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Abstract

Compliance in tendon transmission may result in position errors for tendon-driven robotic mechanisms.

As a consequence, the study of compliance of the mechanism is important for control purpose. This paper

deals with the kinematic and force analysis of tendon-driven robotic mechanisms with compliant tendons.

The displacement equation of tendon-driven robotic mechanisms that takes tendon compliance into

account can be systematically determined from the kinematic structure. The force relations between the
joint space and the tendon space are investigated. In particular, the equations relating joint torques, joint

angles and tendon displacements are derived. The compliance of the mechanism is thereafter established.

Dynamic equations of the system are also analyzed and system�s resonant frequencies are derived through
local linearization of the dynamic model. The proposed analysis can be useful for a fast evaluation for the

static and dynamic performance of tendon-driven robotic mechanisms.
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Nomenclature

AT structure matrix of the mechanism
C compliance matrix
dk amount of length change of the tendon in the pulley pair k
Ddj the overall elongation of tendon j

DD vector of the tendon elongations
fi amount of tendon force of tendon i

f vector of tendon forces
f‘,0 initial pretension force of tendon ‘
f0 vector of the initial pretension forces
Ii moment of inertia about the center of gravity of link i

Ji moment of inertia about preceding joint pivot of link i
kj,j+1 spring constant of the tendon between pulley j and j + 1
k‘ overall spring constant of tendon ‘
K spring constant matrix
mj mass of link j

ri radius of the pulley i
S stiffness matrix
xj linear displacement of tendon j from a reference position
x vector of tendon displacements
hi,k relative angular displacement of link i with respect to link k
H vector of joint angles
si,j amount of joint torque of the joint between link i and link j
s vector of joint torques
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1. Introduction

In the past decades, robotic manipulators using tendon transmission have been enthusiastically
studied in a number of areas such as dexterous hands [1,2], parallel cable-suspended manipulators
[3,4], teleoperating robots [5] and robots for biological use [6]. The major advantage of using ten-
don transmission lies in that actuators can be installed on the remote base such that a lightweight
and compact design can be realized. However, using tendon transmission may introduce other
problems such as friction and compliance in tendons and/or increasing extra components used
in the system. These may increase the complexity for the control of the system. In reality, ten-
don-driven robotic manipulators are more compliant than geared robotic and direct-driven robotic
manipulators because tendons are more flexible than those components. This property usually de-
grades accuracy in positioning, lowers response speed, and shifts eigenfrequencies to lower levels.
Therefore, it would be essential to research on the transmission compliance as well as dynamic
characteristics for fast and accurate motion control of such systems. To realize the nature of ten-
don-driven robotic manipulators, a great number of analytical methods for such systems have been
proposed and studied. The kinematics and statics of articulated tendon-driven robotic mechanisms
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were investigated by Morecki et al. [7], Salisbury [1], and Tsai and Lee [8]. Ideal tendons with no
compliance were assumed in their studies. Hollars and Cannon [9] experimented on the control of a
two-linkmanipulator with flexible tendons. They concluded that compliance in tendon drives had a
significant effect on the system control. Prisco and Bergamasco [10] derived the dynamics of a type
(2N) of multi-degree-of-freedom (DOF) tendon-driven manipulators using the Lagrangian meth-
od. Lee and Lee [11] proposed a new model for the tendon tension and performed the dynamic
analysis. On the other hand, there is also some literature investigating on the performance of sin-
gle-DOF tendon devices [12,13] of which the kinematic structure is less coupled than that of the
multi-DOF system. Except for these, not much literature dealing with the kinematic and compli-
ance analysis of multi-DOF systems with flexible tendons can be found. Thus, the objective of this
paper is to establish a systematic procedure for the kinematic and compliance analysis of multi-
DOF, tendon-driven robotic mechanisms. This paper is organized as follows. First, a systematic
methodology for kinematic analysis of tendon-driven manipulators with compliant tendons is pre-
sented. Next the force relations between the joint space and the tendon space are investigated.
Compliance of the system is subsequently determined. Then, the dynamic equations associated
with the resonant frequencies and mode shapes of the system are also derived. Finally, a two-
DOF tendon-driven manipulator is demonstrated for the generalization of procedure.
2. Assumptions

To adapt to the scope of this work, the following assumptions for the tendon-driven robotic
manipulator are considered.

(I) The robotic manipulator is of articulated type, i.e., after the removal of tendons and inter-
mediate pulleys, the manipulator becomes a serial type.

(II) All tendons are under tension. The amount of stretch in tendon is small and linearly propor-
tional to the tendon force.

