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Stability of PDF Controller With 
Stick-Slip Friction Device 
This paper presents the precision control of drive devices with significant stick-slip 
friction. The controller design follows the Pseudo-Derivative Feedback (PDF) con
trol algorithm. Using the second order system model, the PDF controller offers 
arbitrary pole placement. In this paper, the stability proof for the controller with 
stick-slip friction is presented. On the basis of this proof, the stability criteria are 
derived. The paper also includes both the computer simulation and the experimental 
works to confirm the theoretical result. The experiments conducted on a Traction 
Type Drive Device (TTDD) shows that control accuracy of as high as ±1 arc — 
second is achieved. 

1 Introduction 

Stick-slip friction is a commonly encountered phenomenon 
in mechanical systems. As described in [2, 4, 10,12, 17], stick-
slip friction is the dominating factor that limits the performance 
of servo systems, and as stated in [17], this phenomenon has 
been the focus of many research efforts. During the past decade, 
many good results have been made available in the literature 
[ 1 ] , . . . , [ 2 6 ] . 

The control of friction system is interesting not only because 
of its increased importance in the manufacturing industry but 
also because of the highly nonlinear nature that makes it very 
difficult to be characterized. Actually, more than half of the 
works are concerning either the modeling of the friction phe
nomenon or the identification of friction parameters [2, 4, 7, 9, 
10, 12, 13, 14, 15, 18, 25]. Some of these works presented very 
detailed observations on the friction force behavior; however, 
they are usually quite limited results due to the highly dependent 
nature of the friction phenomenon. Among the more popular 
works, the Bristle model of Haessig [18] captures the most 
detailed physical phenomenon, but is relatively numerically in
efficient. The reset integrator model of Haessig and Karnopp 
[25] does not capture as much details, but is numerically more 
efficient. 

The research efforts on active friction compensation are 
mainly available in the Robotic area [4, 6, 8, 20, 23]. Some of 
the research interests are also directed toward the machine tool 
applications [2, 12, 15]. The research interests then proceeds 
to the study of the direction compensation of the friction effect 
[1, 5, 10, 11, 17, 19, 22]. In most cases, the friction force 
are modeled as a constant disturbance. The control strategy is 
basically canceling the disturbance force. The theoretical analy
sis becomes easy by assuming the friction disturbance is can
celed a-priori. Another very common approach is to use a dither 
type excitation to eliminate the friction effect [8] . Their work 
covers mainly the experimental results. The development on 
active control involving stick-slip friction is more recent. Yang 
et al. [22] provided an adaptive version of the pulse width 
control. Theoretical analysis is also included. Since the parame
ters in the stick-slip friction model vary with many factors 
including load changes, lubrication conditions, and ambient 
temperatures, . . . , etc., many people apply adaptive tech
niques to the control problem [24, 16, 3, 22, 9] . The adaptive 
techniques are very effective at compensating for the slow vary
ing friction force. It is also known to be sensitive to model 

structure mismatch. For low velocity friction compensation, the 
stick-slip friction becomes dominating. In this case more com
plicated control algorithms such as sliding mode controller [11], 
or two-degree-of-freedom controller [5] must be used. Analyti
cal works on the direct stick-slip friction compensation is very 
involved. Few studies are available. Tung et al. in [5] mainly 
offered experimental results. [ 11 ] and [ 17 ] offered more theoret
ical results. Southward, et al. [17] offered a stability analysis 
using a cleaver Lyapunov function. Guzzella and Glattfelder 
[11] offered a stable controller using sliding mode approach. 
Both works based on the cancellation of the non-linear friction 
force. 

In this paper, the authors observed that the friction system is 
intrinsically stable. Even though Southward [17] and Karnopp 
[25] had both pointed out that stick-slip friction often results 
in system instability. This instability arises only due to improper 
excitation. In other word, the authors would like to address the 
question on whether the simple control algorithms can achieve 
satisfactory control. In this paper, it is desirable to investigate 
the performance of the Pseudo Derivative Feedback (PDF) con
trol for stick-slip friction drive. The PDF controller is used 
because it offers arbitrary pole placement for second-order sys
tems. In addition, the PDF controller is capable of disturbance 
rejection from the input side. To achieve low speed friction 
compensation, this paper adopts the Karnopp stick-slip friction 
model. A Lyapunov function for the control system stability is 
presented. The limit set for the PDF control is derived. The 
experimental results show that the PDF controller achieves posi
tioning accuracy better than ±1 arc ~ second. 

