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Structural Synthesis of
Multi-Fingered Hands
The kinematic structure of a mechanical hand typically resembles the skeleton of a h
hand and it is usually designed to emulate a subset of the functions of a human hand
paper analyzes the structural characteristics associated with the functional requirem
of a mechanical hand. Using the mobility criterion and force closure concept, const
equations for structural synthesis of multi-fingered mechanical hands are derived. A
cedure for systematic enumeration of the kinematic structures of mechanical han
established. An atlas of feasible kinematic structures of multi-fingered hands hav
mobility number ranging from 3 to 6 and contact degrees of freedom ranging from 1
is developed. Further, two theorems concerning the structural characteristics of mec
cal hands are presented.@DOI: 10.1115/1.1467080#
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1 Introduction
The kinematic structure of a robotic manipulator generally e

ploys a serial kinematic chain attached with an end-effector
gripper capable of simple gripping. The use of such structure
limited functions, e.g., unable to provide fine motion or for
control. To improve the dexterity and achieve fine manipulati
anthropomorphic hands with multiple fingers have been de
oped.

Most mechanical hands were designed to have a plurality
fingers, each with a number of joints, to emulate some of
functions of human hands@1#. In this way, the kinematic structur
of mechanical hands usually resembles the skeleton of a hu
hand. Several multi-fingered mechanical hands can be foun
the literature, to name a few, the mechanical hand develope
Skinner @2#, the multi-fingered hand designed by Okada@3#, the
Stanford/JPL hand~or Salisbury hand! @4#, the Utah-MIT hand
@5#, and the NTU-1 hand by National Taiwan University@6#.
However, most of these mechanical hands were constructed b
designers’ intuition or by emulating grasping patterns of hum
hands. Relatively few articles dealing with the structure synthe
of mechanical hands can be found in the literature.

The structural synthesis of mechanical hands involves a de
mination of the number of fingers, number of links and joints
each finger, and the types of contact between the finger an
object to be manipulated. Salisbury and Roth@7# performed a
structural synthesis of hand mechanisms having up to three
gers. Then they developed a three-fingered hand with three jo
on each finger@8#. Except for this, not much literature dealin
with the design of multi-fingered hands from the kinematic str
ture point of view can be found.

A field that is closely related to the structural synthesis of mu
fingered hands is the structural kinematics of parallel manip
tors. However, there is a distinct difference between the two.
shown in Fig. 1~a! and ~b!, the kinematic pairs formed betwee
the fingers and a grasped object in a multi-fingered hand are
damentally different from that formed between the legs and
end-effector of a parallel manipulator. An object is said to
under force closure if the constraints provided by a mechan
manipulator can resist only certain disturbance forces acting
the body, and it is said to be under form closure if it can res
arbitrary disturbance forces@9,10#. The grasp shown in Fig. 1~a! is
said to be under force closure, since each finger can only push
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not pull the object at the point of contact. A secured grasp depe
to a large extent on the directions and locations of the con
forces provided by the fingers. On the other hand, the end effe
shown in Fig. 1~b! is said to be under form closure, since th
constraints imposed on the end effector by the legs can re
arbitrary disturbance forces once a proper number of the joints
locked. A number of articles on the structural synthesis of para
manipulators can be found@11–14#. Hunt @12# applied the theory
of screw systems for type synthesis of parallel manipulators. T
@14# made a classification of the kinematic structures of para
manipulators. These works led us to a structure synthesis of
kinematic structure of multi-fingered hands.

First, the contact freedom between a finger and an objec
reviewed. Then, the mobility criterion and other constraint eq
tions related to the contact freedom, the number of joints and li
in a finger, and the number of fingers are established. A system
procedure for the enumeration of the kinematic structures is
veloped from which an atlas of feasible kinematic structures
multi-fingered mechanical hands is produced. Finally, two th
rems concerning the structure characteristics of mechanical h
are derived.

2 Contact Geometry
A rigid body without any constraint possesses six degrees

freedom ~DOF! in three-dimensional space. When the body
brought into contact with another rigid body, the motion of t
body becomes somewhat restricted. The degree to which the
tion of the body is restricted depends on the nature of cont
including the pairing geometry, the frictional restraint, and t
location on which the contact is applied@4,11#. The relative DOF
between two contacting bodies, with or without frictional r
straint, can be summarized in Table 1. It can be seen that the
every possible physical pairing to generate contact degree
freedom from zero to five. This result will be used in the follow
ing sections for structural analysis.