(III) No slippage occurs between pulleys and tendons.
(IV) Tendons are lightweight such that the weight, flexural bending and shear effects of tendons

will not be considered.
3. Kinematics

The theory of fundamental circuits and the coaxially conditions have been applied to the kine-
matic analysis of geared mechanisms as well as tendon-driven mechanisms with ideally rigid ten-
dons [8,14]. In this section, we will show that the concept is still applicable to the analysis of
tendon-driven robotic mechanisms with non-rigid tendons.

3.1. Fundamental circuit equations

Fig. 1 shows the planar schematic of a simple tendon-and-pulley train, where i, j are the two
pulleys and k serves as the common carrier. Pulley i and j are coupled by a flexible tendon having
a spring constant. For the purpose of analysis, the counter-clockwise direction is temporarily



Fig. 1. A parallel routing pulley pair with flexible tendon.
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assigned as the positive direction of rotation for each pulley. It is obvious that the relative angular
displacements of the two pulleys with respect to the carrier will be differentiated by a small
amount of tendon stretch. Therefore, a revised fundamental circuit equation relating the rotations
of the two pulleys can be written as
rihi;k ¼ �rjhj;k þ dk ð1Þ

where hi,k and hj,k respectively denote relative angular displacements of pulleys i and j with respect
to the carrier k, ri and rj denote the radii of the two pulleys, and dk the amount of length change
of the tendon connecting the two pulleys with respect to the equilibrium state. The ± sign is to be
determined by the tendon routing topology. The sign is positive for a parallel routing (as Fig. 1
shows) and negative for a crossed routing.

3.2. Coaxiality

Suppose three links i, j, and k share a common joint axis. Then, the relative motion among these
links can be related by the chain rule:
hi;k ¼ hi;j þ hj;k ð2Þ
3.3. Transmission lines

Fig. 2 shows a typical transmission line in which the tendon is routed from one of the moving
links over pulleys mounted on the joint axes to the base link. For convenience, the links are
Fig. 2. A transmission line with flexible tendon.
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labeled sequentially from 0 to n and the pulleys are labeled from j to j + n � 1. Then, the funda-
mental circuit equation can be written once for each pulley pair as
rjþi�1hjþi�1;i ¼ �rjþihjþi;i þ di for i ¼ 1; 2; . . . ; n� 1 ð3Þ

Since link i � 1, i and pulley j + i � 1 are coaxial, the coaxiality relation can be applied as
hjþi�1;i ¼ hjþi�1;i�1 � hi;i�1 for i ¼ 1; 2; . . . ; n ð4Þ

Note the last (distal) pulley j + n � 1 is fixed to link n, hj+n�1,n = 0. Suppressing hj+i�1,i for
i = 2,3, . . .,n from Eqs. (3) and (4), yields
hj;0 ¼ h1;0 � ðrjþ1=rjÞh2;1 � ðrjþ2=rjÞh3;2 � � � � � ðrjþn�1=rjÞhn;n�1 þ ð1=rjÞd1 � ð1=rjÞd2
� � � � � ð1=rjÞdn�1 ð5aÞ
If the structure is in equilibrium state, then Eq. (5a) can be rewritten as
hj;0 ¼ h1;0 � ðrjþ1=rjÞh2;1 � ðrjþ2=rjÞh3;2 � � � � � ðrjþn�1=rjÞhn;n�1 þ ð1=rjÞDdj ð5bÞ

where Ddj = d1 ± d2 ± � � � ± dn�1 is the overall elongation of tendon j. The ± sign for each term
of hk,k�1 above is determined by the number of crossed routings preceding the kth joint axis.
The sign is positive if the number of crossed routing is even; otherwise it is negative. Let the linear
displacement of tendon j from a reference position be xj. The displacement relation between the xj
and base pulley hj,0 can be written as
xj ¼ �rjhj;0 ð6Þ

where the ± sign is positive provided that a pull of the tendon causes a positive rotation of the
base pulley, otherwise it is negative. By substituting Eq. (5b) into (6), for each transmission line,
and assembling each equation into matrix form, we obtain
x ¼ AH þ DD ð7Þ

where x = [x1,x2, . . .,xm]

T denotes m-dimensional vector of tendon displacements, H = [h1,0,h2,1,
. . .,hn,n�1]

