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The key elements in the new control design are the well-known
Floguet transformation [5] and a new generalized hold function
design. This paper is arranged as follows. In Section I, the definition

of Poincaé exponents for a periodical system is presented. In

Static Output Feedback Control for Section I, adiscontinuousoutput feedback control is developed to
Periodically Time-Varying Systems assign the Poincarexponents of the closed-loop system, and the
control design is further modified in Section IV in order to remove
Min-Shin Chen and Yong-Zhi Chen discontinuities in the control signals.

Abstract—Most control designs for periodically time-varying systems II. STABILITY ANALYSIS FOR PERIODICAL SYSTEMS
use either full-state feedback or observer-based state feedback. In this  Consider the stability analysis of the following system:
paper, it is shown that staticoutput feedback is sufficient for the exponen-
tial stabilization of a periodical system under both the controllability and z(t) = A(t)z(t) 1)
observability assumptions. In fact, by incorporating a new generalized
hold function in the control design, one is able to arbitrarily shift all  wherexz(¢) € R" is the state vector and the system matdi&) €
the Poincaré exponents of the periodical system. Most importantly, the R»x» g T-periodic in the sense that
control signal is guaranteed to becontinuousin time while the control
signal from previous designs may be discontinuous. A +T) = A®), vt > 0.

Index Terms—Continuous-time system, generalized hold function, peri- In the famous Floguet theory [1], the stability property of (1) is
odically time-varying system, Poincaeé exponents, static output feedback. . R . .
studied through a state transformation into a new coordinate, on which
the system matrix becomes time invariant. Such a transformation,
|. INTRODUCTION called theFloquet transformationis given by

An important class of linear time-varying systems in the physical 2(t) = P(t)x(t), P(t) = S“q)—l(t, 0) 2)
world is the class of periodical systems, in which the system
parameters vary periodically. Analysis for such systems has be#here®(t.0) is the state transition matrix [2] of (1), satisfying
done thoroughly in the past [1], [2]. One of the most important resulig® (¢, ) _ ; _ I
is summarized in the Floquet theory, which states that the stabilify 5; ~ = A@(t.7), o(t,t) =1, e(rt) =2 (t,7)
property of a linear periodical system can be determined bgnstant ?3)
numbers called the Poind&mexponents, where is the dimension . o
of the system. As in the time-invariant case, if all the Poiaca®"d/ is @ constant matrix given by
exponents are in the open left-half plane, the periodical system is
exponentially stable. If at least one of the Poimcaxponents is in
the open right-half plane, the system is unstable. From (1)-(3), the periodical system (1) hasanstantrepresenta-
For the stability synthesis of periodical systems, most contrg@hn in the new coordinate
designs are based on the assumption that all the state variables are
accessible for measurement. Among these, the earliest approach is A(t) = J=(t). (5)

the LQ optimal c_ontrol, in _vx_/h_ich one solves a periodical Riccat'bne can verify (see [2]) that the state transformation mafx) in
equation to obtain a stabilizing state feedback control [3], [4 2) is alsoT'-periodic and remains uniformly bounded and nonsin-

A”?”‘e.r app.roach is the modal cqntr’ol proposed in [5] which ¢ lar. The stability property of the periodical system (1) can then be
arbitrarily shift only one of the Poincarexponents of the SYSteM.jnferred from that of the constant system (5). In the literature, the

Lat_er, ? layer of modal controllers is suggest_ed to shift the . eigenvalues of the constant matri in (5) are referred to as the
Poincaé exponents [6]. Recently, the generalized hold funCt'OIBoincané (or characteristic) exponents

design, originally developed in [7], is applied to the state feedback

control of a periodical system [8]. However, the resultant control P.E. 2 )\(J)= llnM[@(T, 0)] (6)
signal may have large discontinuities in time. In practice, such large T

discontinuities are either unacceptable under the actuator constrahere the second equality results from (4). The condition for expo-
or undesirable due to the possible excitation of high-frequeneyential stability of (1) is thus
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due to (7), where®(T,0) is called themonodromy matri{8]. To Theorem 1: Under Assumptions Al) and A2), the static output
end this section, note that from (2)—(4) one can derive the identityfeedback control (14) stabilizes (9) exponentially. Furthermore, the

