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Low-Knudsen-number photophoresis of aerosol spheroids
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Abstract

The photophoretic motion of a freely suspended aerosol spheroid exposed to a radiative heat flux that is oriented arbitrarily wi
to its axis of revolution is analytically studied. The Knudsen number is assumed to be so small that the fluid flow can be des
a continuum model with a thermal slip at the particle surface. In the limit of small Peclet and Reynolds numbers, the appropria
and momentum equations are solved using the bifocal-coordinate transformations. Expressions for the photophoretic velocity an
obtained in closed form for various cases of prolate and oblate spheroidal particles. The average photophoretic velocity and fo
ensemble of identical, noninteracting spheroids with random orientation distribution are also determined. The results indicate that
ratio and relative thermal conductivity of a spheroidal particle and its orientation with respect to the incident light can have significa
on its photophoretic behavior.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

A small particle will migrate when it is suspended in
gaseous medium and exposed to an intense light beam.
phenomenon, which is a direct result of the uneven hea
of the light-absorbing particle (and therefore of its adjac
gas molecules), was termed photophoresis by its discov
Ehrenhaft, around 1910[1,2]. The photophoretic (or ther
mophoretic) effect can be explained in part by appealin
the kinetic theory of gases[3,4]. The higher energy mole
cules in the hot region of the gas impinge on the part
with greater momentum thanmolecules coming from th
cold region, thereby leading to the migration of the parti
in the direction opposite to the surface temperature gr
ent. Thus, the photophoretic force on an aerosol particle
be directed either toward (negative photophoresis) or a
from (positive photophoresis) the light source, depend
upon the optical characteristics of the particle. If the pa
cle is opaque and the incident light energy is absorbed
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E-mail address: huan@ntu.edu.tw(H.J. Keh).
0021-9797/$ – see front matter 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2004.08.117
s

,

dissipated directly at the front surface of the particle, p
itive photophoresis results. Conversely, if the light beam
partially transmitted and focused on the rear side of the
ticle, negative photophoresis may occur.

Photophoresis has been observed for many particu
materials in the diameter range between 10−8 and 10−3 m,
and at pressures from above 1 atm down to below 1 T
under illumination intensities comparable with sunlight[2].
Therefore, the results of photophoresis investigations ar
interest to a wide variety of fields including cloud physi
aerosol science, and environmental engineering. For ex
ple, measurements of the photophoretic force or the rev
point from positive to negative photophoresis with the el
oration of photophoretic spectroscopy can be used to d
mine the physical properties, such as the complex refrac
index, and the chemical composition of aerosol particles[5].
Photophoretic phenomena in aerosol particles subjecte
coherent light beams have been applied to the deve
ment of laser atmospheric monitoring methods[6]. It was
found that, due to the effect of both positive and nega
photophoresis, some stratospheric aerosol particles ma
caused to rise against gravity while others are induce
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fall considerably more rapidly than they would under grav
alone[7]. Considering that radiative heat transfer can ac
count for around 95% of the total heat flux in pulverized-c
furnaces, the driving force for photophoresis of small pa
cles in combustion environments can be significantly greate
than that for thermophoresis[8].

Assuming a small Knudsen number (l/a, wherea is the
radius of the particle andl is the mean free path of th
surrounding gas molecules), a small Reynolds number,
a small Peclet number, as well as allowing the effects
temperature jump, thermal slip (thermoosmosis), and
tional slip at the gas–particle interface, Reed[9] and Mack-
owski[8] obtained the photophoretic velocity of a suspen
aerosol sphere illuminated by an intense light beam as

(1)U = − 2CsηJ

3(1+ 2Cml/a)(2k + kp + 2kpCt l/a)ρT0
I.

Here, I is the incoming illumination energy flux (inten
sity of the incident light);ρ,η, andk are the density, vis
cosity, and thermal conductivity, respectively, of the g
kp is the thermal conductivity of the particle;T0 is the ab-
solute temperature of the bulk gas;J is the so-called pho
tophoretic asymmetry factor[10] defined by a special cas
of Eq. (33) or (34), which can be either positive (negati
photophoresis) or negative (positive photophoresis); andCs ,
Ct , and Cm are dimensionless coefficients accounting
the thermal slip, temperature jump, and frictional slip p
nomena, respectively, at the particle surface and mus
determined experimentally for each gas–solid system. A
of kinetic-theory values for complete thermal and mom
tum accommodations appear to beCs = 1.17, Ct = 2.18,
andCm = 1.14[11]. Recently, kinetic-theory values of the
slip coefficients have been obtained accurately under va
conditions[12,13]. According to Eq.(1), the photophoretic
velocity at illumination of an intensity comparable with t
solar constant (1353 W m−2) is of the order of 10−5 m s−1.

When the Knudsen number is vanishingly small, the
fects of temperature jump and frictional slip at the part
surface disappear and Eq.(1) reduces to its limit,

(2)U = − 2CsηJ

3(2k + kp)ρT0
I.

The photophoretic velocity predicted by Eq.(2) for an
aerosol sphere, which is independent of particle size,
fair agreement with the experimental result obtained in
continuum regime with constant illumination intensity[9].

