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Abstract
In this paper, we present a nonlinear heat-transfer macromodeling technique
using the trajectory piecewise-linear model-order-reduction (TPWLMOR)
method. A 3D nonlinear heat-transfer model, which is capable of
accounting for the temperature-dependent material properties as well as the
radiation effect, is implemented using the finite-difference method (FDM).
The numerical models generated by the FDM are reduced into compact
models using the TPWLMOR technique, which is based on the concept of a
piecewise-linear approximation and an Arnoldi-based model-order-
reduction (MOR) algorithm. Nonlinear macromodeling case studies of
different MEMS thermal devices are demonstrated using the TPWLMOR
technique. The calculated steady and transient characteristics of the thermal
devices are discussed. In terms of computational cost, the TPWLMOR
models are at least 2 orders of magnitude faster than the original nonlinear
full-meshed models with a negligible compromise in accuracy. The
simulated results by the TPWLMOR models are also verified with the
experimentally measured results.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

There are many MEMS devices employing thermal actuating
or sensing mechanisms [1–4]. In order to perform system-level
dynamical analyses or closed-loop control for those devices,
compact and accurate thermal models are required [5]. The
lumped-element method is the most straightforward approach
to create thermal compact models [5, 6]. When using the
lumped-element approach, the device has to be partitioned
into a few smaller parts which have simple geometrical shapes.
For each partitioned part, the heat capacity is approximated as
a lumped heat capacity (Cth), and the energy transportation
mechanisms, such as conduction, convection and radiation
effects, are approximated as lumped heat resistors (Rth). By
appropriately assembling the lumped elements of each part,
the overall heat-transfer model of the original system can be
built. The lumped-element approach is quite efficient for the
devices with simple geometries, but its accuracy decreases
significantly as the geometries of devices are very complex.

Therefore, the works published in [7] and [8] propose
the methodologies of generating linear heat-transfer reduced-

order models (macromodels) from complex three-dimensional
(3D) FDM/FEM solid models based on an Arnoldi-based
model-order-reduction (MOR) technique [9, 10]. Since the
macromodels are reduced from the original 3D solid model
of the system, potentially they are not only as efficient as the
reduced models built by the lumped-element approach, but
are also capable of capturing the geometric characteristics
which the lumped-element approach lacks. However, these
methodologies are not capable of accounting for the nonlinear
effects due to material properties as well as radiation. Therefore,
the compact models generated by these methodologies become
inaccurate as nonlinear effects are noticeable.

For nonlinear macromodeling, the Karhunen–Loeve/
Galerkin approaches [11, 12] are based on the basis functions
extracted from an ensemble of snapshots of the physical fields
(e.g., pressure distribution or temperature distribution) under
prescribed actuation conditions, and have been proved to be
very efficient and accurate for modeling nonlinear systems.
However, it requires very expensive training FEM/FDM
runs to provide enough snapshot data for extracting basis
functions.
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In this work, we present an approach to create nonlinear
heat-transfer macromodels from 3D FDM/FEM solid models
using the trajectory piecewise-linear model-order-reduction
(TPWLMOR) technique [13, 14]. The TPWLMOR technique
is based on an Arnoldi-based model-order-reduction (MOR)
algorithm and the concept of piecewise-linear approximation.
The MOR technique is used to find the linearization points
and to reduce full-meshed models into linearized compact
models. The piecewise-linear approximation, on the other
hand, is used to build the nonlinear compact models which
mimic the behavior of the original nonlinear system based
on the weighted combination of the linearized full-meshed
models at different linearization points. We also consider
the air conduction effect and the conduction shape factor to
account for the heat conduction from suspended structures
to the substrate. Verification with experimentally measured
results for different nonlinear thermal devices will also be
presented and discussed.

This paper is organized as follows. The governing
equations for nonlinear heat-transfer effect are described in
section 2. The algorithm of TPWLMOR is presented in
section 3. In section 4, two simulated cases of nonlinear
thermal MEMS devices are presented. The comparisons
between the results by the linear full-meshed model, the
nonlinear full-meshed model and the TPWLMOR models
are demonstrated and discussed. The verifications with
experimentally measured results are also provided in this
section. Finally, section 5 concludes this paper.