3 Structural Characteristics

3.1 Assumptions. When a multi-fingered hand grasps a
object, it forms an equivalent closed-loop mechanism as show
Fig. 1(a). The following assumptions are made:

• The contact between the mechanical hand and an object o
at the distal link of all fingers.

• All contact geometries are of the same type.
• All joints are one-DOF joints.
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3.2 Mobility Equation. Let F be the mobility of a hand-
object system,n the number of the fingers,mi the number of links
which is equal to the number of the joints in thei th finger, andf
the contact DOF between the finger and an object. Then, the
number of links in the hand-object system, including the obj
but not the fixed base, is equal to (21( i 51

n mi21), the number of
constraints imposed by the joints in all fingers is equal
5( i 51

n mi , and the number of constraints imposed by the con
points is equal ton(62 f ). Hence, the mobility of the resulting
hand-object system is given by

F56S S 21(
i 51

n

mi D 21D 2S 5(
i 51

n

mi1n~62 f !D . (1)

After simplification, Eq.~1! can be written as

F561(
i 51

n

mi2n~62 f !. (2)

Fig. 1 A mechanical hand and a parallel manipulator: „a… me-
chanical hand; „b… parallel manipulator

Table 1 Contact degrees of freedom versus contact geometry.

Type of Contact Point Line Plane Soft finger@4#

Without Friction 5 4 3 2
With Friction 3 1 0 -
Journal of Mechanical Design
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Equation ~2! is useful for calculating the mobility of a system
formed by a mechanical hand and an object.

For a mechanical hand-object system withF degrees of free-
dom, generally onlyF variables in the system can be controlle
independently. For direct kinematics, onlyF joint angles in the
fingers can be controlled independently and the remaining j
angles are determined by the constraints imposed by the joints
contact points. For the inverse kinematics, onlyF parameters as-
sociated with the position and orientation of the grasped ob
can be specified independently. In this regard, the mobility nu
ber serves as a criterion for dexterous manipulation. The m
dexterity a mechanical hand is desired, the greater the mob
number is needed. Yet, the converse statement does not nece
ily hold as will be discussed later.

Using Eq.~2!, the number of fingers,n, and the number of links
~and joints!, mi , for each finger can be determined as functions
the mobility number,F, and the contact degrees of freedom,f . It
is possible to find for all the combinations by an exhaustive sea
of the design parameters. However, it would be more efficien
additional constraints can be developed prior to the search.

3.3 Number of Fingers. Equation~2! provides only a crite-
rion for counting the mobility of a mechanical hand-object sy
tem. However, it is not a sufficient condition for predictin
whether a grasped object can be manipulated as desired. To d
mine whether a mechanical hand can completely immobilize
object, one must further count the constraints exerted on the
ject by the fingers.

The concept of force closure of a mechanical system was
introduced by Reuleaux@9#. Reuleaux pointed out that at lea
four frictionless point contacts are required to completely imm
bilize an object in two-dimensional space. Somov@15# and later
Lakshminarayana@10# showed that at least seven frictionless co
tact points are required to immobilize an object in thre
dimensional space. Recently, Rimon and Burdick@16# and
Yoshikawa@17# showed that an object of special geometry can
immobilized by a number of contacts that is fewer than that p
dicted by Reuleaux, Somov, and Lakshminarayana. The resul
Reuleaux and Lakshminarayana can be interpreted by the th
of screws. Each constraint provided by a contact can be viewe
a wrench vector exerted on the body. It is well known that
n-dimensional vector space requires at least n11 vectors to form a
closure @18#. Since a rigid body has six degrees of freedom
space, at least seven wrenches are needed to completely imm
lize an object. Hence, we require the total number of constrai
including frictional constraints, imposed on the object by all fi
gers to be at least equal to 7. Assuming that each finger co
in contact with the object at only one point andf is the degrees
of freedom at the point of contact, the above statement can
written as

n~62 f !>7, (3)

Solving Eq.~3! for n, we obtain

n>7/~62 f !. (4)

Given the type of contact,f , Eq. ~4! establishes the lowe
bound for the number of fingers needed in a mechanical han
grasp an object securely in space. Solving Eq.~4! yields the mini-
mum number of fingers as a function of the contact degrees
freedom as listed in Table 2.