Most aerosol particles and their aggregates are not sp
ical [14,15] and it is therefore of considerable interest
examine the effect of particle shape on photophoresis.
photophoretic theories of nonspherical particles differ fr
those of spheres in that there is an orientational problem
general, the photophoretic mobility of a nonspherical par
ticle is anisotropic and the velocity of the particle is
longer collinear with the incident light beam. The technique
for calculating photophoretic forces and torques have b
discussed to some extent for general nonspherical par
-

s

in the free molecule regime[16–18]and in the continuum
regime[18,19]. Recently, the photophoretic motion of an
finitely long circular cylinder in the direction normal to i
axis has been studied with consideration of the effect
temperature jump, thermal slip, and frictional slip at the p
ticle surface and an analytical expression for the migra
velocity of the particle is obtained[20]. The result indicate
that the photophoretic mobility ofa cylindrical particle can
be greater or smaller than that of a sphere, depending o
ratio of particle to gas thermal conductivity and the rela
magnitude of the temperature jump or frictional slip coe
cient at the particle surface.

In this paper we present an analysis of the photopho
motion of an aerosol spheroid with a thermal slip at the p
ticle surface. The spheroidal particle can be either prola
oblate and is oriented arbitrarily with respect to the impo
light beam. Analytical formulas for the photophoretic velo
ities and forces of a single spheroid and of an ensemb
identical spheroids as functions of relevant parameters
obtained in closed forms.

2. Analysis

Consider the photophoretic motion of a spheroidal pa
cle suspended in an unbounded gaseous medium, as s
in Fig. 1. For convenience, the rectangular coordinate sys
(x, y, z) is established with its origin located at the parti
center so that the surface of the spheroid (Sp) is represented
by the equation

(3)
z2

a2 + x2 + y2

b2 = 1,

wherea andb are the half-length along the axis of revo
tion and the maximum cross-sectional radius, respectively
of the spheroid. The radiative heat flux of the incident lig
which is oriented arbitrarily with respect to the particle’s a
of revolution, can be taken as a combination of the long
dinal componentI1 and the transversal componentI2, both

Fig. 1. Geometrical sketch for the photophoretic motion of a sphero
particle.
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are positive, and equal toI1ez + I2ex , whereex andez are
the unit vectors in thex and z directions, respectively. I
is assumed that the Knudsen number is so small (say,
than 0.1) that the fluid flow is in the continuum regime, a
the Knudsen layer at the particle surface is thin in comp
ison with a andb. The larger one betweena andb is intu-
itively more relevant to the transport of physical quantit
involved and might be an appropriate characteristic len
to define the Knudsen and other dimensionless number
the continuum-regime model, the gas-kinetic photophor
or thermophoretic force is taken to arise from a thermal
along the particle surface due to the existence of a tange
temperature gradient at the particle–fluid interface[3]. Our
purpose here is to determine the photophoretic velocit
the spheroidal particle. First, it is necessary to ascertain
temperature distribution inside and outside the particle.

2.1. Temperature distribution

The problem of photophoresis of a spheroidal part
is considered for the case where the Peclet and Reyn
numbers are small (say, both are less than 0.1, such tha
effects of convections of heat and momentum are neglec
The energy equation governing the temperature distribu
T (r) for the fluid phase of constant thermal conductivityk

is Laplace’s equation,

(4)∇2T = 0,

wherer is the position vector from the particle center. T
temperature fieldTp(r) within the spheroid can be express
as the superposition

(5)Tp = T0 + T1 + T2,

whereT0 is the temperature of the isothermal bulk gas;T1(r)
andT2(r) represent the disturbances produced by the lo
tudinal and transversal components, respectively, of the
dent light. The temperature disturbances inside the radia
absorbing particle are described by

(6)∇2Ti = − 1

kp

qi, i = 1,2,

wherekp is the thermal conductivity of the particle, which
assumed to be independent of temperature,qi(r) are the vol-
umetric thermal energy generation rates resulting from lo
radiation absorption, and the subscripts 1 and 2 denote
effects caused by the longitudinal and transversal com
nents, respectively, of the incident light.

For a plane monochromatic wave, the source funct
qi(r) are related to the electric field inside the particle
cording to the Lorenz–Mie theory[8,21],

(7)q1 = 4πνκ

λ
I1B1(τ,ω),

(8)q2 = 4πνκ

λ
I2B2(τ,ω,φ).
l

e
.

Here, ν and κ are the real and imaginary parts of t
complex refractive indexN (N = ν + iκ) of the parti-
cle, λ is the wavelength of the incident radiation,B1(τ,ω)

and B2(τ,ω,φ) are the dimensionless electric field dist
bution functions, andτ,ω, andφ are the variables relate
to the bifocal-coordinate transformations. For prolate sp
oids(b < a), the coordinate transformation used is

x = c sinhξ sinϕ cosφ,

y = c sinhξ sinϕ sinφ,

z = c coshξ cosϕ,

τ = coshξ, ω = cosϕ,

a = c coshξ0, b = c sinhξ0,

(9)c = (a2 − b2)1/2,

while for oblate spheroids(b > a), the coordinate transfor
mation used is

x = c coshξ sinϕ cosφ,

y = c coshξ sinϕ sinφ,

z = c sinhξ cosϕ,

τ = i sinhξ, ω = cosϕ,

a = c sinhξ0, b = c coshξ0,

(10)c = (b2 − a2)1/2.