2. Heat-transfer governing equations

The governing equation for transient heat-transfer problems is
the so-called heat equation (Fourier’s equation) [15], as shown
below:

1

ρC
∇ · (kp(T )∇T ) +

1

ρC
g(

⇀

r, t) = ∂T

∂t
Region R, t > 0

(1)

where g(
⇀

r, t) is the volume heat generation at position
⇀

r and
at time t. Table 1 describes all the variables and the material
properties used in this section.

If g(
⇀

r, t) is generated by the Joule heating effect, it can
be represented as

g(
⇀

r, t) = J 2ρr(T ) = J 2ρ0(1 + β(T − T0)). (2)

The boundary and initial conditions of equation (1) can be
represented as

ki(T )
∂T

∂ni

= Qconv + Qrad + Qcond Boundary Si, t � 0

(3)

T (
⇀

r, t) = F(
⇀

r) Region R, t = 0. (4)

In equation (3), Qconv, Qrad and Qcond are the heat flux into R
through Si . Qconv is the flux due to heat convection, Qrad is the
flux due to radiation and Qcond is the flux due to conduction.
These terms can be represented as follows:

Qconv = h(T0 − T ) (5)

Qrad = εσ
(
T 4

0 − T 4
)

(6)

Table 1. The variables used in the heat-transfer governing equations.

T Temperature vector
g(

⇀
r , t) Heat generation per unit volume

⇀
r Position vector
ρ Density
c Specific heat
kp(T ) Temperature-dependent thermal conductivity
R Computational domain
F(

⇀
r ) Initial temperature distribution

J Current density
ρr(T ) Temperature-dependent resistivity
ρ0 Resistivity at ambient temperature
T0 Ambient temperature
β Temperature coefficient of resistivity
Si Boundary of computational domain
ki Thermal conductivity on the ith boundary
ni Normal vector on the boundary
h Convection coefficient
Qconv Heat flux flow into computational domain due to

heat convection
Qrad Heat flux flow into computational domain due to radiation
Qcond Heat flux flow into computational domain due to

conduction from device to substrate
S Shape factor
σ Stephan–Boltzmann constant
ε Emissivity
Rthermal Thermal resistance
l Height of the device
w Width of the device
lair Height of air gap between device and substrate
kair(T ) Temperature-dependent thermal conductivity of air
ln Height of Si3Ni4 layer
kn Thermal conductivity of Si3Ni4

ls Height of the substrate
ks Thermal conductivity of substrate
Ay Area of the surfaces facing the substrate

Qcond = S

Rthermal
(T0 − T ). (7)

Note that heat conduction from the suspended structure to the
substrate through the air film between them is also considered
[16]. Equation (8) is the corresponding shape factor used in
equation (7) for more accurate modeling [17].

S = l

w

(
2lair

l
+ 1

)
+ 1. (8)

Also, in equation (7), the effective thermal resistance Rthermal,
which represents the heat path from suspended structures to
the substrate, is written as three thermal resistances connected
in series.

Rthermal = lair

kair(T )Ay

+
ln

knAy

+
ls

ksAy

. (9)

The governing equation (equation (1)) can be approximated
using either the finite-element method or the finite-difference
method [15]. In this work, we develop a 3D transient
heat-transfer solver using the finite-difference-based spatial
discretization on the governing equation.

3. Trajectory piecewise-linear model order
reduction

Although the 3D FDM heat-transfer solver is capable of
calculating transient behaviors for 3D geometries with various
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boundary and volume conditions, the computational cost
will be very expensive if the 3D thermal computational
domain is very complex. Furthermore, the temperature-
dependent material properties, such as thermal conductivities
and electric resistivities of the structural layers and the air,
make the governing equation exhibit nonlinear behavior.
Although the model-order-reduction techniques proposed in
[7, 8] can effectively generate efficient macromodels, they
only guarantee to be accurate for the linear cases (material
properties are temperature independent, and the radiation
effect is not included), and therefore are not suitable to be
applied to the nonlinear cases directly.

In this work, we propose a nonlinear heat-transfer
modeling approach using the TPWLMOR technique. Before
discussing the complete procedure of simulating nonlinear
thermal systems using TPWLMOR models, we start with
the concept of approximating a nonlinear system using the
trajectory piecewise-linear (TPWL) technique.