B(T, 1) = 6J(sz)P(t) ®) closed-lpop Poincérexponents are located as specifiedstap lin
. . . . the design procedure.
which will be used in subsequent sections. Proof: Apply the Floguet transformation (2) to the controlled

system (9), obtaining
i(t) = J=(t) + B(t)u(t)
y(t) = C(t)=(t)

IIl. STABILITY SYNTHESIS BY DISCONTINUOUS CONTROL
Consider now a periodical system with control

#(t) = A(t)z(t) + B(t)u(t), 2(0) = 20 _
(9) where.J is given by (4), and both the new input matri(t) =
y(t) = C)(t) P(t)B(t) and output matrixC(t) = C(t)P~'(t) are T-periodic
wherex(t) € R" is the state vector(t) € R? the control input, and since P(t), B(t), and C(t) are allT-periodic.
y(t) € R? the system output. It is assumed that the only accessibleDiscretizing the transformed system (15) with a sampling period
signal is the system output(t) and thatA(¢) € R"*",B(¢t) € T vyields
R™*? C(t) € R*™ are allT-periodic; i.e.,

(At+T),B(t+T),C(t+T)) = (A(t),B(¥),C(t))

(15)

z((k+ 1)T) = ®(T,0)z(kT) + Rlu(7)] (16)

where (T, 0) is the open-loop monodromy matrix a[-] the

vt > 0. controllability map [2] defined by
The objective in this section is to find a stabilizisgatic output (k41T o
feedback controk(#) that can arbitrarily assign the locations of the Rlu(r)] = / VT B(ryu(r) dr
Poincag exponents of the closed-loop system. For this purpose, the "f
following assumptions are required. :/ T P(r)B(r)u(r + kT) dr
Al) The pair (A(t), B(t)) is controllable in the sense that its U_T
controllability grammian [1]/" defined on the time interval - / &(T, 7)B(r)u(r + kT) dr (17)
[0,T] is positive definite, where 0 ’

i T T T where the identity (8) has been used to obtain the last equality. Since
W= /0 S(T,m)B(m)B (1)@ (Iym)dr (10)  pxT) =T for all k > 0, it follows from (2) thatz(kT) = =(kT).

. . . Hence, (16) becomes
and®(¢, 7) is the open-loop state transition matrix of (1). (16)

A2) The constant pai®(T,0),Cy) is observable [9], where (k4 1)T) = &(T,0)x(kT) + Rlu(7)]. (18)
. . Sy
?((g)’ Ol 'é(g];) open-loop monodromy matrix ands = Substituting the control (14) and (13) into (18) gives

The proposed control design proceeds as follows. w((k+1)T) = (T, 0)x(kT) + R[G(7) Cox(kT)]

Step I: Choosern Poincaé exponentsv; (real or in complex = (®(T,0) + R[G(7)]Co)x(kT). (29)
conjugate pairs) witfRe(w;) < 0. Calculate the eigenvalues for the . - . .
closed-loop monodromy matrix based on (6) Qne can vgrl_fy that th@-periodic generalized hold functio&'(t)

o in (13) satisfies
AC = T (11) T
and then use the pole placement algorithm [9] to find a constant R[G(7)] :/0 (T, 7)B(7)G(7 + kT) dr
matrix L € R"*? so that T

where®(T,0) andCy are as in Assumption A2). Note that Assump-Hence, the discretized closed-loop dynamics (19) becomes
tion A2) guarantees the existence bfin (12) for any choice of the 2((k+ 1)T) = (B(T,0) + LCo)a(kT).

value \¢.