Here, we employ the right-handed bifocal coordinate sys
of revolution (ξ,ϕ,φ) with the origin (midpoint between
the foci) at the center of the spheroid, andi = √−1. These
coordinates range over the values 0� ξ < ∞, 0 � ϕ � π ,
0 � φ < 2π . The coordinate surfaceξ = ξ0 (or τ = τ0) cor-
responds to the surface of the spheroid.

The boundary conditions require that (i) the normal hea
fluxes be continuous at the interface between the particle
the fluid phase, (ii) the temperatures be continuous at
particle surface when the effect of temperature jump is n
ligible (valid for the case of small Knudsen numbers), (
the temperature be finite inside the particle, and (iv) the t
perature field far from the particle approach the prescri
bulk value. Thus,

(11)onSp: n · k∇T = n · kp∇Tp,

(12)T = Tp,

(13)insideSp : Tp is finite,

(14)as|r| → ∞: T → T0,

wheren is the unit vector outwardly normal to the partic
surfaceSp . In Eq.(11), the flux due to radiation heat tran
fer, which was taken into account by Akhtaruzzaman
Lin [22] in studying the photophoresis of a spherical pa
cle in the free molecule regime (in a rarefied gas with la
Knudsen number), is neglected with the assumption tha
surface temperature of the particle is not very high.
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A general solution of Eq.(4) that satisfies boundary co
dition (14) is [23]

T = T0 + I1c

k

∞∑
n=0

C1nP
0
n (ω)Q0

n(τ )

(15)+ I2c

k

∞∑
n=1

C2nP
1
n (ω)Q1

n(τ )cosφ,

and a general solution of Eqs.(5)–(8)that satisfies boundar
condition(13) is

Tp = T0 + I1c

kp

∞∑
n=0

P 0
n (ω)

[
D1nP

0
n (τ ) + R1n(τ )∫ 1

−1[P 0
n (ω)]2 dω

]

+ I2c

kp

∞∑
n=1

P 1
n (ω)

(16)×
[
D2nP

1
n (τ ) + R2n(τ )∫ 1

−1[P 1
n (ω)]2 dω

]
cosφ,

where

Rin(τ ) = −P i−1
n (τ )

τ0∫
τ

Ain(t)Q
i−1
n (t)hin(t)dt

(17)+ Qi−1
n (τ )

τ∫
0

Ain(t)P
i−1
n (t)hin(t)dt, i = 1,2.

In the above equations,

Ain(t) = (t2 − 1)−1

(18)× [
P i−1

n (t)Qi−1
n (t) − P i−1

n (t)Qi−1
n (t)

]−1
,

(19)h1n(t) = 4πνκc

λ

1∫
−1

(t2 − ω2)B1(t,ω)P 0
n (ω)dω,

h2n(t) = 4νκc

λ

2π∫
0

1∫
−1

(t2 − ω2)

(20)× B2(t,ω,φ)P 1
n (ω)cosφ dωdφ,

Pm
n and Qm

n are the associated Legendre functions of
first and second kinds, respectively, of orderm and degreen,
C1n, D1n, C2n, andD2n are the unknown coefficients to b
determined using boundary conditions(11)and(12), and the
overbars onPm

n andQm
n mean differentiation with respect

their arguments. The derivation of solution(16) is presented
in Appendix A.

Applying Eqs.(11) and (12)to Eqs.(15) and (16), we
obtain the unknown coefficients as

Cin = k∗

Qi−1
n (τ0)

[
Rin(τ0) − P i−1

n (τ0)

P i−1
n (τ0)

Rin(τ0)

]

(21)×
[
k∗ Qi−1

n (τ0)

i−1
− P i−1

n (τ0)

i−1

]−1

,

Qn (τ0) Pn (τ0)
Din =
[
Rin(τ0) − k∗ Qi−1

n (τ0)

Qi−1
n (τ0)

Rin(τ0)

]

(22)×
[
k∗P i−1

n (τ0)
Qi−1

n (τ0)

Qi−1
n (τ0)

− P i−1
n (τ0)

]−1

,

wherek∗ = kp/k, τ0 = [1 − (b/a)2]−1/2, which equalsτ
with ξ = ξ0, and the overbar onRin(τ ) means differentia
tion with respect toτ . Evidently,b/a < 1 andτ0 � 1 for a
prolate spheroid;b/a > 1 andτ2

0 � 0 for an oblate spheroid
Since the thermal conductivity of an aerosol particle is u
ally greater than that of the surrounding gas, the value o
relative conductivityk∗ will exceed unity under most prac
tical circumstances. Note that, if the effect of tempera
jump is included at the particle surface to replace the bou
ary condition given by Eq.(12), the solved coefficientsCin

andDin become dependent on the angular variableω and
an analytical solution for the temperature distribution is
feasible for bifocal coordinate systems[24,25].

2.2. Photophoretic velocity

With knowledge of the solution for the temperature fie
we can now proceed to find the photophoretic velocity of
particle. Due to the low Reynolds numbers encountere
the photophoresis, the fluid flow is governed by the Sto
equations,

(23)η∇2v − ∇p = 0,

(24)∇ · v = 0,

wherev(r) is the fluid velocity andp(r) is the dynamic pres
sure.