The actual number of fingers on a hand is often determi
from practical point of view. In this paper, we limit ourselves

Table 2 Minimum number of fingers as a function of contact
degrees of freedom.

f 1 2 3 4 5
nmin 2 2 3 4 7
JUNE 2002, Vol. 124 Õ 273
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those kinematic structures having at least 3 and no more th
fingers, since it is trivial to study a mechanical hand with only o
or two fingers and too complex for a mechanical hand with m
than 7 fingers. Thus, we artificially impose the condition:

7>n>3. (5)

In this regard, the upper bound on the number of fingers is alw
equal to 7 whereas the lower bound is equal to 3 ornmin listed in
Table 2 whichever is larger.

3.4 Number of Joints in a Finger. The connectivity,Ci , of
a finger is defined as the sum of the degrees of freedom in al
joints, including the contact point, of the finger. Specifically,

Ci5mi1 f . (6)

For a mechanical system with an overall mobilityF, the end
effector may not necessarily possessF degrees of freedom. Fo
example, if the contact degree of freedom is equal to 1 and all
joints in the two-fingered hand shown in Fig. 2 are 1-DOF join
the overall hand-object system has 6 degrees of freedom. H
ever, the object cannot be manipulated freely in 3-dimensio
space because its motion is constrained by the left finger of c
nectivity 5. Hence, it is necessary to provide each finger wit
sufficient connectivity number such that the object can be man
lated as desired.

It is obvious that for a grasped object to be manipulated w
F-DOF motion the connectivity of each finger must be at le
equal toF. Furthermore, the connectivity should not exceed 6
avoid redundancy in connectivity@14#. Hence, we impose the fol
lowing condition:

6>Ci>F. (7)

Substituting Eq.~6! into ~7! and after rearrangement, we obtain

62 f >mi>F2 f . (8)

Equation ~8! determines the lower and upper bounds on
number of joints~and links! required for each finger as a functio
of the mobility number and contact degrees of freedom. In g
eral, the desired mobility of a grasped object is determined b
given application. This is equivalent to a product specification
the conceptual design phase of a machine. In this paper, we
ourselves to

6>F>3. (9)

Fig. 2 A 6-DOF hand-object system for which the object can-
not possess 6-DOF motion
274 Õ Vol. 124, JUNE 2002
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4 Structural Synthesis
The kinematic structure of a mechanical hand should satisfy

conditions imposed by Eqs.~2!, ~4!, ~5!, and ~8!. Using these
equations, a systematic procedure can be developed for the
meration of feasible kinematic structures of multi-fingered han
In the following, we use a three-DOF system to illustrate t
procedure.

Step 1.Determine the mobility number,F, for the hand-object
systems of interest. In this example, we letF53.

Step 2.Select a contact type. Depending on the type of cont
the contact degrees of freedom,f , can assume the values of 1 to
as outlined in Table 1.

Step 3.Determine the lower bound on the number of fingers
applying Eqs.~4! and~5!. For example, givenF53 andf 51, we
obtainnmin52 from Eq. ~4! or Table 2. However, we letnmin53
due to the condition imposed by Eq.~5!. According to Eq.~5!, the
upper bound is always equal to 7.

Step 4.For a given number of fingers,n, determine the numbe
of joints ~and links!, mi , in each finger by solving Eq.~2! subject
to the constraint imposed by Eq.~8!. For example, forF53, f
51, andn53, Eqs.~2! and ~8! reduce to

m11m21m3512, (10)

5>mi>2. (11)

Therefore, we can solve Eq.~10! for positive integers ofmi by
varying the values ofmi ’ s from 2 to 5. A simplenested do-loop
program can be written to find all the solutions ofmi ’ s. Without
loss of generality, we add the condition thatm1<m2<m3 . As a
result, we obtain three feasible solutions: (m1 ,m2 ,m3)5(2,5,5),
~3, 4, 5!, and~4, 4, 4!.

Step 5. Repeat Step 4 for a different value ofn until all the
feasible values ofn that fall between the lower and upper boun
are accounted for.

Step 6.Repeat Step 2 for a different type of contact,f , until all
the possible types of contact are exhausted.

Step. 7.Repeat Step 1 for a different mobility number.
Using the above procedure, all feasible structures of mu

fingered hands with the mobility number ranging from 3 to 6 a
the contact degrees of freedom ranging from 1 to 5 have b
enumerated. Table 3 shows the feasible kinematic structures
function of the mobility number,F, contact degrees of freedom
f , and number of fingers,n.