Step II: Construct al'-periodic generalized hold functio&(t) € The closed-loop monodromy matri®.(7,0) is thus given by
RP*4 d(T,0) + LCyh, and the Poinc& exponents are now successfully
Gt) =BT (T,HW™'L, +€[0,T) and G(t+T)=G(r) relocated as dles”ed ,

(13) PE. = T ln X\ [@(T,0)] = T In i (®(T,0) + LCh)
where ®(T,¢) and W are as in (10). Note that Assumption Al) _ lln \C = lln Tt —
guarantees the invertibility ofi” in (13). T T
Step Ill: Set the control input to be where the third and fourth equations are obtained via (11) and
w(t) = G(t)y(KT), t € kT, kT +T) (14) (12). Consequently, the discretized statg:7’) converges to zero

) _ ) _ exponentially.
wherey(kT) is the sampled system output with a sampling period To examine the intersampling behavior of the system stéte,

T and G(t) is in (13). one can discretize the closed-loop system (14) and (15), frenk T’
Notice that in the above control design (13), one needs to calculgges = kT + 5,5 € (0,T), to obtain

the open-loop state transition matidx 7, ) over the entire period .

7 € [0,T]. Such computation becomes difficult when the period x(s) = P_](s)|:q>(s,0)—|—/ O(s, 7)B(r)G(T)dr - Co | 2:(kT)

is long or when the system dimension is large. For an efficient and 0

accurate numerical algorithm in calculating the state transition matrixhere (2) and (8) have been used in deriving the equation, and
one may refer to [10] and [11]. P(s) is the T-periodic transformation matrix in (2). Since(kT')
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15 IV. STABILITY SYNTHESIS BY CONTINUOUS CONTROL

N Fig. 2 in Example 1 reveals a problem with the control design
H 2 4 based on the generalized hold function: the control sigr{a) in

," \ = (14) has large discontinuities at the sampling instants k7.

5y 4 Since control with large discontinuities is either not implementable
in practice or unacceptable from the robustness consideration, the
0 i T— objective of this section is to modify the previous control design
| so that assignment of the Poineagxponents can be achieved by a
-5 m\ 1 continuouscontrol input.

\ The approach adopted here is to find a new generalized hold
-10 - \ 1 function G(t) to replace?(t) in the discontinuous control (14), with

x1 G(t) now satisfying

GT)=0, Vk=0,1,2,---. (21)

1 2 3 4 5 6 7 8 This will force the control input:(¢) to be continuous at any time
instantt = £T; in fact, according to (14) and (21), one has

Time(second) w(t ) =utT)=0 at t=kT. (22)
Fig. 1. State response with discontinuous control (14). Equation (21) can be achieved by the following modified design

procedure.
Step | and Step Il: They are the same as in the previous section.

60
! ' ) j ) ' ) Step Ill: Choose any twdl-periodic matrix functionsG, (t) €
RP*1 and G>(t) € RP*“ that are continuous of0,T'). Calculate
40 x - R[G1(7)] and R[G2(7)], whereR[-] is the controllability map in
\ (17). Denote the two resultant constant matrices by
20 1 ] L 2R[G\(1)] € R"™Y, L, 2R[Ga(r)] € R™¥9.  (23)
\ & Step IV: Construct the following twd -periodic matrix functions
0L \ ! L] from G1(t) and G2 (t):
‘ e
Goi(t) = Gi(t) = B"()@" (T,t)yW™ 'Ly, t€[0,T) (24)
20 1 Goa(t) = Ga(t) — BT (S (T.)W ™' Ly, t€[0.T) (25)
whereB(t), ®(T,t), andW are as in (13) and.; and L in (23).
40 ¢ 1 Step V:
Case a) When the number of inputs is no less than that of
-60 . L . . . . . outputs(p > ¢), determine two constant matrices and
0 1 2 3 4 5 6 7 8 az € RP*P from the equations

. G(0") + 01Go1(0") + 02Go2(07) =0 (26)
Time(second) _. _. _
GIT )+ a1Goi(T7)+ axGo(T7) =0 (27)
Fig. 2. Control signal with di ti trol (14).
ig ontrol signal with discontinuous control (14) whereG(#) is given by (13) andGo: (#) and Go(#) by