Owing to the thermal slip velocity along the particle s
face (or more precisely, the outer edge of the thin Knud
layer), first predicted by Maxwell[3], and the fluid at res
far from the particle, the boundary conditions for the flu
velocity are

(25)onS+
p : v = U + vs,

(26)as|r| → ∞: v = 0,

where

(27)vs = Cs
η

ρT0
∇sT ,

andU is the instantaneous photophoretic velocity of the p
ticle to be determined. The validity of the expression for
thermal slip velocity in Eq.(27) is based on the assum
tion that the fluid is only slightly nonuniform in temperatu
on the length scale of the particle size, and the tange
temperature gradient∇sT can be obtained from Eqs.(15)
and (21). The contribution from the effect of frictional sli
at the particle surface is neglected in Eq.(25)since it is small
compared to thermal slip for the case of small Knudsen n
bers. If frictional slip is included, an analytical solution f
the fluid velocity distribution or particle velocity is not fe
sible for bifocal coordinate systems[24,25], similar to the
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case of thermal field with temperature jump at the part
surface.

For the photophoretic motion of a spheroidal parti
(having three mutually perpendicular planes of symme
exposed to a uniform light beam in the creeping-flow c
tinuum regime, there is no rotation or preferred orienta
of the particle due to the linearity of the governing equati
(4), (6), (23), and(24)as well as the axial and fore/aft sym
metry of the particle shape[26,27]. Even so, the problem o
solving Eqs.(23) and (24)with the boundary conditions(25)
and (26) may not be a simple one for the migration of
spheroid. Fortunately, the use of the constraint of zero
drodynamic force on the particle and the Lorentz recipro
theorem for the Stokes flow[26] gives the surface-integra
formula for the migration velocity of a spheroidal par
cle [28],

(28)U = − 1

3Vp

∫ ∫
S+

p

(n · r)vs dS,

whereVp is the volume of the spheroid.
Substitution of Eq.(15) into Eq.(27) leads to the slip ve

locity at the particle surface,

vs = eϕ

Csη

ρT0
I1

(
1− ω2

τ2
0 − ω2

)1/2 ∞∑
n=0

C1nQ
0
n(τ0)P 0

n (ω)

+ Csη

ρT0
I2

[
eϕ cosφ

(
1− ω2

τ2
0 − ω2

)1/2

×
∞∑

n=1

C2nQ
1
n(τ0)P 1

n (ω)

+ eφ sinφ(τ2
0 − 1)−1/2(1− ω2)−1/2

(29)×
∞∑

n=1

C2nQ
1
n(τ0)P

1
n (ω)

]
,

whereeϕ andeφ are unit vectors in the bifocal coordina
system. Whenvs in Eq. (28) is replaced by the form o
Eq. (29) with Eqs. (17)–(21)and integrating over the pa
ticle surface, we obtain the migration velocity of a gene
spheroid undergoing photophoresis under an incident
of arbitrary direction as

(30)U = U1ez + U2ex,

where the longitudinal and transversal components are

(31)U1 = − Csη

kρT0
I1J1α

(
1+ α

β
k∗

)−1

,

(32)U2 = −1

2

Csη

kρT0
I2J2β

(
1+ β

α + 1
k∗

)−1

.

In Eqs. (31) and (32), J1 and J2 are the so-called photo
phoretic asymmetry factors,

J1 = 6πνκc

λτ0

[
Q0

1(τ0) − P 0
1 (τ0)

P 0(τ )
Q0

1(τ0)

]

1 0
(33)×
τ0∫

0

1∫
−1

A1n(t)P
0
1 (t)(t2 − ω2)B1(t,ω)dωdt,

J2 = 3νκc

λτ0

[
Q1

1(τ0) − P 1
1 (τ0)

P 1
1 (τ0)

Q1
1(τ0)

]

×
τ0∫

0

2π∫
0

1∫
−1

A2n(t)P
1
1 (t)(t2 − ω2)

(34)× B2(t,ω,φ)cosφ dωdφ dt,

andα andβ are positive values related toτ0 or the aspec
ratioa/b,

(35)α = (
τ2

0 − 1
)
(τ0 coth−1 τ0 − 1),

(36)β = τ0
[
τ0 − (

τ2
0 − 1

)
coth−1 τ0

]
.

In general, the direction of the nonspherical particle mig
tion will not be parallel to the incident light.

The photophoretic asymmetry factorsJ1 andJ2 given by
Eqs.(33) and (34)depend on the complex refractive ind
(N = ν + iκ) and the normalized size (2πc/λ) of the par-
ticle. Each of them represents a weighted integration of
heat source function over the particle volume and defi
the sign and magnitude of the photophoretic velocity. Fo
completely opaque spheroidal particle, the heat source
concentrated on the illuminated part of the particle surfa
namely, the functionsB1 andB2 in Eqs.(7) and (8)are given
by

(37)B1(t,ω) =
{

− λ
2πνκc

δ(t − τ0)cosϕ for π
2 � ϕ � π,

0 for 0� ϕ � π
2 ,

(38)B2(t,ω,φ) =




− λ
2πνκc

δ(t − τ0)sinϕ cosφ

for π
2 � φ � 3π

2 ,

0 for π
2 � |φ − π | � π,

whereδ(t − τ0) is a Dirac delta function which equals infin
ity if t = τ0 and vanishes otherwise.