T denotes an n-dimensional vector of the joint angles, DD = [Dd1,Dd2, . . .,Ddm]
T denotes

an m-dimensional vector of the tendon elongations and A is an m · n matrix whose elements are
functions of the pulley sizes and the tendon routing topology. From Eq. (7), it can be seen that the
linear displacements of tendons are given by two terms as the non-elongated displacement due to
joint rotations and the displacement due to tendon elongations. The latter term contributes to the
difference between a non-flexible tendon drive and a flexible tendon drive.
4. Forces and compliance

It has been shown that for ideally non-stretchable tendons the tendon force, f, exerted by the
tendons are related to the joint torques, s, by the following relationship [14]:
s ¼ ATf ð8Þ

where s is denoted by [s1,0,s2,1, . . .,sn,n�1]

T, f is denoted by [f1, f2, . . ., fm]
T, and AT is called the

structure matrix. Lee and Lee [11] further demonstrated that the relationship still remains valid
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for the model with flexible tendons as well as that each segment on one tendon is of equal tension,
provided that the mass/inertias of the intermediate pulleys are neglected.
When a force is applied upon a manipulator, the tendons in the system are deflected. The

manipulator�s structural compliance may result from the combined effects of transmission compli-
ance, link compliance, and compliance of the environment that the robot acts on. The stiffness of
tendon can be related to the tendon forces by using Hooke�s law. Noting that kj,j+1 is the spring
constant for each segment of tendon connecting pulley j and j + 1 shown in Fig. 2, the tendon
force equation can be written once for each tendon as
f‘ ¼ f‘;0 þ k‘Dd‘ ‘ ¼ 1; 2; . . . ;m ð9Þ
where k‘ = 1/(1/k0,j + 1/kj,j+1 + � � � + 1/kj+n�2,j+n�1), f‘,0, and Dd‘ are respectively the overall spring
constant, the initial pretension, and the elongation of the ‘th tendon. Assembling these m equa-
tions in matrix form yields
f ¼ f0 þ KDD ð10Þ
where f0 = [f1,0, f2,0, . . ., fm,0]
T denotes the vector of initial pretension of tendons, and K denotes an

m · m diagonal matrix whose elements are the spring constants of tendons. Substituting Eq. (7)
into (10) to eliminate DD, and then into Eq. (8), we obtain
s ¼ ATKx� ATKAH ð11aÞ
More specifically, for the case of the number of tendon exceeding the number of degrees of free-
dom, m > n and rank(A) = n, once x and s are given, the joint angles can be obtained as
H ¼ ðATKAÞ�1ATKx� ðATKAÞ�1s ð11bÞ

On the other hand, given joint angles H and joint torques s, the linear displacements of tendons is
given by
x ¼ AH þ ðATKÞþs þ Nk ð11cÞ

where (ATK)+ = (ATK)T[(ATK)(ATK)T]�1 is the pseudo-inverse of (ATK), N is an m · (m � n)
matrix with its column vectors spanning the null space of (ATK), and k is an arbitrary (m � n)-
dimensional vector. Note that the first term on the right-hand side of Eq. (11c) is the value con-
tributed by joint angles, the second term denotes the value contributed by joint torques, and the
third term gives the ratios of tendon displacements that result in neither net joint torques nor joint
angles.

4.1. Structure compliance

In case the mechanism is being held stationary, for example, at certain posture along the
planned trajectory, the actuators need to be held still and the displacements of tendons remain
fixed. Then, from Eq. (11a) the joint torques perturbed due to a small variation of joint angles
can be derived as
ds ¼ �ATKAdH ¼ �SdH ð12aÞ



734 S.-L. Chang et al. / Mechanism and Machine Theory 40 (2005) 728–739
or
dH ¼ �Cds ð12bÞ

where S = (ATKA) denotes the stiffness matrix and C = S�1 denotes the compliance matrix of the
system. The errors of the joint angles caused by the variation of joint torques can thus be calcu-
lated from Eq. (12b).
5. Dynamics and resonant frequency

The dynamics of a robot system is usually a very complicated subject. The dynamic character-
istics, such as frequency responses and mode shapes, are non-linear, configuration-dependent, and
complex to solve. However, for some applications, such as path planning for certain tasks, it is
necessary to rapidly move the end effector of a robot along the desired trajectory. By examining
the dynamic characteristics of the model, it is possible to predict how a robotic system will behave.
Thus, fast calculation, which is usually performed by the local linearization along its trajectory, of
the dynamic model is important for real-time control of the robot system. The dynamic equations
of an articulated robotic system can be written as
€H ¼ Gð _H;H; sÞ ð13Þ
where H is the n · 1 vector of joint angles. Representing the dynamic equations in state-variable
form yields
_y ¼ F ðyÞ þ HðyÞ ð14Þ

where y = [y1,y2, . . .,y2n]