(24) and (25). Solutions; anda, in (26) and (27) exist

converges to zero exponentially, and all the other terms on the right- if the following matrix is full rank:
hand side of the above equation are uniformly bounded functions Gor (0T Goi (T—
. X . 701(07) 101( )
of s,s € (0,7), one concludes that the intersampling state) rank Go2(0%) Goo(T™) |~ 2q.
remains uniformly bounded and converges to zero exponentially as
k approaches infinity. O If this condition is not satisfied for th€ (¢) and G2 (¥)
A simple simulation example is provided below to verify the chosen in Step lll, one can simply choose a different
proposed control design. pair of G1 () andG+(t) until the required rank condition
Example 1: Consider a periodic system, which is open-loop un- is satisfied. Notice that there arefinite degrees of
stable freedom in choosing+: (¢) andG>(t) for no constraint is
imposed on them except continuity on the interM@lT’).
1+ cos 27t 0 1 Hence, choosing+ () andG(t) to meet the above rank
i(t) = 5 1 o | )+ u(t) condition is in general quite easy.
0 2 + sin 2@t 1 9 q y

Case b) When the number of inputs is no more than that of
outputs(p < ¢), determine two constant matricés and
B2 € RT*? from the equations

G(0+) + G01(0+)/31 + G02(0+)/32 =0

y(t) = [2 + sindrt  —9 + sin dnt]a(t).

The period of the system is 1 s. The proposed control (14) is applied

to the system with the initial condition” (0) = [2,2]. The design B e e

parameters in Step | ate, = In0.1 andw, = In0.3. Fig. 1 shows G(T) + Go(T )b + Goo(T )32 =0

the time history of the system state, which converges exponentially whereG(t). Goi (), andGoa (t) are as in (26). Similarly,
as predicted by Theorem 1, and Fig. 2 shows the control input. it will be assumed that in solving the above equations for
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31 and 32, the following matrix (note that it is different 5

from the previous one) is full rank: ‘ ' ' ' ' ‘ '
1 Gor(07)  Go2(0T) |, B - ]
ank Gor(T~) Goo(T™)| = 2p. . // \ \/
../ \\ =
Step VI: Set the control input to be /f |
_ 5 P
u(t) = Gyy(AT),  te[FT, kT +T) (28) i - \ 1
_ _ \ F \
wherey(kT) is the sampled system output a6idt) = G(t + T) is " / \\/>-<> —
the new generalized hold function | K /ﬂ /
_ S f / .
G(t) = G(t) + a1 Goi (t) + a2Goa(t), ifp>gq 29) | / \ / h
G(f) =G+ Go1(1) 1 + Goz(t) 3., ifp<q 0L \\\/ \ //\ b
/
in which G(t), Go1(t), Go2(t) are as in (26) andy; and 3; from .15 | \ \ / X1 i
Step V. /
The following theorem shows that the new control (28) will -20 : . . . . L :
shift the Poincae” exponents to theamedesired locations as the 0 1 2 3 4 5 6 7 8
discontinuous control (14) in the previous section; furthermore, the Time(second)

new control input (28) is now continuous for alt> 0.

Theorem 2: The closed-loop system (9) with theontinuous
control (28) is exponentially stable. Furthermore, the closed-loop
Poincaé exponents are located as specified in Theorem 1. 60

Proof: Continuity of the control (28) can be verified by noticing
that (26) and (27) ensure that the new generalized hold funétioh
in (29) satisfies (21). Hence, the control input is continuous for all*?
time instantst = kT as suggested in (22).