The substitution of Eqs.(37) and (38)into Eqs. (33)
and (34)results in

(39)J1 = − 5τ2
0 − 3

10(τ2
0 − 1)

,

(40)J2 = −5τ2
0 − 1

10τ2
0

.

The factorsJ1 andJ2 predicted by Eqs.(39) and (40)de-
pend only on the shape of the spheroid, and their va
are always negative, indicating the positive photophor
as expected. Since the Knudsen number is assumed
small, the normalized photophoretic velocities obtained
Eqs.(31) and (32)with Eqs.(39) and (40)do not depend di
rectly on the linear dimensions of the spheroid but only
its aspect ratioa/b and the thermal conductivity ratiok∗.
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If the particle is prevented from moving (i.e.,U in bound-
ary condition(25) is set equal to zero), the resulted hyd
dynamic force exerted on the particle can be taken as
photophoretic force due to the incident light. This force c
be expressed as

(41)F = 6πη(R1U1ez + R2U2ex),

where analytical formulas for the radii of the “equivale
sphere,”R1 andR2, are given by Happel and Brenner[26,
pp. 222–224]. Note that the photophoretic force acting
the particle depends not only on the shape and relative
entation but also on the size of the particle.

Usually, experimental data on the photophoretic velo
are average results. It is understood that there is no rot
or preferred orientation of a spheroid in a uniform creep
flow. For an ensemble of identical, noninteracting spher
with random orientation distribution, the average particle
locity (aligned with the direction ofI) can be evaluated from
the longitudinal and transversal mobilities[26, p. 207],

(42)Uav = 1

3
(m1 + 2m2)I,

wherem1 = U1/I1 andm2 = U2/I2. Similarly, the average
photophoretic force acting on the particles of this ensem
can be obtained using Eq.(41), with the result

(43)Fav = 2πη(R1m1 + 2R2m2)I.

The photophoretic mobilities m1 and m2 in Eqs. (42)
and (43)can be calculated using Eqs.(31) and (32). For the
particular case ofk∗ = 0 or a perfectly insulating particl
(which is of little concern in aerosol physics), bothm1 and
m2 have relatively maximal magnitudes. The finite value
the thermal conductivity of the particle decreases the tan
tial temperature gradient at the particle surface and resu
a reduction of the photophoretic mobility.

When a/b = 1 (i.e., τ2
0 → ±∞), Eqs. (35)–(40)give

J1 = J2 = J = −1/2, α = 1/3, and β = 2/3, and both
Eq.(31)and Eq.(32)become

(44)m1 = m2 = ms ≡ Csη

6kρT0

(
1+ 1

2
k∗

)−1

,

which is the reduced result for the photophoretic mobi
of a spherical particle given by Eq.(2). For this case,R1 =
R2 = a = b (the radius of the particle) in Eq.(41) or (43),
which leads to Stokes’ law.

In the limiting case ofa/b → 0, Eqs.(31) and (32)with
factorsJ1 andJ2 given by Eqs.(39) and (40)can be asymp
totically expressed as

m1 = 3Csη

40kρT0k∗

{
2π

(
a

b

)2

+ (π2 + 4k∗)
(

a

b

)4

(45)+ O

[(
a

b

)6
]}

,

-

m2 = Csη

320kρT0

{
8π

(
a

b

)−2

+ 2(8+ π2k∗)

+ π
[
16(6− k∗) + π2k∗(1− k∗)

](a

b

)2

(46)+ O

[(
a

b

)4
]}

.

These are the results for the photophoretic mobility of a d
like structure of radiusb. Clearly,m1 = 0 (for k∗ > 0) and
m2 → ∞ asa/b = 0 (τ0 = 0, α = 1, β = 0, J1 = −3/10,
andJ2 → −∞). This is, a disk-shaped particle with its ed
aligned with the incident light will have substantially grea
photophoretic mobility than withits axis aligned with the
incident light.

In the other limiting case ofa/b → ∞, Eqs.(31) and (32)
together with Eqs.(39) and (40)reduce to

m1 = Csη

10kρT0

[
−

(
b

a

)−2

ζ − 2k∗
(

b

a

)−2

ζ 2 − 3

4

(
b

a

)2

(47)− 1

2
k∗2

(
b

a

)−2

ζ 3 + O(ζ 2)

]
,

m2 = Csη

40kρT0

[
8

1+ k∗ − 4k∗

(1+ k∗)2ζ − 2k∗

(1+ k∗)3 ζ 2

(48)− 3k∗

(1+ k∗)2

(
b

a

)4

+ O(ζ 3)

]
,

where

(49)ζ =
(

b

a

)2

ln
b

2a
,

implying thatζ = 0 asb/a = 0. These mobility results co
respond to the photophoresis of a needlelike structur
lengtha. Evidently,m1 → ∞ andm2 = Csη/5kρT0(1+ k∗)
as b/a = 0 (τ0 = 1, α = 0, β = 1, J1 → −∞, andJ2 =
−2/5). That is, a needle-shaped particle aligned with the
cident light will have muchhigher photophoretic mobility
than one oriented normal to the light beam.

Note that both the photophoretic mobilitiesm2 ata/b = 0
andm1 atb/a = 0 approach infinity, analogously to the co
responding translational mobilities of a spheroid driven to
move by a body force field[26]. Also, the value ofm2 at
b/a = 0 is slightly smaller than that of the photophore
mobility of an infinitely long circular cylinder in the direc
tion normal to its axis, which equalsCsη/4kρT0(1 + k∗)
[20].