3.1. Introduction of the trajectory piecewise-linear
approximation

After a finite-difference discretization, the nonlinear full-
meshed heat-transfer model (equation (1)) can be described
using the state-space approach:

dT (t)

dt
= f (T (t)) + B(T (t))u(t) (10)

where T (t) ∈ RN is the vector of states (temperature
distribution) at time t, N is the number of state variables,
f : RN → RN is a nonlinear vector-valued function, B(T (t))

is an input matrix and u(t) is an input signal.
The nonlinear function f (·) can be approximated using

Taylor’s expansion about a certain state Ti (i.e., the ith
linearization state).

f (T ) ≈ f (Ti) + Ai(T − Ti) (11)

where Ai is the Jacobian of f (T ) evaluated at T = Ti .
B(·) is simplified as

B(T ) ≈ B(Ti). (12)

After the linearization at the linearization point Ti , the
nonlinear full-meshed system (equation (10)) can be written
as a linear full-meshed model:

dT (t)

dt
= f (Ti) + Ai(T − Ti) + B(Ti)u(t). (13)

It is reasonable to assume that the linearized model is accurate
as long as the current state T is not far away from the
linearization point Ti (i.e., ‖T − Ti‖ < δ, where δ is a small
number). Therefore, it is possible to approximate the nonlinear
full-meshed system by combining a collection of the linear
full-meshed models at different linearization points. Given
s linearized full-meshed models of the nonlinear system (13)
which are expanded about states T0, T1, . . . , Ts−1

dT (t)

dt
= f (Ti) + Ai(T − Ti) + B(Ti)u(t),

i = 0, 1, . . . , s − 1 (14)

the nonlinear full-meshed system (10) can be approximated by
a weighted combination of linear full-meshed models.

dT

dt
=

i=s−1∑
i=0

ŵi(T )(f (Ti) + Ai(T − Ti) + B(Ti)u(t))

×
i=s−1∑
i=0

ŵi(T ) = 1 (15)

where ŵi(T ) is a normalized vector of state-dependent
weights, which will be described in detail later.

Equation (15) is also called the trajectory piecewise-
linear model (TPWL). Although equation (15) can represent
the original nonlinear system for a certain trajectory of
states, the system may be too large to be simulated simply
because it requires many linear full-meshed models with
different weightings at different states. In addition, generating
the linearization points T0, T1, . . . , Ts−1 usually requires a
complete run of the nonlinear full-meshed model, which is
also computationally expensive. In the following two sub-
sections, we will introduce a model-order-reduction (MOR)
procedure that will be used to create linearization points as
well as low-order models.

3.2. Generation of linearization points and order-reduction
bases

In this sub-section, we will describe the procedure of
efficiently obtaining linearization points, and the procedure
of constructing TPWL bases that will be used for creating
reduced-order models. Note that the input current of the
heat-transfer system is a function of t (i.e., J = J (t) and
u(t) ∝ J 2(t)), and that the temperature-dependent behavior
of the electric resistivity (see equation (2)) is modeled in the
B matrix of equation (10). The procedure is as follows:

1. Set i = 0.
2. Find the bases V1 and V2 :

the linearized model of the nonlinear system
(equation (10)) about state Ti can be obtained by
rearranging equation (14):

dT

dt
= AiT + (f (Ti) − AiTi) + B(Ti)u(t). (16)

Equation (16) can be considered as a linear system with
two inputs (i.e., u(t) and (f (Ti) − AiTi)), and therefore
can be reduced by the block Arnoldi algorithm [10]. The
corresponding bases V1 and V2 in the qth order Krylov
subspaces can be obtained by using

span{V1} = Kq

(
A−1

i , b1
)

= span
{
b1, A

−1
i b1, . . . , A

−(q−1)

i b1
}

(17)

where b1 = −A−1
i B(Ti)

span{V2} = Kq

(
A−1

i , b2
)

= span
{
b2, A

−1
i b2, . . . , A

−(q−1)

i b2
}
, (18)

where b2 = −A−1
i (f (Ti) − AiTi).

3. Find the orthonormal basis V̂i :
the orthonormal basis V̂i is obtained by taking the singular
value decomposition (SVD) of the union of V1, V2 and
Ti . It ensures that the reduced basis V̂i will be able to
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represent the characteristics of the state Ti . With V̂i , the
reduced-order system can be represented as

dTqi

dt
= AqiTqi + Dqi + Bqiu(t) (19)

where Aqi = V̂ T
i AiV̂i , Dqi = V̂ T

i (f (Ti) − AiTi), Bqi =
V̂ T

i B(Ti) and Tqi = V̂ T
i T .