To prove that the Poincarexponents are relocated as desired,,,
observe thatGo:(t) in (24) is in fact in the null space of the
controllability map

R[Go1(#)] = R[G1(1)] - R[B'T(t)q;(]”_’ f/)W’_]L1]
=L,—-L,i=0

Fig. 3. State response with continuous control (28).

and so isGoa(t) in (25). As a result, the new generalized hold
function G((t) in (29) (the casep < ¢ can be shown similarly)
satisfies, recalling (20)

R[G(t)] = R[G(f)] + LllR[G()l(t)] + (lzR[G()z (f)]

-60 . A L A L ; .

=L+a;-04+a-0=L. 0 1 2 3 4 5 6 7 8
Following (19), withG(r) replaced by the news (), one obtains Time(second)
2((k4+ 1DT) = (&(T,0) + R[G(7)]Co)x(kT) Fig. 4. Control signal with continuous control (28).

= (®(T,0) + LCo)x(kT)
o the first-ordettime derivativeof the control signal at the time instants
where it is seen that the same closed-loop monodromy matfix_ ;7 one can design th@-periodic generalized hold function
®(T,0) + LC, is obtained as in Theorem 1. Hence, the dlscretlze(g(f) to satisfy, in addition to (21)

system stater(kT) converges to zero exponentially. The same _
argument as in Theorem 1 can show that the intersampling state aG(t)
also converges to zero exponentially. O dt | _pr
Example 2: In this example, thecontinuouscontrol (28) is sim- This will force the time derivative of the control input to be
ulated for the same system as in Example 1. The control designtinuous at = k7 since, from (28)
parameters in Step | are as before, and Thgeriodic functions L ,
(T' =1 s) in Step Ill are chosen to b@: (t) = t, G=(t) = 1 — 1, i(t7) =a(t?) =0, at t=kT.
wheret € [0,T). Fig. 3 shows the time history of the controlledin order to satisfy (21) and (30) at the same time, the generalized
system state and Fig. 4 the control input. Observe that the conthalld function will have to be in the form (say > ¢)
e s 1 " 58 SOMENEi 1) 11 4011 1)+ 0o )+ G-+ 1)
In Fig. 4 the control signal has become continuous; however, thevbere the constant matricess,: = 1,2, 3,4 are chosen to satisfy
is a spike taking place at = 1 s, which may still excite high- the four conditions in (21) and (30). The detailed design procedure is
frequency unmodeled dynamics. Observe that such a spike resolstted here since it is a straightforward extension of the proposed
from the discontinuity of théime derivativeof the control signal. One design in this section.
can easily avoid such undesirable spikes by a further modification ofFinally, to conclude the paper, it is mentioned that in Step I
the generalized hold function. For example, to ensure continuity of the design procedure, the matrix functiéh (¢) and G»(¢) may

=0, Vk=0,1,2,--. (30)
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be arbitrarily chosen. However, their choice affects the maximum From Singular to Nonsingular Filtering
amplitude of the control input [i.emax ||G(?)]|, ¢t € [0,7T] in (28)]. of Periodic Systems: Filling the Gap
Hence, a future direction of research is to perform an optimization with the Spectral Interactor Matrix

(minimization) on a certain norm af(¢) subject to the constraints

(21) and/or (30), so that the control objective is achieved with Sergio Bittanti, Patrizio Colaneri, and Marco Fabio Mongiov
minimum control effort.
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In this way, it is possible to clearly point out the different roles
played by the finite zeros and by the delays of the system in
determining the optimal filter.

The paper organization is as follows. In Section I, we introduce
the periodic spectral interactor matriXPSIMO); see also [9]. The
PSIMO is an anticausal periodic system, with a polynomial-like
input—output representation, which preserves the spectral proper-
ties and acts on the system as a delay eraser. The determina-
tion of the PSIMO can be carried out by making reference to
the lifted time-invariant representation as discussed in Section Ill.
The relation between the invariant zeros of the original system
and its delay-free image (obtained by applying the PSIMO to the
original system) is addressed in Section IV. This sets the basis
for the study of the singular Riccati equation (Section V), lead-
ing to the solution of the prediction problem as stated in Section
VI.

Index Terms—Interactor matrix, periodic systems, Riccati equation,
singular filtering.
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