3. Results and discussion

The numerical results for the longitudinal mobilitym1
and transversal mobilitym2, given by Eqs.(31) and (32),
with the asymmetry factorsJ1 andJ2, given by Eqs.(39)
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Fig. 2. Plots of the normalized photophoretic mobility of a spheroidal pa
cle in the longitudinal direction versus the aspect ratio for various values
the relative thermal conductivity of the particle: (a) oblate spheroid; (b) pro
late spheroid.

and (40), for a photophoretic spheroid as functions of the
pect ratioa/b are plotted inFigs. 2 and 3, respectively, for
various values of the thermal conductivity ratiok∗ over the
entire ranges. The magnitudes of these mobilities are
malized by the corresponding photophoretic mobility ms of
a spherical particle given by Eq.(44). On the other hand
the normalized photophoretic mobilitiesm1/ms andm2/ms

of a spheroidal particle versus the conductivity ratiok∗ for
several different values ofa/b are plotted inFigs. 4 and 5,
respectively. The cases ofk∗ < 1, which is not likely to ex-
ist in practice, is considered here for the sake of nume
comparison.
(a)

(b)

Fig. 3. Plots of the normalized photophoretic mobility of a spheroidal
ticle in the transverse direction versus the aspect ratio for various valu
the relative thermal conductivity of the particle: (a) oblate spheroid; (b) pro
late spheroid.

It can be seen inFigs. 2 and 4that the normalized longitu
dinal photophoretic mobilitym1/ms of a spheroid increase
monotonically with an increase in its aspect ratioa/b in the
whole range of 0� a/b < ∞ for a specified practical valu
of k∗ (say,k∗ � 1). This behavior is understandable sin
the fraction of the thermal slip of the fluid at the partic
surface in the axial direction, which drives the movem
of the particle, increases with the increase ofa/b. There-
fore, the spherical approximation underestimates the
gitudinal photophoretic mobilityfor prolate spheroids an
overestimates it for oblate ones. For the particular cas
a/b = 0 (butk∗ �= 0), m1/ms = 0, which is consistent with
Eq. (45). This result is understandable since a disk of z
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Fig. 4. Plots of the normalized photophoretic mobility of a spheroidal p
cle in the longitudinal direction versus the relative thermal conductivit
the particle for various values of the aspect ratio.

Fig. 5. Plots of the normalized photophoretic mobility of a spheroidal
ticle in the transverse direction versus the relative thermal conductivi
the particle for various values of the aspect ratio.

thickness with a finite thermal conductivity oriented norm
to a light beam has a uniform surface temperature and
not move thermophoretically or photophoretically. For
case ofa/b → ∞, m1/ms → ∞, as predicted by Eqs.(47)
and (44). For a prolate spheroid with a given aspect ra
m1/ms is a monotonic increasing function ofk∗, whereas for
an oblate spheroid with a fixed value ofa/b, this normalized
mobility is a monotonic decreasing function ofk∗. The rea-
son for this behavior is that the mobilitym1 decreases with
an increase ink∗ and the sensitivity of this dependence
creases with a decrease ina/b, as can be seen in Eq.(31). For
either a prolate spheroid or an oblate spheroid, an incr
in the value ofk∗ in general leads to a greater deviation
the photophoretic mobility from the spherical valuems . This
deviation can be significant even when the value ofa/b does
not deviate much from unity. In the limiting case ofk∗ = 0,
m1/ms = −6αJ1, and in the other limiting case ofk∗ → ∞,
m1/ms = −3βJ1, as required by Eq.(31). The behavior in
which the curve ofk∗ = 0 goes up to a nonzero value wh
a/b approaches zero, unlike all the other curves inFig. 2a, is
physically correct, knowing that a disk of zero thermal c
ductivity exposed to an axial heat flux will have a singu
surface temperature distribution or an infinitely large surf
temperature gradient and can undergo the thermophore
photophoretic migration. Thus, a curve of small finite va
of k∗ (say, 0< k∗ < 0.2) in Fig. 2a exhibits a maximum
owing to the competing effects ofa/b and k∗. Note that,
for cases of an oblate spheroid withk∗ > 10, the value of
m1/ms is not a sensitive function ofk∗ and it is equal toa/b

approximately, as shown inFig. 2a.
On the other hand, as illustrated inFigs. 3 and 5, the

normalized transverse mobilitym2/ms of a photophoretic
spheroid increases monotonically with a decrease in its
pect ratioa/b for a constant practical value ofk∗. This
trend is caused by the fact that the fraction of the ther
mal slip of the fluid at the particle surface in the direct
of particle’s movement (the transverse direction) increa
with the decrease ofa/b. Thus, the spherical approxim
tion underestimates the transverse photophoretic mob
for oblate spheroids and overestimates it for prolate o
For the special case ofa/b = 0, m2/ms → ∞, as given by
Eqs. (46) and (44). For the case ofa/b → ∞, m2/ms =
3(2 + k∗)/5(1 + k∗), which is consistent with Eq.(48). As
a contrast to the tendency of dependence ofm1/ms on k∗,
for a prolate spheroid with a specified value ofa/b, m2/ms