2 Stick-Slip Friction Model 
The servo-system under consideration contains a Traction 

Type Drive Device (TTDD) [28] with a servo motor as shown 
in Fig. 1. For the control purpose, the velocity response model 
is simplified by the commonly adopted first order system with 
stick-slip friction. 

V, = 0 

i),. -I- ail,. = ( T — Tf) (1) 
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where a is the system parameter, 6 is the angular position, u,- is 
the angular velocity, T is the applied input, and TJ represents 
the friction effect. 

The model for the stick-slip friction T/ is introduced by Kar
nopp [25], and is shown in Fig. 2. 

r / = T,iip(D,)[\(i;,)] + T„ick(T)[l - \ ( D , . ) ] (2) 
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e-way clutcha 

Fig. 1 Traction Type Drive Device (TTDD) 

In (2) , 

HVr) 
1, for |Ur| > (T 

0, for \Vr\ ^ a 
a > 0. (3) 

The stick friction is represented by 

^ for T ^ T^ > 0 

,{T) T, for <T <T, (4) 

for T s Ti, < 0 

where Ts,icit(r) represents stick force of friction when \v,.\ s 
a. The positive and negative limits of the stick force are given 
by Tft and rj;. When | D,. | & a and the magnitude of the applied 
force is not larger than the limits of the stick force, the friction 
is equal to the applied force. The magnitudes of T;t and r,7 in 
(4) are not presumed equal. The value of a is set to a small 
positive number only in the simulation to insure that the numeri
cal integration algorithms remain stable. 

The slip friction is modeled by 

n,ip(i;,.) = T;i(Vr)U(v, - ff) + r ; ( u , ) t / ( - v , - a). (5) 

t/(.) in (5) is the step function. The function T^(Vr) is the 

1/ms 
* • -

} 

"J 
) • ' 

1 

r 

' 

1/s 

' 

7 
(1 h 

\tip 

%tlck 

Limiter •* 

'*^'\c " 
a ' I. 

1 
Kp + Kds 

.. 

1 1 Friction -^—i 

"-^^J—^' ep (s) 
^DF(' 

Fig. 3 PDF feedback control blool< diagram 

slip friction for positive velocity, and the function T,7(I;,.) is the 
slip friction for negative velocity. The magnitudes of T^(Vy) 
and r J (Ur) are not presumed to be symmetric. Generally speak
ing, the magnitude of T^iVr) is no greater than r; t ; the magni
tude of r,7(Vr) is no greater than r/7. Here, assume that T,, = 
max ( | r , t | , | r ,7 | ) = \TJ-\. 

Altogether, Eq. (2) is used in the numerical simulation of T^ 
as well as in the stability analysis. 

3 Controller Design 

Consider the PDF control block diagram in Fig. 3. Define 
the angular position 8 = X2, the angular velocity v = x^, and 
introduce an augmented state Xi = J 9dt. If one set the reference 
input 0*( i ) to be 0, it can be seen that PDF controller basically 
offers state feedback of the form 

K=[k, k, kA. (6) 

With some algebra, it can also be shown that this system is 
completely controllable. Arbitrary pole placement is possible. 

Notice that the friction effect, T/, comes through a summing 
junction into the system input. Therefore, the friction force does not 
affect the close-loop poles. Using the PDF design technique to place 
the poles at - r , —a + ojj, and —a — ujj where r, a and ui are 
positive reals. The resultant closed loop system becomes 

Xi = J ddt 

X2 —• X\ ~ u 

X-s = X2 = V,. 

Xi = —03X1 — ^2^2 — a\Xi — Tf (7) 
where 

I fli = r + 2a 

02 = 2ar + a^ + w^ (8) 

a^ = r{'a^ + u^) 

The state space representation for the closed-loop system is thus 

X = Ax + Bjf 

y = Cx (9) 

where 

[•̂ 1 X2 XiY, 
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Fig. 2 Karnopp model 

B = [0 0 - 1 ] ' 

C = [0 1 0] 
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4 Stability Proof 
Choose the following Lyapunov function candidate of the 

form. 

