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Abstract

In this paper we present a new method based on the wavelet transform for the detection of structural
damage. It is assumed that the vibration signal of the original structure without any defect is already known.
In the case when defects are present, the vibration signals of the defected structure are then recorded. After
comparing the discrete wavelet transforms of these two sets of vibration signals in the space domain, we
are not only able to detect the presence of defects, but also their number and location as well. To test
the e2ectiveness of the proposed method, we use a uniform string as the original undamaged structure. To
simulate the defects of the structure, we attach several point masses and springs on the string. Numerical
result shows that even a minor localized defect can induce signi5cant changes in the wavelet coe6cients of
the vibration signals. Furthermore, the maximum change of the wavelet coe6cients occurs in the proximity
of the defect. These results indicate that the proposed method could potentially be an alternative tool in the
structural damage detection. ? 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The real-time condition monitoring for structural and machine damage detection is an important
research topic [1–5]. Most of the methods currently in use for this purpose are based on the pro-
cessing of structural vibration signals. A commonly used method for vibration signal processing is
modal analysis [4,6–12]. The main idea behind damage detection schemes that use modal data is
that a change in the system due to damage will manifest itself as changes of the natural frequencies
and the associated mode shapes. However, these methods may exhibit low sensitivity to defects in
the early stage of development and=or poor diagnostic capability [4,6,7].
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A defect in the early stage, e.g. a crack, is localized in space and the induced vibration signals are
not stationary. This may be the main reason why the modal data, which are global and stationary, are
not sensitive to the early localized damage. On the other hand, the wavelet analysis, which possesses
multi-resolution, provides a promising method to solve this problem. Several researchers employed
the wavelet transform for the diagnosis of rotary machinery [13–16]. They applied the wavelet
transform in the time-domain to analyze the vibration signals measured at convenient locations. Due
to the constant rotation speed, the time-domain data can be easily related to the angular position of
the shaft, which makes it possible to pinpoint the location of the defect. However, it is generally
di6cult to locate the defect from the time-domain results without knowing the dynamic characteristics
of the system.
In this paper we present a method based on the wavelet transform in the space domain for

identifying the existence and location of structural damage. In order to concentrate on the studying
of the e2ectiveness of this method, a uniform string is used to represent the original undamaged
system, while a spring and some mass points are attached to the uniform string to simulate di2erent
kinds of defects. The vibration signals of the damaged system are processed with wavelet transform
and the results are compared with those of the original system for damage detection.

2. Wavelet interpolation

It can be shown that under some conditions, a function u(x)∈L2(R) can be expressed as the
superposition of the wavelets  j

k (x) [17]:

u(x) =
∞∑

j=−∞

∞∑

k=−∞
c j
k  j

k (x); (1)

where  j
k are generated by dilating and translating the mother wavelet  (x),

 j
k (x) = a−1=2j  ((x − b j

k )=aj); (2)

in which aj and b j
k are the dilation and translation parameters, respectively. For clarity of discussion,

wavelets corresponding to the same j are called the wavelets of the jth level of resolution.
In this paper we use the discrete wavelet transform in the space domain to analyze the vibration

of a string with 5nite length. Let u(x) denote the displacement of the string at a certain instant. If
u(x) is de5ned on a closed interval  ≡ [xl; xr], the dilation and translation parameters in Eq. (2)
are taken as

aj = 2−ja0; b j
k = (xr + xl)=2 + kajb0; (3)

where a0 = 2−L(xr − xl)=b0, L∈Z . For a proper choice of L all the levels below j = 0 can be
approximated by a constant, so for the numerical approximation all these lower levels can be excluded
[18]. Note that for any j there are values of k such that the wavelets are centered outside of the
domain . These wavelets are called external wavelets; the other wavelets whose centers are located
within the domain are called internal wavelets. For appropriately de5ned wavelets, which are either
with compact support or decay fast enough away from their center, there are always a 5nite number
of external wavelets whose inHuence inside of the domain must be accounted for. Thus at any level
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j there is a subset of integers

{Z j
: − 2L+j−1 − Nl; : : : ; 2L+j−1 + Nr} (4)

such that for k ∈Z j
 the wavelet  

j
k a2ects signi5cantly the interior of the domain . In Eq. (4), Nl

and Nr are the numbers of external wavelets on each side of the domain. Therefore, Eq. (1) can be
further simpli5ed as

uJ (x) =
J∑

j=0

∑

k∈Z j


c j
k  j

k (x); (5)

where the levels j = 0 and j = J correspond, respectively, to the coarsest and the 5nest scales.
The collocation method developed by Vasilyev et al. [18,19] is adopted in this paper for deter-

mining the wavelet coe6cients c j
k . Since there are in total 2

L+j + Nl + Nr + 1 wavelet coe6cients
at the jth level of resolution, we need the same number of collocation points to determine these
wavelet coe6cients. The strategy developed in Ref. [18] is employed to construct the collocation
points.