4. If i = 0, find parameters for estimating linearization
points:
the linearized reduced-order dynamical system is
performed to find the steady-state states Tf and the steady-
state time ts . Although ts and Tf is not accurate when
compared with the results calculated by the original
nonlinear full-meshed model, they provide the
‘approximate’ information about the steady-state time ts ,
and the scale of changes between the initial and the final
states, as shown below:

d = ‖Tf − T0‖/‖T0‖. (20)

The time incremental value for each time step can be set as
�t = ts/s, where s is the number of linearization points.

5. Set tstart,i+1 = tstart,i + �t where tstart,0 = 0.

6. Simulate the reduced-order system until the next
linearization point is found:
Simulate the linear reduced-order dynamical system (19)
for subsequent tstart,i to tstart,i+1.

i. If ‖V̂iTqi(tstart,i+1) − Ti‖/‖Ti‖ < α, then Ti+1 =
V̂iTqi(tstart,i+1). Note that α is an appropriately
selected constant. For most cases, α = d/s is a
good choice.

ii. If ‖V̂iTqi(tstart,i+1) − Ti‖/‖Ti‖ > α, then {tstart,i+1 =
(tstart,i+1 + tstart,i )/2; return to step 6}.

7. Set i := i + 1; if (i < s – 1) return to step 2.

8. Set V = SVD (V̂0, V̂2, . . . , V̂s−1). Orthogonalize the
union of V̂0, V̂2, . . . , V̂s−1 using SVD and construct a new
basis V .

Note that since the typical ranks of Aqi , Dqi and Bqi

in equation (19) are very small, the computational cost for
simulating the transient responses of equation (19) is usually
trivial, so that the total cost of generating the basis V is
also trivial. Also note that the first q moments of the
transfer function of the reduced-order system in equation (19)
are the same as the first q moments of the transfer
function of the system in equation (14) [18]. Therefore,
equation (19) is potentially a good reduced model to
approximate the dynamic behavior of the system described
by equation (14) for each linearization point.

3.3. Generating the TPWLMOR model

In this sub-section, we will present the procedure of
constructing TPWLMOR models using the collection of
linearized full-meshed models (equation (15)) and the basis V

described in the previous sub-section. The procedure includes
two steps, and is described as follows.

1. Construct the TPWLMOR model:
the process of constructing the TPWLMOR model is
equivalent to replacing T with V Tr in equation (15).

dTr

dt
=

(
s−1∑
i=0

wi(Tr)Air

)
Tr + γ · w(Tr)

+

(
s−1∑
i=0

wi(Tr)Bir

)
u(t) (21)

where Air = V T AiV , Bir = V T Bi and γ =
[V T (f (T0) − A0T0), . . . , V

T (f (Ts−1) − As−1Ts−1)].
2. Compute the weighting at each time step during a transient

simulation.

i. For i = 0, . . . , (s − 1) compute di = ‖T − Ti‖2.

Note that the smaller the di , the smaller the distance
between T and Ti . Also, the distance between T and
Ti is equal to the distance between the orthonormal
projections of T and Ti , which is shown below:

‖Tr − V T Ti‖2 = ‖V T T − V T Ti‖2

= ((T − Ti)V
T V (T − Ti)) = ‖T − Ti‖2. (22)

ii. Take m = min
i=0,...,(s−1)

(di).

iii. For i = 0, . . . , (s − 1) compute w̃i = e−λdi/m. (23)
iv. Normalize w̃i .

For i = 0, . . . , (s − 1) set wi(Tr) = w̃i(Tr)∑s−1
j=0 w̃j (Tr)

.

These two steps are computed for each time step during the
time integration of a transient simulation. We use an implicit
scheme for the time integration. With the weighting wi(Tr)

calculated in step 2, equation (21) ensures that the TPWLMOR
model rapidly reduces to a certain linearized model for most
of the time. From our preliminary study, the suggested values
for λ (in equation 23) are about 20–25. Figure 1 summarizes
the macromodeling procedures described in this section.