We noted that the kinematic structure of the MIP2 gripper@19#
is given by (m1 ,m2 ,m3 ,m4 ,m5 ,m6 ,m7)5(1,1,1,1,1,1,1). As-
suming that all contact points are frictionless,f 55, then the re-
sulting hand-object system will possess six degrees of freed
Similarly, the kinematic structure of Salisbury’s hand@4# is given
by (m1 ,m2 ,m3)5(3,3,3). Therefore, if all three fingers are i
contact with an object at appropriate locations with friction,f
53, the resulting hand-object system will also possess six deg
of freedom. However, if the fingers are soft,f 52, the resulting
hand-object system will have only three degrees of freedom.
kinematic structure of the NTU hand@6# is given by
(m1 ,m2 ,m3 ,m4 ,m5)5(3,3,3,4,4). Hence, if all fingers are i
contact with an object with friction,f 53, the resulting hand-
object system will possess six degrees of freedom with some
dundancy in connectivity. On the other hand, if the fingers
soft, f 52, the resulting hand-object system will possess o
three degrees of freedom.

5 Symmetrical Structural Topology
A mechanical hand is said to be symmetrical if all the finge

share the same structural topology. Specifically, the contact
grees of freedom, the number of joints, and the number of li
are the same for all fingers@14#. Feasible mechanical hands wit
symmetrical finger topology are already included in Table 3. It c
be seen that symmetrical hands exist only for those mechan
Transactions of the ASME
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Table 3 Feasible kinematic structures of mechanical hands.

Mobility, F
Contact

freedom, f

Feasible kinematic structures of multi-fingered hands,~m1 , m2 , ..!

n53 n54 n55 n56 n57

3 1 ~2,5,5! ~2,5,5,5! ~2,5,5,5,5! ~2,5,5,5,5,5! ~2,5,5,5,5,5,5!
~3,4,5! ~3,4,5,5! ~3,4,5,5,5! ~3,4,5,5,5,5! ~3,4,5,5,5,5,5!
~4,4,4! ~4,4,4,5! ~4,4,4,5,5! ~4,4,4,5,5,5! ~4,4,4,5,5,5,5!

2 ~1,4,4! ~1,4,4,4! ~1,4,4,4,4! ~1,4,4,4,4,4! ~1,4,4,4,4,4,4!
~2,3,4! ~2,3,4,4! ~2,3,4,4,4! ~2,3,4,4,4,4! ~2,3,4,4,4,4,4!
~3,3,3! ~3,3,3,4! ~3,3,3,4,4! ~3,3,3,4,4,4! ~3,3,3,4,4,4,4!

3 ~1,2,3! ~1,2,3,3! ~1,2,3,3,3! ~1,2,3,3,3,3! ~1,2,3,3,3,3,3!
~2,2,2! ~2,2,2,3! ~2,2,2,3,3! ~2,2,2,3,3,3! ~2,2,2,3,3,3,3!

4 - ~1,1,1,2! ~1,1,1,2,2! ~1,1,1,2,2,2! ~1,1,1,2,2,2,2!
5 - - - - -

4 1 ~3,5,5! ~3,5,5,5! ~3,5,5,5,5! ~3,5,5,5,5,5! ~3,5,5,5,5,5,5!
~4,4,5! ~4,4,5,5! ~4,4,5,5,5! ~4,4,5,5,5,5! ~4,4,5,5,5,5,5!

2 ~2,4,4! ~2,4,4,4! ~2,4,4,4,4! ~2,4,4,4,4,4! ~2,4,4,4,4,4,4!
~3,3,4! ~3,3,4,4! ~3,3,4,4,4! ~3,3,4,4,4,4! ~3,3,4,4,4,4,4!

3 ~1,3,3! ~1,3,3,3! ~1,3,3,3,3! ~1,3,3,3,3,3! ~1,3,3,3,3,3,3!
~2,2,3! ~2,2,3,3! ~2,2,3,3,3! ~2,2,3,3,3,3! ~2,2,3,3,3,3,3!