is a monotonically decreasing function ofk∗, while for an
oblate spheroid with a fixed aspect ratio, this mobility i
monotonically increasing function ofk∗. This behavior is
understandable from the fact that the mobilitym2 decrease
with an increase ink∗ and the sensitivity of this depen
dence increases with an increase ina/b, as can be found
in Eq. (32). Again, for a spheroid of a specified shape,
increase in the value ofk∗ in general results in a great
deviation of the photophoreticmobility from the spherica
valuems . In the limit of k∗ = 0, m2/ms = −3βJ2, and in
the other limit ofk∗ → ∞, m2/ms = −3(α + 1)J2/2, as
predicted by Eq.(32). Thus, inFig. 3b, a curve ofk∗ � 0.5
exhibits a trend different from that ofk∗ � 1, owing to the
competing effects ofa/b andk∗. For a prolate spheroid wit
a fixed practical value ofk∗, one always hasm1 > ms > m2,
whereas for an oblate spheroid the reverse is true.

4. Conclusions

The photophoretic motion of a prolate or oblate sph
oidal particle is analyzed and the shape dependence of
tophoresis of the particle is investigated in this work. T
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light beam can be applied in an arbitrary direction relative
to the axis of revolution of the spheroid. It is assumed t
the Knudsen number is small, so that the fluid flow is in
continuum regime and the Knudsen layer at the particle
face is thin in comparison with the linear dimensions of
particle. To solve the conservative equations governing
system in the limit of small Reynolds and Peclet numb
a thermal slip velocity of fluid and the continuity of tem
perature and thermal flux at the particle surface are use
the boundary conditions. Explicit expressions for the p
tophoretic velocity of the spheroidal particle were obtain
in Eq.(31) for the longitudinal incident light and in Eq.(32)
for the transversal incident light. This photophoretic vel
ity has shown large variations in magnitude dependent on
shape, relative thermal conductivity, and relative orienta
of the particle. Due to the linearity of the system conside
the photophoretic velocity and force of the spheroid expo
to an arbitrarily oriented radiative flux can be obtained
the vectorial addition of the contributions generated fr
the longitudinal and transverse components of the app
radiative flux, as given by Eqs.(30) and (41). The average
photophoretic velocity and force for an ensemble of ide
cal, noninteracting, randomly distributed spheroids can
be calculated from the longitudinal and transversal mob
ties of the particle according to Eqs.(42) and (43).

In the previous section, we have presented the resul
photophoretic mobility calculated from a simplified mode
for a completely opaque spheroid whose heat sources
concentrated on the illuminated part of the particle surfa
A calculation according to theLorenz–Mie theory showe
bad applicability of this model even for large strongly a
sorbing spherical particles[29]. Evidently, if we perform
a corresponding calculation for a model transparent sp
oid with heat sources concentrated completely on the rea
half of the particle surface, the same results but with
posite direction (negative photophoresis) will be obtain
Also, for the particular case of the symmetric heat sou
functionsB1 andB2 (with respect to the planesz = 0 and
x = 0, respectively), the photophoretic mobility of the sph
oid vanishes. Thus, if one uses an energy-absorbing m
more consecutive than that defined by Eqs.(37) and (38)for
the asymmetry factorsJ1 andJ2 given by Eqs.(33) and (34)
based on the Lorenz–Mie theory, it is expectable that
resulted photophoretic mobility of the spheroid, which c
easily be calculated from Eqs.(31) and (32), will be qualita-
tively similar to but quantitatively smaller than that exhibit
in Figs. 2–5.

An examination of Eqs.(1) and (2)reveals that the effec
of a finite Knudsen number (say, of order 0.1) is to decre
the gas-kinetic photophoretic mobility of a spherical particle
with zero Knudsen number. Although the boundary con
tions used in Eqs.(12) and (25)to obtain Eqs.(31) and (32)
are strictly valid only for the case of small Knudsen nu
bers (or large particles), a comparison of the results obta
for a sphere and a cylinder for moderate Knudsen num
[8,9,20] indicates that the exclusionof effects of frictional
l

slip and temperature jump at the particle surface may no
ter the trend of the dependence of photophoresis on pa
shape. On the other hand, neglecting these effects is
consistent in the analysis of photophoresis. In the mode
the continuum regime, the thermal slip at the particle surf
given by Eq.(27) (involving the coefficientCs ) is mathe-
matically the zeroth-order (primary) effect in the Knuds
number, as indicated from a comparison between Eq.(1) and
Eq.(2). Therefore, the fluid flow around the particle is of t
same order of magnitude. However, both the frictional
(involving Cm) and the velocity slip due to the temperatu
jump (involvingCt ) are the first-order (secondary) effects
the Knudsen number. If one considers the frictional slip
temperature jump in the analysis, it is not consistent bec
there are some other first-order effects to be taken into
count, such as the velocity slip due to the curvature of
particle surface and the contribution of the Knudsen laye
the heat flow. These situations are clear from the system
asymptotic theory for the Boltzmann equation for a sm
Knudsen number[13]. Therefore, the closed-form analytic
results obtained here, which canbe conveniently applied in
the calculations for various cases of large particles[24,25],
should be a useful contribution to the understanding of
effects of the shape and relative orientation of a particl
photophoresis. The relevant experimental data for the p
tophoresis of spheroidal particles, which are not availabl
the literature yet, would be needed to confirm the validity
these results.