4. TPWLMOR case studies

In this section, two examples of nonlinear MEMS heat-
transfer macromodeling using the TPWLMOR technique are
presented. The first example explores the characteristics
of a thermal flexure actuator [1]. The second example
demonstrates the temperature calculation for a thermal
in-plane microactuator [16]. The study of the accuracy versus
the orders of TPWLMOR models is also discussed.

4.1. Case study I: thermal flexure actuator

Figure 2 shows a CCD picture of a thermal actuator which
is fabricated by the multi-user MEMS process (MUMPS)
[19]. The detailed operational principle can be found in
[8]. Natural convection and radiation boundary conditions are
applied to the surfaces adjacent to the air. The temperature
of the interfaces between the anchors and the substrate is
fixed at 300 K. The dimensions of the thermal actuator are
tabulated in table 2. The thermal actuator is meshed into
2835 nodes.

The simulated results in this case study are calculated by
the following three different types of models:
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Figure 1. (a) The procedure of macromodeling the nonlinear heat-transfer problem using the TPWLMOR algorithm. (b) The procedure of
the TPWLMOR algorithm.

Lh 

Lc 

Lf 

W c 

Hot arm 

Cold arm Flexure 

Figure 2. A CCD picture of the thermal device analyzed and
measured in this work. The contact pads are on the right side of the
picture and are not completely shown.

Table 2. The dimensions of the thermal actuator.

Geometrical dimensions Length (µm)

Length of hot arm (Lh) 200
Width of hot arm (Wh) 3
Length of cold arm (Lc) 160
Width of cold arm (Wc) 16
Gap (g) 3
Length of flexure (Lf) 40
Width of flexure (Wf) 3
Thickness (t) 2

(1) Linear full-meshed models. In this type of model, all
the material properties are assumed to be constants (the
values at 300 K). The radiation effect is also neglected.
Note that this type of model is similar to the full-meshed
models used in [7, 8].

(2) Nonlinear full-meshed model. In this type of model, the
temperature-dependent material properties as well as the
radiation effects are considered.

Table 3. The material properties of the thermal actuator in the linear
full-meshed case.

ε Emissivity of polysilicon (=0.6) [20]
kn Thermal conductivity of Si3Ni4 (=2.25 W (m K)−1) [20]
kair Thermal conductivity of air (=0.027 64 W (m K)−1) [21]
ks Thermal conductivity of silicon (=150 W (m K)−1) [22]
c Specific heat of polysilicon (=705 J (kg K)−1) [17]
ρ Density of polysilicon (=2330 kg m−3) [23]
σ Stephan–Boltzmann constant (=5.67 × 10−8 W (m2 K4)−1)
T0 Ambient temperature (=300 K)
ρr Resistivity of polysilicon (=16.92 � µm)
kp Thermal conductivity of polysilicon (=54.04 W (m K)−1) [22]

(3) TPWLMOR models. The TPWLMOR models are
generated by reducing the nonlinear full-meshed models
using the TPWLMOR methodology presented in this
work.

The material properties for this case study are listed in
tables 3 and 4. Figure 3 shows the average temperatures
versus time for a 4.5 mA input calculated by different types
of models. The results calculated by the TPWLMOR model
follow the results of the nonlinear full-meshed model very
well. Figure 4 shows the mean square relative difference
(MSRD) for all nodes between the nonlinear full-meshed
model and the TPWLMOR models with various orders at
4.5 mA and s = 10. The MSRD is defined as

MSRD(t) =

√√√√∑n
j=1

( Tj (t)−T̂j (t)

Tj (t)

)2

n
(24)

where Tj (t) is the jth node temperature calculated by the
nonlinear full-meshed model over time, T̂j (t) = (V Tr(t))j is
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Figure 3. Comparison of the results by the nonlinear full-meshed
model, the linear full-meshed model and the TPWLMOR models
for the average temperature of the thermal actuator with an input
current of 4.5 mA.
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Figure 4. The MSRD between the full-meshed nonlinear model and
the TPWLMOR models with various orders at 4.5 mA and s = 10.