V(x) = x'Px (10) 

and 

P = 
Pu Pn Pn 
P\2 Pn Pn 
Pn Pn PYi_ 

(11) 

where P is a real symmetric positive definite matrix. 
Frorn'the well-known Lyapunov stability theorem, matrix A 

is a Hurwitz matrix, if and only if there exists some positive 
definite matrix Q S '/;"**", such that 

A'P + FA = -Q (12) 

has a corresponding unique solution for P, and P is positive 
definite. 

The derivative of V(£) is given by 

V>(£) = -x^Q^ - 2X_'PTf 

^ -a{2)\x\'+ 2\x\\PB\\Tf\ 

- - £ ( 0 U i ( | x | - {2\PB\TH)/ziQ)) 

Assume Xr = 2\PB\Ti,/a_iQ) and 6 > 0, for all \x\ > Xr + 6, 
than 

V{x) = -a(0\x\(\x\ -X,) 

s -aiQ)\x\6<0 (13) 

The system is bounded. The domain B^ "= [xG t^: \x\ rs 
Xr + 6,6 > 0] ha positive limit set and an invariant set. Define 
the distance d(p, fJ) is the distance between a point p and a 
nonempty closed set Cl. For all initial condition xp € f', to G 
'R+ and trajectory Sit, to, Xp) of this system is satisfied that 

d(S{t, to, Xp), Br) -* 0 &S t -* =0. 

And, given any e > 0 and T < °o, there exists a t - to ^ T 
such that 

d(S(t,to, Xp),B,) <e (14) 

From the above results, it satisfies the initial control specifi
cation that the state Xi is bounded. In addition, the angular 
position state X2 and the angular velocity state X} are also 
bounded. 

From the above result, we can concentrate the focus on the 
final region for states X2 and x^. Consider the Lyapunov function 
candidate 

a-
0 
0 
0 

0 
922 

923 

0 
923 
933 

(15) 

where qu ~ qn — q^ = 921 = 931 = 0 means that the state Xi 
is not considered. The solution of P is given by 

S)[m0i' 
Encoder 

TTDD-gear 

Fig. 4 Stick-slip friction experiment setup 

It is straight forward to design the pole locations such that P 
is a positive definite matrix. 

The derivative of y ( £ ) is 

^{x) = -922^2 + 2q2iX2Xi - q-iixl - 2p2,X2Tf - p^^x^Tf. 

(17) 

Let 923 = 7922933 - r?, 77 > 0. After some algebra the limit set 
of X2 and ^3 as ? -> CO can be derived as 

IX2I S 
O3933 + Oife 

\x^\ 

ia,a2 - ai)q22 

(^3933 + '3|922)V/i 

Tfc + 62 for some 62 > 0 (18) 

4(aia203)(922 + O2922933 + ai^qnqli + O1V922933) 

+ <53 for some <53>0 (19) 

The positive parameters of 2̂2 and ̂ 33 can be selected arbitrarily. 
Let 2̂2 = 1 and 933 -> ^ for ^ > 0. One can use Eq. (18) and 
Eq. (19) to obtain 

( r+2a)T , , 
\X2\ 

\x^\ 

2 ( a ( a + r)^ + aw^) 

{r + 2a)VA 

8a(2ar + a^ + w^ + r^) 

+ 62 for 62 > 0 as r -

+ (53 

(20) 

for £3 > 0 as r-> 00 (21) 

Referring to Eqs. (20) and (21), the larger the magnitudes of 
r, a and w, the smaller the positive limit set for the position 
and the velocity. On the other hand, positioning accuracy can 
be improved by increasing r, a or w. Notice that increasing w 
produces high frequency input which is the same as using dither 
signals to remove the phenomena of stick-slip friction. 

5 Experiment Setup 
The experimental setup is shown in Fig. 4. The setup is based 

on a Traction Type Drive Device (TTDD). Conventional worm 

p ^ 

03(02933 + 922) Q 

2(aia2 - 03) 

aT,{aiqii + 922) 03(0,^33 - 2^23) + O2933 + 02(922 + 20,923) + 0^922 3̂933 + O1922 
2(0,02 - O3) 2(fl,l32 - O3) 

03933 + 0,922 O2933 + 922 

2(o,02 — 03) 2(o,02 " 03) 

oi933 -h 0,03922 

2(0,02 - O3) 

2(o,02 - 03) 

0 

(16) 
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gear drives with only one worm experience large backlash, but 
the TTDD with two worms eliminates the backlash effect and 
isolates the friction problem [28]. 