Acknowledgment

Part of this research was supported by the National
ence Council of the Republic of China.

Appendix A. Derivation of Eq. (16)

For conciseness the derivation of Eq.(16)is given here. In
bifocal coordinates, Eq.(6), together with Eqs.(7) and (8),
takes the form

∂

∂τ
(τ2 − 1)

∂Ti

∂τ
+ ∂

∂ω
(1− ω2)

∂Ti

∂ω

+ (i − 1)(τ2 − ω2)

(τ2 − 1)(1− ω2)

∂2Ti

∂φ2

(A.1)= −c2(τ2 − ω2)gi, i = 1,2,

where

(A.2)g1(τ,ω) = 4πνκ

λkp

I1B1(τ,ω),

(A.3)g2(τ,ω,φ) = 4πνκ

λkp

I2B2(τ,ω,φ).

The solution to Eq.(A.1) can be taken as the sum of t
homogeneous and particular solutions, denoted byT

(h) and
i
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T
(p)
i , respectively. The homogeneous solution is

(A.4)

T
(h)
i = Iic

kp

∞∑
n=i−1

DinP
i−1
n (ω)P i−1

n (τ )cos
[
(i − 1)φ

]
,

whereDin are undetermined coefficients.
The particular solutionT (p)

i can be obtained from
transformation of Eq.(A.1) into an ordinary differentia
equation. Multiplying Eq.(A.1) through byP 0

n (ω)dω and
P 1

n (ω)cosφ dωdφ for the cases ofi equal to 1 and 2, re
spectively, and integrating from−1 to 1 for ω and from 0
to 2π for φ lead to

(A.5)

∂

∂τ
(τ2 − 1)

∂Rin

∂τ
−

[
n(n + 1) − i − 1

τ2 − 1

]
Rin = −hin,

where

(A.6)R1n(τ ) = kp

I1c

1∫
−1

T
(p)

1 P 0
n (ω)dω,

(A.7)h1n(τ ) = kpc

I1

1∫
−1

(τ2 − ω2)g1(τ,ω)P 0
n (ω)dω,

(A.8)R2n(τ ) = kp

I2cπ

2π∫
0

1∫
−1

T
(p)
2 P 1

n (ω)cosφ dωdφ,

h2n(τ ) = kpc

I2π

2π∫
0

1∫
−1

(τ2 − ω2)g2(τ,ω,φ)

(A.9)× P 1
n (ω)cosφ dωdφ.

Obviously, Eqs.(A.6) and (A.8)lead to

(A.10)T
(p)
i = Iic

kp

∞∑
n=i−1

Rin(τ )P i−1
n (ω)cos[(i − 1)φ]∫ 1
−1[P i

n(ω)]2 dω
.

The solution to Eq.(A.5) can be obtained by the method
variation of parameters, with the result give by Eq.(17).

The combination of Eqs.(A.4) and (A.10) incorpo-
rated with Eq.(5) results in Eq.(16). The substitution
of Eqs. (A.2) and (A.3) into Eqs. (A.7) and (A.9)yields
Eqs.(19) and (20).

Appendix B. Nomenclature

a half-length of a spheroid along its axis of revo
tion, m

B1,B2 dimensionless electric field distribution functio
defined by Eqs.(7) and (8)

b maximum cross-sectional radius of a spheroid,
Cs thermal slip coefficient
Cin,Din coefficients in Eqs.(15) and (16)given by Eqs.

(21) and (22)
c equal to(a2 − b2)1/2 if b < a and(b2 − a2)1/2 if
b > a, m

ex, ez unit vectors in thex andz directions
I intensity of the incident light beam, W m−2

I1, I2 longitudinal and transversal components ofI rela-
tive to a spheroid, W m−2

J,J1, J2 the photophoretic asymmetry factors of the pa
cle defined by Eqs.(33) and (34)

k thermal conductivity of the fluid, W m−1 K−1

kp thermal conductivity of the particle, W m−1 K−1

k∗ equal tokp/k

l mean free path of the gas molecules, m
m1,m2 longitudinal and transversal components of

photophoretic mobilityof a spheroid, m3 J−1

ms photophoretic mobility ofa sphere given by Eq
(44), m3 J−1

n unit normal vector at particle surface pointing in
the fluid

Pm
1 ,Qm

1 associated Legendre functions of the first and s
ond kinds

Rin(τ ) functions ofτ defined by Eqs.(16) and (17)
r position vector relative to the particle center, m
Sp particle surface
T temperature distribution in the fluid, K
T0 temperature of the isothermal bulk fluid, K
Tp temperature distribution inside the particle, K
U photophoretic velocity, m s−1

U1,U2 longitudinal and transversal components ofU,
m s−1

v fluid velocity field, m s−1

vs slip velocity at the particle surface, m s−1

x, y, z rectangular coordinates, m

Greek letters

α,β functions ofτ0 or a/b defined by Eqs.(35) and (36)
η fluid viscosity, kg m−1 s−1

λ the wavelength of the incident light beam, m
ξ,ϕ,φ bifocal coordinates
ρ fluid density, kg m−3

τ equal to coshξ if b < a andi sinhξ if b > a

τ0 equal to[1− (b/a)2]−1/2

ν, κ real and imaginary parts of the complex refract
indexN of the particle

ω equal to cosϕ
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