Table 4. The material properties of the thermal actuator in the
nonlinear full-meshed case and the TPWLMOR case.

kair Temperature-dependent conductivity of air (=9.97×
10−3 + 5.89 × 10−5T W (m K)−1) [21]

ρr(T ) Temperature-dependent resistivity of polysilicon (=ρ0[1 +
β(T − T0)], where ρ0 = 16.92 � µm and β = 1.25×
10−3 K−1) [24]

kp(T ) Temperature-dependent thermal conductivity of polysilicon
(=[(−2.2 × 10−11)T 3 + (9.0 × 10−8)T 2 + (−1.0×
10−5)T + 0.014]−1 W (m K)−1) [22]

Table 5. The performance comparison of the nonlinear full-meshed
model and the TPWLMOR models in the thermal actuator case
study.

Simulation time (s) Speed-up factor

Nonlinear full-meshed 45 603.79 1
TPWLMOR, s = 10, q = 3 155.56 293.16
TPWLMOR, s = 10, q = 5 182.32 250.13
TPWLMOR, s = 10, q = 10 367.00 124.26

the temperature of the jth node calculated by the TPWLMOR
model and n is the total number of nodes. For the TPWLMOR
model with s = 10 and q = 3, the MSRD is less than 0.3%.

Table 5 presents the comparison of the performance
between the nonlinear full-meshed model and the TPWLMOR
models with various orders. The results demonstrate that
the TPWLMOR models with an order equal to 3 (or greater
than 3, q � 3) give a 2 order-of-magnitude reduction in

Table 6. The generation times of the TPWLMOR models at 4.5 mA
for the thermal flexure actuator.

TPWLMOR parameters Model generation time (s)

s = 5, q = 3 8.22
s = 5, q = 5 13.25
s = 5, q = 10 27.58
s = 8, q = 3 12.36
s = 8, q = 5 20.5
s = 8, q = 10 42.21
s = 10, q = 3 15.36
s = 10, q = 5 25.63
s = 10, q = 10 52.84
s = 15, q = 3 24.51
s = 15, q = 5 39.42
s = 15, q = 10 82.48

computational times. All the simulations are performed using
a PC with a 2.8 GHz xeon CPU and 1024 MB RAM. The
TPWLMOR model-generation times (i.e., the computational
times required for the first two steps in figure 1(b)) for different
s and q are listed in table 6. These model-generation times are
insignificant compared with the computational times required
by the nonlinear full-meshed models and the TPWLMOR
models.

Figure 5 shows the simulated transient average
temperatures of the hot arm, the cold arm and the flexure when
an input current of 4.5 mA is applied. Compared with the
nonlinear models, the linear full-meshed model overpredicts
the temperatures. The deflection of the thermal actuator can be
evaluated by a thermomechanical closed-form model proposed
by [8, 20]. This approach of evaluating deflection works
rather well because the deformations of structure calculated
by the thermomechanical closed-form model rarely affect the
temperature solution originally calculated by electrothermal
solvers (i.e., weakly coupled problems). Since the closed-form
model for evaluating the deflection is lengthy and its derivation
is quite tedious, it is not described in this paper. Note that the
nonlinear thermomechanical effect (temperature dependence
of the thermal expansion coefficient) is also considered in [8].

The simulated transient responses of the tip deflection
at 4.5 mA are shown in figure 6. The deflection reaches a
maximum value at about 0.2 ms, and then slowly decreases to
a steady value. This interesting behavior arises from the fact
that the thermal time constant of the hot arm is shorter than that
of the cold arm, as shown in figure 5. The maximum deflection
occurs when the average temperature of the hot arm reaches
steady state (maximum). Then the deflection decreases slowly
since the average temperature of the cold arm is still increasing.
The deflection reaches a steady state as the average temperature
of the device becomes steady. The measured tip deflections
of the thermal actuator are also presented. Figure 7 shows the
tip displacements versus input currents from 1 mA to 4.5 mA.
The error bars represent 1 standard deviation. The measured
and the calculated results are in good agreement. Table 7 lists
the simulated deflections by various models at different input
currents.

In order to study the transient characteristics of the device,
we measure the transient voltages of the thermal actuator under
constant current inputs. A step current is applied to the actuator
by using a source meter (Keithley 2400), and the corresponding
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Figure 5. The average temperature of (a) the hot arm, (b) the cold arm and (c) the flexure calculated by the TPWLMOR models and the
linear/nonlinear full-meshed models. These calculated temperatures are used for estimating the tip deflections of the thermal actuator.

Table 7. A comparison of the simulated voltages and deflections by various models at different input currents for the thermal flexure
actuator.