Referring to Fig. 1, when the worm wheel rotates in the 
counterclockwise direction, worm 1 drives the worm wheel and 
act as the load worm. The torque clutch on worm 2 will force 
worm 2 to retain on the worm wheel, and acts as the control 
worm. As the worm wheel reverses its rotation, worm 1 and 
worm 2 switch functions. Worm 2 becomes the load worm, and 
worm 1 becomes the control worm. The assistant mechanism 
accomplishes this switching. The detailed design specification 
for the TTDD can be found in [29]. 

The position measurement uses a Canon K-1 super high 
resolution encoder. The encoder produces 81,000 pulses/rev 
and achieves ± 1 arc — second resolution. The encoder measures 
the of worm wheel angle. A PC reads the pulses from the 
decoder and sends the voltage command through the DAC to 
the linear power amplifier that drives a Sanyo Denki U718T-
012E DC servo motor. 

6 Simulation and Experimental Results 

Consider the control block diagram in Fig. 3. The identifica
tion is done by fitting the velocity response of the system into 
the ARMAX model in MATLAB. The resulted system transfer 
function is 

G,M = 
1 

Vis) s(Is + a') 
(22) 

The parameters in (22) are / = 6.652 X 10̂ *̂  and a ' = 1.656 
X 10^^ The parameters in the Karnopp model. Fig. 2, are rj!' 
= 0.78 volt, the stick friction in the counterclockwise direction, 
Tj = 0.77 volt, the slip friction in the counterclockwise direc
tion, T,7 = 0.23 volt, the stick friction in the clockwise direction. 

-I 
N 

1 
—" exp. with PDF, po[es=-30 

-,-.- exp. with PDF, poles=-50 

- ' - exp. with PID, poies=-30 
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Fig. 6 Experiment results for PDF control on stick-slip friction system 
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Fig. 5 Simulation results for PDF control on stick-slip friction system 

T,7 = 0.22 volt, the slip friction in the clockwise direction, and 
zero-region cr in the Karnopp model equals 1 X 10^'. These 
data are used for both the simulation and the controller design. 
For comparison purpose, the simulation and experimental re
sults from PID controller will also be included. 

The simulation results for the PDF control with various pole 
locations are shown in figure 5. Limit cycle exits when the 
gains are set too low (placing the poles at p = - 1 5 ) . This is 
in agreement with the theoretical analysis. Overshoot does not 
occur with the PDF control in Fig. 5. The poles can be placed 
arbitrarily far left in the .y-plane for the PDF control, because 
the simulation program does not consider signal noises and 
drive saturation. 

The experimental results with the PDF control is shown in 
Fig. 6. The results are the same as the simulation results for 
cases with poles placed at p = - 30 . Limit cycle appears again 
under the low gain situations (p = - 1 5 for example). For 
properly tuned system, the distance traveled does not affect the 
control result. Figure 7 shows small distance steppings for step 
sizes of 2 seconds, 4 seconds, and 6 seconds. It can be seen 
that even with very small movement (2 seconds) the control 
can still achieve satisfactory control with no steady-state error. 

7 Conclusions 
This paper addressed the stability issue for the PDF control 

on the stick-slip friction system. The Karnopp model is used 
for the stick-slip friction force. The Lyapunov stability for the 
system is presented. The limiting set for the PDF control is also 
derived. The size of the limiting set can be designed with the 
PDF controller parameters. Therefore, it is possible to improve 
the control accuracy through careful controller design. 

The experiment setup is based on the TTDD. The TTDD 
eliminates the backlash by using two worms combined with two 
one-way clutches and two torque clutches. The TTDD achieve 
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Fig. 7 Small steps PDF control on stick-slip friction system 

backlashless and self-retaining operation. Both the simulation 
results and experimental results show very good agreement with 
the theoretical analysis. With proper tuning, the PDF controller 
achieves positioning accuracy to better than 1 arc-second. 
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