4 - ~1,1,2,2! ~1,1,2,2,2! ~1,1,2,2,2,2! ~1,1,2,2,2,2,2!
5 - - - - -

5 1 ~4,5,5! ~4,5,5,5! ~4,5,5,5,5! ~4,5,5,5,5,5! ~4,5,5,5,5,5,5!
2 ~3,4,4! ~3,4,4,4! ~3,4,4,4,4! ~3,4,4,4,4,4! ~3,4,4,4,4,4,4!
3 ~2,3,3! ~2,3,3,3! ~2,3,3,3,3! ~2,3,3,3,3,3! ~2,3,3,3,3,3,3!
4 - ~1,2,2,2! ~1,2,2,2,2! ~1,2,2,2,2,2! ~1,2,2,2,2,2,2!
5 - - - - -

6 1 ~5,5,5! ~5,5,5,5! ~5,5,5,5,5! ~5,5,5,5,5,5! ~5,5,5,5,5,5,5!
2 ~4,4,4! ~4,4,4,4! ~4,4,4,4,4! ~4,4,4,4,4,4! ~4,4,4,4,4,4,4!
3 ~3,3,3! ~3,3,3,3! ~3,3,3,3,3! ~3,3,3,3,3,3! ~3,3,3,3,3,3,3!
4 - ~2,2,2,2! ~2,2,2,2,2! ~2,2,2,2,2,2! ~2,2,2,2,2,2,2!
5 - - - - ~1,1,1,1,1,1,1!
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having 3 or 6 degrees of freedom of dexterity. We note that all
6-DOF mechanical hands are symmetrical. This fact can
proved as follows.

Let m be the number of links~and joints! andC the connectiv-
ity of a finger. Replacing eachmi in Eq. ~2! by m and making use
of Eq. ~6!, we obtain

F561n~C26!. (12)

SubstitutingF56 into Eq.~12!, we obtain

n~C26!50. (13)

Sincen is a positive integer, the only non-trivial solution to E
~13! is C56, regardless of the number of fingers. This leads to
following theorems.

Theorem 1: Adding or removing a finger of connectivity 6 to
mechanical hand has no effect on the mobility of the result
hand-object system.

Proof: Assume that a finger with the same contact degree
freedom is added onto a mechanical hand withn fingers. Applying
Eq. ~2!, the mobility of the resulting mechanism is given by

F9561(
i 51

n11

mi2~n11!~62 f !. (14)

Subtracting Eq.~14! from ~2! and after simplification, we obtain

F95F261~mn111 f !5F2~62Cn11!. (15)

It can be concluded that, in general, the addition of a finger
duces the mobility of the resulting hand-object system by
2Cn11). However, if a finger with a connectivity ofC56 is
added to the hand, Eq.~15! givesF85F. Therefore, the addition
of a finger withC56 does not change the mobility of the resu
ing hand-object system.

Likewise, the mobility of a hand-object system after removin
finger is given by

F8561(
i 51

n21

mi2~n21!~62 f !. (16)

Subtracting Eq.~16! from ~2! and after simplification, we obtain
Journal of Mechanical Design
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F95F162~mn1 f !5F1~62Cn!. (17)

Hence, the removal of a finger increases the mobility of the
sulting hand-object system by (62Cn). However, if a finger with
C56 is removed, Eq.~17! gives preciselyF95F. This completes
the proof of Theorem 1.

Theorem 2: For a 6-DOF mechanical hand, all fingers mus
have a connectivity of 6 and, therefore, is symmetrical.

Proof: we prove this by deduction. It is obvious that the kin
matic structure for a one-finger system of mobility 6 is a finger
connectivity of C56. According to Theorem 1, adding aC56
finger to the one-finger system does not affect the mobility of
resulting two-finger system. Hence, starting from a one-fin
hand of mobility 6, it is necessary to add a finger of identic
structural topology to form a two-finger hand. Similarly, a thre
finger hand is obtained by adding a third finger of identical str
tural topology, and so on.

6 Conclusion
The structural characteristics of mechanical hands have b

investigated. Using these characteristics, a systematic proce
for the enumeration of the kinematic structures of mechan
hands is established. An atlas of feasible kinematic structure
mechanical hands having a mobility number ranging from 3 t
and contact degrees of freedom ranging from 1 to 5 is develop
Finally, two theorems related the structural characteristics of m
chanical hands are derived. This work may be helpful for
design of mechanical hands during the conceptual design ph

Nomenclature

C 5 connectivity of a finger in a symmetrical hand
Ci 5 connectivity of thei th finger
F 5 mobility of a hand-object system
f 5 contact freedom between a finger and an object

m 5 number of joints~and links! in a finger of a symmetrical
hand

mi 5 number of joints~and links! in the i th finger
n 5 number of the fingers
JUNE 2002, Vol. 124 Õ 275
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