Voltages at different Deformations at different
input currents (V) input currents (µm)

2 mA 3 mA 4 mA 2 mA 3 mA 4 mA

Linear full-meshed 1.5400 2.3100 3.0800 1.8701 4.2077 7.4803
Nonlinear full-meshed 1.6524 2.7264 4.1852 1.1378 2.9957 6.4127
TPWLMOR, s = 10, q = 3 1.6512 2.7240 4.1748 1.1423 2.9791 6.4186
TPWLMOR, s = 10, q = 5 1.6513 2.7241 4.1743 1.1411 2.9792 6.4186
TPWLMOR, s = 10, q = 10 1.6513 2.7242 4.1743 1.1411 2.9811 6.4188

transient voltage drop across the actuator is measured by an
oscilloscope. The resistance variation of the device can be
estimated by the calculated temperature distribution in the
device, and thus the voltage across the device can be evaluated
accordingly.

Figure 8 shows the simulated and the measured transient
voltages. The measured curve is the average of 12
measurement results. The error bars, which are indicated
on the curve every 0.05 ms, represent 1 standard deviation.
Since the resistance in the hot arm is much larger than those
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Figure 7. Comparison of the measured and calculated tip
displacements with input currents from 1 mA to 4.5 mA.

in the cold arm and the flexure, most of the voltage drop
across the device exists in the hot arm. Therefore, as the
temperature increases, the hot arm contributes the largest
increase of resistance of the device. As a result, the transient
behavior of voltage should be closely correlated with the
transient behavior of temperature in the hot arm. This can be
observed by the fact that the time constant shown in figure 8
is very close to the time constant in figure 5(a). Also,
in figure 6, the time to reach the maximum tip deflection
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Figure 9. A comparison of steady-state voltages between measured
and simulated results from 1 mA to 4.5 mA.

(at about 0.2 ms) is also consistent with the time when the
voltage approaches the steady state, as shown in figure 8.
These results indicate that the TPWLMOR model is not only
capable of accurately predicting steady behavior, but also
capable of capturing transient thermal effects very well.

Figure 9 shows the comparison between the simulated and
measured steady-state voltages under different input currents.
The discrepancies are negligible (less than 0.1%) between
the simulated results by the TPWLMOR models and by the
nonlinear full-meshed model. The measured results are also
in very good agreement with the simulated results. Table 7
lists the simulated voltages by various models at different
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input currents. The voltages simulated by the linear full-
meshed model are lower than the measured results because
the linear full-meshed model cannot account for the increase
of resistivity due to a temperature increase.

Figure 10 shows the transient average temperatures at
4.5 mA input current with different numbers of linearization
points (s). Note that the order (q) is 3 for these simulated
cases. Figure 11 shows the MSRD versus time for different s
at 4.5 mA input. From the figures, it is clear that the error is
negligible (less than 0.3%) if s is greater than 8.

We also demonstrate the simulated results of the actuator
with a sinusoidal current input. The applied time-dependent
current input is

i = 2(1 − cos(2πf t)) mA (25)

where the frequency f is 10 000 Hz. Figure 12 shows the
calculated average temperatures of the actuator. The results
by the TPWLMOR models and by the nonlinear full-meshed
model are in very good agreement. The MSRDs with various
orders are shown in figure 13. It is observed that for the
TPWLMOR model with order 3 (q = 3), the maximum MSRD
is less than 0.5%.

4.2. Case study II: TIM microactuator

In this sub-section, we will demonstrate the TPWLMOR
modeling results for a thermal in-plane microactuator (TIM)
[16] fabricated by the MUMPS process. Figure 14 shows the
schematic view of the TIM. The TIM consists of a suspended
shuttle which is connected to electrical contact pads by slightly
inclined slender legs. The electric current flowing through the
structure results in thermal deformation in the slender legs,
which in turn causes the in-plane motion of the shuttle. Since
the behavior of a single leg-pair is equivalent to the behavior
of the full TIM device [16], in this work, we only focus on the
modeling of a single leg-pair. The material properties used for
the TIM simulation are the same as those used for the first case
study, except that T0 is 293 K and ρ0 is 34 � µm. Detailed
descriptions of the boundary conditions, the (temperature-
dependent) material properties and the dimensions of the TIM
can be found in [16].