T is a 2n · 1 state vector whose elements are defined as
½y2j�1; y2j	 ¼ ½hj; _hj	 ðj ¼ 1; 2; . . . ; nÞ
and F and H are 2n · 1 and 2n · n matrices, respectively. Note that H and y can be further
expressed as
H ¼ Uy ð15Þ

where U = [uij] is an n · 2n matrix whose elements are given by
uij ¼
1 for j ¼ 2i� 1
0 otherwise

�

Substituting Eqs. (11a) and (15) into (14), yields
_y ¼ F ðyÞ � HðyÞATKAUyþ HðyÞATKx ð16Þ

Now consider the system is operated at the vicinity of a specific position where the tendon dis-
placements x = x
 and joint angles H = H
. The variations of tendon elongation with respect to
the specific position can be neglected due to the small scale. Thus, writing Eq. (7) at this specific
position gives
x
 ¼ AUy
 ð17aÞ
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Also, the state can be changed from y to the new equilibrium point of this system as [15]
z ¼ y� y
 ð17bÞ
By substituting Eqs. (17a) and (17b) into (16), we have
_z ¼ F ðzþ y
Þ � Hðzþ y
ÞATKAUz ð18Þ

The above equation can be further linearized as
_Z ¼ Lz ð19aÞ

where
L ¼ o½F ðzþ y
Þ � Hðzþ y
ÞATKAUz	z¼0=oz ð19bÞ
or
L ¼ oF ðy
Þ=oy � Hðy
ÞATKAU ð19cÞ

The resonant frequencies and mode shapes can be obtained by calculating the eigenvalues and
eigenvectors of the linearized system matrix L. These values can thus provide us a fast estimate
of the dynamic behaviors of the system.

5.1. Example

To illustrate the generalization of the principle, a two-DOF tendon-driven device is used to
demonstrate the process. Fig. 3 shows the two-jointed, four link robotic mechanism driven by
three open-ended tendons. The tendons are spooled to the actuators located at the base link 0.
In this system, each tendon is flexible and a certain spring constant is assumed for each segment
of tendon between two intermediate pulleys. The dynamic equations for the mechanism have been
derived in [11] and are listed in appendix for convenience. If the moment of inertias of pulleys 3
and 4 are neglected, the dynamic equations of the system can be reduced to
� r3f1 � r4f2 þ r1f3

¼ s1;0 ¼ I1€h1;0 þ I2ð€h1;0 þ €h2;1Þ � a21ðm1 þ m2Þ€h1;0 � m1b
2
1
€h1;0 � m2ða2 � b2Þ

� ½a1ðSinh2;1 _h
2

1;0 þ Cosh2;1€h1;0Þ þ ða2 � b2Þð€h1;0 þ €h2;1Þ	 þ a1f2m1b1€h1;0 þ m2ða2 � b2Þ
� ½Sinh2;1ð _h1;0 þ _h2;1Þ2 � Cosh2;1ð€h1;0 þ €h2;1Þ	g ð20aÞ

r2f1 � r2f2 ¼ s2;1

¼ m2ða2 � b2Þ½a1ðSinh2;1 _h
2

1;0 þ Cosh2;1€h1;0Þ þ ða2 � b2Þð€h1;0 þ €h2;1Þ	 þ I2ð€h1;0 þ €h2;1Þ ð20bÞ
where I1 and I2 are the moment of inertia about the center of gravity, and m1 and m2 are the
masses of link 1 and 2. Arranging the above equations in matrix form yields
ATf ¼ s ð20cÞ� �

where f = [f1, f2, f3]

T and AT ¼ �r3 �r4 r1
r2 �r2 0

.



Fig. 3. (a) A robotic manipulator driven by flexible tendons and (b) kinematics of (a).
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Thus, the stiffness of the system is given by Eq. (12a)
S ¼ ðATKAÞ ¼
r23k1 þ r24k2 þ r21k3 �r2r3k1 þ r2r4k2
�r2r3k1 þ r2r4k2 r22k1 þ r22k2