3. Physical model---non-uniform string

In order to concentrate on the study of the e2ectiveness of the proposed method, a relatively simple
model, a string is employed here. A uniform string is used to represent the original undamaged
system. Since a defect in the early stage may induce changes of the local density and=or Hexibility,
a spring and some mass points are superimposed to the uniform string to simulate di2erent kind of
defects. The wavelet transform is adopted to analyze the vibration signals of the string for studying
the relation between the wavelet coe6cients and the superimposed elements.
The equation of motion of a string with density �(x), length l, under a constant tension T is

T
92u
9x2 − K�(x − Jx)u= �(x)

92u
9t2 ; (6)

where K and Jx indicate the sti2ness and location of the attached spring, respectively. The density
of the string can be expressed as

�(x) = �0 +
∑

i

mi�(x − xi); (7)

where �0 is the density of the uniform string, mi is the amount of the mass superimposed at x= xi.
In this paper, we let T = 1, �0 = 1 and l= 2. The total mass of the uniform string is �0l= 2.
For a uniform string with both ends 5xed, the nth natural frequency is !n=n�=2 and the associated

mode �n=sin(n�x=2). These modes are used to express the displacement u(x; t) of the non-uniform
string as

u(x; t) =
∞∑

i=1

ci(t)�i(x): (8)

Then Galerkin’s method is used to determine the coe6cients ci(t) and the displacement at the colloca-
tion points. Finally, the wavelet coe6cients are determined by the method developed
in Ref. [18].
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4. Results and discussion

We 5rst consider the case of a point mass m attached to the center of a uniform string. In this
case, the density of the string is given by �(x)=�0 +m�(x−1). We use the point mass to represent
a highly localized damaged part of the original system. Fig. 1 shows the displacement of the string
at time t = 0:2 of various values of m under the same initial conditions: u(x; 0) = sin(�x=2) and
u̇(x; 0) = 0. As can be seen from the 5gure, the deHection of the uniform string (m= 0) at t = 0:2
and that of the non-uniform string with m = 0:02 are almost identical. In other words, when the
added point mass is 1% of the mass of the uniform string, it is di6cult to identify the existence of
the point mass by merely monitoring the deHection. Then we use the method described in Section
2 to determine the wavelet coe6cients of these two systems at di2erent levels of resolution. In
order to demonstrate the e2ectiveness of the proposed method, we further reduce the point mass
to m = 0:005 (0.25% of the mass of the uniform string). The well-known “Mexican hat” wavelet
function,  (x) = (x2 − 1) exp(−x2=2), is employed as the mother wavelet to illustrate the method.
This choice is arbitrary. Other wavelets that have compact support or decay fast enough can also
be used. We set the highest level of resolution to J = 5. Fig. 2 shows the wavelet coe6cients at
collocation points from the 2nd to the 5th level, where solid and dashed lines indicate results of
the uniform (m= 0) and non-uniform (m= 0:005) strings, respectively. Although the deHections of
these two systems are almost identical, their wavelet coe6cients are quite di2erent from each other.
Moreover, it can be observed that at each level the maximum di2erence occurs at the center of the
string, where the point mass is located. For the convenience of discussion, we denote the region
where the di2erence between the two sets of wavelet coe6cients is signi5cant as the “deviation
region”. As can be seen from the 5gure, the “deviation region” at each level is centered at the
location of the point mass and its width decreases as the level of resolution increases. Therefore,
the “deviation region” can be used as a good indication regarding the existence and location of the
point mass.
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Fig. 1. DeHections at t = 0:2 of a uniform string with a central concentrated mass of various magnitudes under the same
initial conditions.
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Fig. 2. Wavelet coe6cients of a uniform string (solid line) and a string with a central concentrated mass m = 0:005
(dashed line) at di2erent levels of resolution.

Then we study the e2ect of the magnitude of the superimposed mass on the amplitude and width
of the deviation region. We use the lower part of the envelope of the wavelet coe6cients of the
nonuniform string to represent the deviation region. Fig. 3 shows the 4th level envelopes for various
values of the attached mass. The amplitude of the deviation region is de5ned as the maximum
value of the envelope, while the bandwidth of the deviation region is the distance between the
half-power points of the envelope. Fig. 4 shows the amplitude of the deviation region at each level
as a function of the superimposed mass. In the region of 06m6 0:03, the amplitude is proportional
to the superimposed mass. On the other hand, the bandwidth of the deviation region at each level
is somewhat independent of the amount of the superimposed mass, as can be seen from Fig. 5.
For a 5xed value of the attached mass, both the amplitude and bandwidth decrease as the level of
resolution increases.
Two mass points are attached to the uniform string for the investigation of the conditions under

which two isolated mass points are discernible using the wavelet coe6cients. The two concentrated
masses, each of magnitude 0.05, are located symmetrically with respect to the center of the string.
Let d denote the distance between the two mass points. Fig. 6 compares the 4th level wavelet
coe6cients of the deHections of the uniform string (solid line) and a string with two concentrated
masses (dashed line) for various values of d. Figs. 6(a) and (b) show, respectively, the results
for d = 1:0 and 0.75, both are much larger than the bandwidth of the 4th level envelope. In these
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Fig. 3. Envelope of the 4th level deviation region for a uniform string with a central concentrated mass m of various
magnitudes.
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Fig. 4. Amplitude of the deviation region as a function of m at di2erent levels of resolution.

