorithm,
respectively. If the total utilization factor of the process set
is no larger than 100 percent, we have

Sk;j � V �ak;j�;
Fk;j � Sk;j � ck

�k
:

Note that the virtual time of the GPS completion time of a
process request is determined at the process arrival time.
The EGPS algorithm simply schedules processes in order of
the virtual times of the GPS completion times of the
processes. The only overhead here is to keep track of Bi.
The virtual time of a system is only updated when an event
occurs.

The arrivals of events which correspond to new process
requests can be observed during the system operation. The
main difficulty in tracking GPS events lies in the calculation
of the real time Next�t� at which the next process request
will complete service under the GPS algorithm (after real
time t). Let Fmin be the smallest virtual time of the GPS
completion times of packets in the system at real time t. If
there are no arrivals of packets in the real time interval
�t;Next�t��, Next�t� can be calculated as follows (based on
the way that virtual time is calculated):

Next�t� � t� �Fmin ÿ V �t��
X
m2Bi

�m:

Thus, when a process request arrives at real time t, the
virtual GPS completion time, i.e., Fk;j, of the process request
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is calculated. The real time Next�t� at which the next process

request will complete under the GPS algorithm after real

time t is also calculated. If some process request arrives at

time t0 and t < t0 < Next�t�, then the calculations of the

virtual time of the new process request and the real time

Next�t0� are done again at time t0. If there is, indeed, no

arrival of process requests between the real time interval

�t;Next�t��, the virtual time V �� and the real time Next�� are

calculated again at time Next�t�. The EGPS algorithm

schedules processes in an increasing order of their virtual

GPS completion times. The EGPS algorithm is formally

defined as follows:

Algorithm EGPS_scheduler()

. When the system is initiated, i � 0, t0 � 0, V �t0� � 0,
B1 � �, and Next�t0� � 1.

. If no process request arrives before real time
Next�ti�, then

- i � i� 1, and ti � Next�tiÿ1�.
- Let process �k;j be the process in Bi with

the minimum GPS-completion time Fmin;
Bi�1 � Bi ÿ f�k;jg.

- V �ti� � V �tiÿ1� � tiÿtiÿ1P
m2Bi

�m
;

- If Bi�1 �� �, then Next�ti� � 1; otherwise,
let Fmin be the minimum GPS-completion
time Fn;l of processes in Bi�1 and
Next�ti� � ti � �Fmin ÿ V �ti��

P
m2Bi

um.

. If process request �k;j arrives at real time t and t is
earlier than Next�ti�, then1

- i � i� 1, ti � t, and Bi�1 � Bi [ f�k;jg.
- If Bi �� �, then V �ti� � 0, and Sk;j � 0. Other-

wise, V �ti� � V �tiÿ1� � tiÿtiÿ1P
m2Bi

�m
and Sk;j � V �ti�.

- Fk;j � Sk;j � ck
�k

.

- Let Fmin be the minimum GPS-completion time
Fn;l of processes in Bi�1;

Next�ti� � ti � �Fmin ÿ V �ti��
X
m2Bi

um:

- Schedule the process with the minimum GPS-
completion time Fmin.

. If process request �k;j completes its execution, then
schedule the process with the minimum GPS-
completion time Fmin.

The complexity of the EGPS algorithm comes from the

maintenance of virtual time V ��, which has time complexity

O�1� per calculation and the dispatching of the process with

the earliest GPS completion time. Note that EGPS schedul-

ing is different from the earliest-deadline-first (EDF)

scheduling since the GPS completion time of a process

request is sensitive to the reservation ratio of each process.

The reservation ratio of a process may be very different

from the utilization factor of a process (please see

Section 3.2).

Example 3. An EGPS schedule: We now revisit Example 2

to illustrate the calculations of virtual GPS comple-

tion time. At time 0, the first request of �1 arrives.

Since it is the only ready process, �1 executes and

finishes its execution at time 2. (V �0� � 0, S1;1 � 0,

F1;1 � S1;1 � 2
1=3 � 6, B2 � f�1;1g, and Next�0� � 2.) At

time 6, the second request of �1 and the first request

of �2 arrive. Since the CPU is idle before time 6,

virtual time V �6� is reset to zero and S1;2 � V �6� �
0; F1;2 � S1;2 � 2

1=3 � 6; S2;1 � V �6� � 0; F2;1 � S2;1 � 3
1=3 �

9; B3 � f�1;2; �2;1g, and

Next�6� � 6� �Fmin�6� ÿ V �6��
X

f�1;2;�2;1g
�i

0@ 1A
� 6� �6ÿ 0� 2

3

� �
� 10:

Since the virtual GPS completion time of the first request
of �2 is larger than the virtual GPS completion time of the
second request of �1, �1 is scheduled. At time 8, �1

finishes its execution and �2 starts execution. At time
t � Next�6� � 10, the algorithm sets virtual time
V �10� � 6, B4 � f�2;1g, and real time Next�10� � 11. At
time 11, �2 finishes its execution and virtual time V �11� is
again reset to zero (B5 � �). The rest of the schedule can
be found in Fig. 7.
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