The 3D FDM model of the single leg-pair of the TIM
has 2196 nodes. Figure 15 shows the temperature profiles
at 5 mA input calculated by various models. Note that the
thermal conductivity of the air surrounding the structure is
also considered in this case. Figure 16 shows transient average
temperatures of the TIM’s legs calculated by the nonlinear full-
meshed model and the TPWLMOR models of different orders.
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Figure 12. The average temperature of (a) the hot arm, (b) the cold
arm, (c) the flexure and (d ) the whole device calculated by the
TPWLMOR models and nonlinear full-meshed model at input
current 2(1 − cos(2πf )) and s = 10.
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Figure 13. The MSRD between the nonlinear full-meshed model
and TPWLMOR models with various orders at input current
2(1 − cos(2πf )) and s = 10.

The MSRDs between the nonlinear full-meshed model and
the TPWLMOR models are less than 0.3%. Table 8 lists the
computational costs of the nonlinear full-meshed model and
the TPWLMOR models. Similar to the previous case study,
the TPWLMOR models give 2 order-of-magnitude reductions
in computational times. Note that the steady and transient
results calculated by our models (figures 15 and 16) follow
the simulated results of Lott et al [16] very well. It has to be
emphasized that in [16] their simulated results were verified
with experimentally measured results, which in turn justifies
the results calculated by the models presented in this work.

416



Nonlinear heat-transfer macromodeling for MEMS thermal devices

200µm 3µm

deflection

ShuttleBond pad Leg

(a) 

A

A

Shuttle Bond PadLeg

(b) 

l

lair ln

Si3Ni4

Air gap

Poly-Si leg

Substrate

SECTION A-A
(c) 

Figure 14. The schematic of the thermomechanical in-plane
microactuator (TIM) [16]. (a) The top view of TIM, (b) the
schematic of single legleg-pair and (c) the A–A cross-section view
of a leg.

0

100

200

300

400

500

600

700

0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750

Position (µm)

T
em

p
er

at
u
re

 (
°C

) 

Nonlinear full-meshed

TPWLMOR s=10, q=3

TPWLMOR s=10, q=5

TPWLMOR s=10, q=10
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Table 8. A performance comparison of the nonlinear full-meshed
model and the TPWLMOR models in the TIM case study.

Simulation time (s) Speed-up factor

Nonlinear full-meshed 33 840 1
TPWLMOR, s = 10, q = 3 195.03 173.51
TPWLMOR, s = 10, q = 5 398.32 84.96
TPWLMOR, s = 10, q = 10 425.51 79.53
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Figure 16. The calculated transient average temperature of TIM
legs at 5.7 mA input with the nonlinear full-mesh model and
TPWLMOR models with various orders with s = 10.

5. Conclusion

A trajectory piecewise-linear model-order-reduction
(TPWLMOR) technique for generating nonlinear MEMS
heat-transfer compact models is presented. The TPWLMOR
method uses a model-order-reduction algorithm as well as a
piecewise-linear approximation to create nonlinear compact
models. The procedure of the TPWLMOR method can be
summarized in three steps: (1) searching for linearization
points using the linear reduced-order model, (2) creating the
piecewise-linear model which is a weighted combination
of the linearized full-meshed models and (3) generating the
compact model using the model-order-reduction algorithm.
Two MEMS thermal devices with nonlinear effects are
modeled using the TPWLMOR method. The nonlinearity
effects include the temperature-dependent material properties
and radiation effect. The heat conduction from the suspended
structures to the substrate through the air film is also taken
into consideration for more accurate modeling.

The simulated steady-state and transient results of the
TPWLMOR models match the results of the nonlinear full-
meshed models very well (less than 0.5% discrepancy for each
case). We also show that the measured steady-state results,
which include the actuator tip deflection and the voltage drop
through the structure, agree with the simulated results of
the TPWLMOR models. The simulated transient behaviors
also match the measured data. Therefore, the TPWLMOR
models are not only capable of accurately predicting steady-
state behavior, but also capable of capturing transient thermal
effects. The computational costs of TPWLMOR models are
about 2 orders of magnitude more efficient than those of the
original full-meshed models. We also demonstrate that when
the number of linearization points is equal to or larger than 8
(s � 8), the errors between TPWLMOR models and nonlinear
full-meshed models are negligible. Finally, the simulated
and measured results also indicate that considerations of the
temperature-dependent material properties are essential for
accurate thermal modeling.
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