two cases, the deviation region seems to consist of two packets, each associated with one of the
superimposed masses. Furthermore, the maximum amplitude of each packet occurs exactly at
the location of the corresponding mass. If we reduce d to 0.5, which is close to the bandwidth
of the 4th level envelope, the two packets converges in such a way that the deviation region looks
like a single packet with a nearly Hat top, as can be seen in Fig. 6(c). In this case we can still
identify two mass points, but not as clearly as in cases (a) and (b). Then we further reduce d to
0.25, which is smaller than the bandwidth of the 4th level envelope. The results are shown in Fig.
6(d). Also shown for comparison are the wavelet coe6cients of a uniform string with a single mass
of magnitude 0.01 attached at the center, as indicated by the solid square dots. It is seen that the 4th
level wavelet coe6cients induced by the two isolate mass points are indistinguishable from those
due to a single mass point. In order to identify the two masses more clearly, we need to use a higher
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Fig. 5. Bandwidth of the deviation region as a function of m at di2erent levels of resolution.
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Fig. 6. Comparison of the 4th level wavelet coe6cients of a uniform string (solid line) and a string with two mass points,
each of magnitude 0.005, attached symmetrically with respect to the center (dashed line). The solid dots in (d) indicate
the wavelet coe6cients of a string with a single mass of magnitude of 0.01 attached at the center.

level of resolution. Fig. 7 shows the 5th level wavelet coe6cients. The bandwidth of the 5th level
envelope due to a single mass is about 0.15, which is smaller than the values of d in all cases. In
each case shown in Fig. 7, the deviation region is composed of two separate packets. Consequently,
the two mass points can be identi5ed clearly. These results indicate that two mass points can be
distinguished if their separation is larger than the bandwidth of the deviation region. It follows that
the resolving power increases with the level of resolution. However, the level of resolution cannot
be increased without limit in practice. It is limited by the number of sensors available for measuring
the vibration signals and the environmental noise.
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Fig. 7. Comparison of the 5th level wavelet coe6cients of a uniform string (solid line) and a string with two mass points,
each of magnitude 0.005, attached symmetrically with respect to the center (dashed line).
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Fig. 8. Comparison of the 4th level wavelet coe6cients of the 5rst modes of a uniform string (solid line) and a string
with a spring attached at the center (dashed line).

Mode shapes are often monitored for structural damage detection. For instance, Qian et al. [9] and
Kam and Lee [10] measured the mode shapes of a cracked beam for the determination of the size of
the crack. However, it may be di6cult to detect the damage by simply comparing the mode shapes
of the damaged and the original systems. A crack on an elastic structure introduces local Hexibility
due to the strain energy concentration in the vicinity of the crack tip under load. The local Hexibility
induced by the presence of the crack can be modeled appropriately by a spring. In this paper, we
connect a spring to the center of the uniform string to simulate the e2ect of a crack. The sti2ness
of the spring is 0.01. Wavelet transform is used to analyze the fundamental modes of the uniform
string with and without a spring attached at the center. The results are shown in Fig. 8. We can see
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a clear “deviation region” in the 5gure and the maximum di2erence occurs at the location of the
attached spring. Hence, small defects can be located precisely by monitoring the wavelet coe6cients
of the fundamental mode.
Our results indicate that a change of local density or Hexibility due to damage will manifest itself

as changes of the wavelet coe6cients. Therefore, if the vibration signals can be measured accurately
at the collocation points as required by the proposed method, changes of the wavelet coe6cients of
the measured vibration signals can be used to locate the defects on structures.

5. Conclusions

In this paper, we proposed a method based on the discrete wavelet transform for structural damage
detection and identi5cation. We used a uniform string to represent the original system; while a spring
and some concentrated masses are employed to represent localized damaged parts. It is found that
minor localized damage, which generates vibration signals almost indistinguishable from those of the
undamaged system, can induce signi5cant changes of the wavelet coe6cients. The area where the
di2erence between the wavelet coe6cients is signi5cant is called the deviation region. For a single
mass point attached to the uniform string, the bandwidth of the deviation region is independent
of the amount of the attached mass. Both the amplitude and bandwidth of the deviation region
decrease as the level of resolution increases. Furthermore, the maximum value of the deviation
region occurs in proximity to the attached mass. Two mass points can be distinguished clearly if
their separation is larger than the bandwidth of the deviation region. A relatively weak spring is
connected to the uniform string to model the minor local Hexibility induced by a crack. Although the
fundamental mode of the uniform string is almost indistinguishable from that of the string with an
attached spring, di2erences between the wavelet coe6cients of the fundamental modes are signi5cant
enough to indicate the existence of the attached spring. These results indicate that the location of
the maximum value and the bandwidth of the deviation region can be used to identify and locate
the damaged part.
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