" #
while the compliance C is the inverse of S.
5.2. Resonant frequencies

Representing the dynamic equations in state-space form, yields
_y ¼ F ðyÞ þ HðyÞs ð21aÞ
where y ¼ ½y1; y2; y3; y4	
T ¼ ½h1;0; _h1;0; h2;1; _h2;1	T; s ¼ ½s1;0; s2;1	T,
F ðyÞ ¼

y2

p1y
2
2 þ p2y

2
4 þ p3y2y4

y4

q1y
2
2 þ q2y

2
4 þ q3y2y4

2
666664

3
777775 ð21bÞ
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HðyÞ ¼

0 0

p4 p5
0 0

q4 q5

2
6664

3
7775 ð21cÞ
and where

p1 = [e1(J2 + e1Cosh2,1)Sinh2,1]/e2,
p2 = (e1J2Sinh2,1)/e2,
p3 = (2e1J2Sinh2,1)/e2,
p4 = J2/e2,
p5 = �(J2 + e1Cosh2,1)/e2,
q1 ¼ �½e1ðJ 1 þ J 2 þ 2e1Cosh2;1 þ m2a21ÞSinh2;1	=e2,
q2 = �[e1(J2 + e1Cosh2,1)Sinh2,1]/e2,
q3 = �[2e1(J2 + e1Cosh2,1)Sinh2,1]/e2,
q4 = �(J2 + e1Cosh2,1)/e2,

and q5 ¼ ðJ 1 þ J 2 þ 2e1Cosh2;1 þ m2a21Þ=e2, and where e1 = m2a1(a2 � b2), e2 ¼ J 1J 2� n2Cos2h2;1þ
J 2m2a21, and J1, J2 are respectively the moment of inertia about its preceding joint pivot of links 1
and 2. Upon substitution of Eqs. (21b) and (21c) into (19b), we obtain
L ¼

0 1 0 0

0 2p1y2 þ p3y4 y22
op1
oh2;1

þ y24
op2
oh2;1

þ y2y4
op3
oh2;1

2p2y4 þ p3y2

0 0 0 1

0 2q1y2 þ q3y4 y22
oq1
oh2;1

þ y24
oq2
oh2;1

þ y2y4
oq3
oh2;1

2q2y4 þ q3y2

2
6666664

3
7777775

�

0 0 0 0

p4s11 þ p5s21 0 p4s12 þ p5s22 0

0 0 0 0

q4s11 þ q5s21 0 q4s12 þ q5s22 0

2
666664

3
777775 ð22Þ
where s11 ¼ k2r24 þ k1r23 þ k3r21, s12 = k2r4r2 � k1r3r2, s21 = s12, and s22 ¼ k2r22 þ k1r22. By letting
y1 = h1,0, y2 ¼ _h1;0 ¼ 0, y3 = h2,1, and y4 ¼ _h2;1 ¼ 0 for the equilibrium position, the equations
of motion can be reduced to
€h1;0
€h2;1

" #
¼ �

p4s11 þ p5s21 p4s12 þ p5s22
q4s11 þ q5s21 q4s12 þ q5s22

� �
h1;0
h2;1

� �
ð23Þ
Thus, the square roots of the eigenvalues of the matrix are the resonant frequencies of this system,
and its corresponding eigenvectors are the mode shapes of the structure.
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6. Conclusion

A systematic methodology for the kinematic and compliance analysis of tendon-driven robotic
manipulator with compliant tendons has been developed. The displacement equation of tendons is
established via the concept of fundamental circuit. A relationship between joint torque and ten-
don elongation are established and the compliance of the tendon-driven system is derived.
Dynamic equations associated with the resonant frequencies and mode shapes of the system
are investigated through local linearization of the equations of motion. An example is presented
to illustrate the procedure of obtaining the compliance and resonant frequencies. The results pre-
sented in this work are helpful in the expeditious evaluation of the compliance as well as dynamic
characteristics of tendon-driven robotic systems with flexible tendons.
Appendix A

For the four-link system shown in Fig. 3, the equations of motion are
I2ð€h1;0 þ €h2;1Þ ¼ �m2ða2 � b2Þ½a1ðSinh2;1 _h
2

1;0 þ Cosh2;1€h1;0Þ þ ða2 � b2Þð€h1;0 þ €h2;1Þ	
þ r2ðf2;3 � f2;4Þ ðA:1Þ

I3€h3;0 ¼ r3ðf3;2 � f1Þ ðA:2Þ

I4€h4;0 ¼ r4ðf4;2 � f2Þ ðA:3Þ

I1€h1;0 ¼ �ðr2 þ r3Þf2;3 þ ðr2 � r4Þf2;4 þ r1f3 � a21ðm1 þ m2Þ€h1;0 � m1b
2
1
€h1;0

þ a1f2m1b1€h1;0 þ m2ða2 � b2Þ½Sinh2;1ð _h1;0 þ _h2;1Þ2 � Cosh2;1ð€h1;0 þ €h2;1Þ	g ðA:4Þ
where fi,j is the tendon tension acting on link i by link j.
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