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Electrophoresis in a concentrated suspension of charged porous spheres is investigated theoretically,
taking into account of the polarization effect of double layer in particular. The double layer thickness
and fixed charge density of the porous spheres are arbitrary and double layer overlapping is considered
as well. A pseudo-spectral method based on Chebyshev polynomial is used to solve the resulted general
electrokinetic equations. Local extrema are observed in the mobility profile as the double layer thickness
varies, which is absent in previous theoretical studies neglecting polarization effect but agrees well
with the experimental observations in the literature, indicating the importance of polarization effect in
correctly interpreting the electrophoretic experimental results. A simple mutual transform of mobility
predictions between Levine–Neale and Shilov–Zharkikh boundary conditions is established and confirmed
by direct calculations, which facilitates the dialogue between theoretical and experimental researches. In
general, the higher the fixed charge density, the more significant the polarization effect is.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Electrophoresis of charged porous spheres under the influence
of an externally applied electric field is a very interesting topic, not
only in the sense of academic importance but with great potential
in practical industrial applications, such as in the waste water treat-
ment, where the waste materials might be modeled as a porous par-
ticle. When a colloid immersed in an electrolyte solution is subject
to an externally applied electric field, it will set a motion, a phe-
nomenon generally referred to the electrophoresis. Ever since the
foundation-laying theoretical analysis made by Von Smoluchowski
(1917) who considered the electrophoresis of a single particle with
very thin double layer, numerous studies were carried out subse-
quently to broaden its range of validity one way or another, such as
the classic works by Huckel (1924), Henry (1931), Overbeek (1950),
Booth (1950) and O'Brien and White (1978), among others. Most of
these works are focused on the rigid (hard) spherical colloid, in that
no penetration of ions across the colloid surface is allowed. How-
ever, there are many colloids which are permeable to ions, as well
as the fluid, and form a wide variety of special colloidal suspensions,
such as polymer gels or polyelectrolytes. Many biological molecules
are polyelectrolytes, such as proteins and DNA. Due to the poly-
mer segments containing functional groups in the polyelectrolyte,
it will become charged once immersed in an electrolyte solution.

* Corresponding author. Tel./fax: +886223622530.
E-mail address: ericlee@ntu.edu.tw (E. Lee).

0009-2509/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ces.2008.08.022

If the structure of the polyelectrolyte is homogeneous, a constant
fixed charge density throughout the resulted porous colloidal struc-
ture is generated. To model the fluid flow in a permeable medium,
Brinkman (1947) introduced the so-called “Brinkman model”, which
is essentially a modified Navier–Stokes equation including an extra
term representing the corresponding “hydraulic drag force” induced
by the presence of the solid part within the porous medium. Al-
though this model is semi-empirical in nature, it fits well with exper-
imental data in general (Happel and Brenner, 1983), and is regarded
as the standard approach describing the fluid flow within a porous
medium. This idea was also reported independently by Debye and
Bueche (1948) nearly at the same time. Appling this model, Hermans
(1955) and Hermans and Fujita (1955) considered the electrophore-
sis of an isolated charged porous sphere immersed in an infinite
medium of electrolyte solution, with the constraint that the electric
potential possessed by the colloid was low and neglected the polar-
ization effect. The thickness of the electric double layer, the ion cloud
surrounding the charged colloid due to the non-even distribution of
cations and anions, was finite in their study though. They were able
to obtain analytical formulae predicting the electrophoretic mobility
of a single porous sphere as a function of double layer thickness. As
early as the days when Hermans and Fujita (1955) published their
milestone theoretical work, comparison with experimental obser-
vations, at least qualitatively, were carried out. Note that the elec-
trophoresis experiment serves as a powerful tool in exploring the
surface properties of the colloidal particle in general. Here an exper-
imentalist in biology or biochemistry, for instance, can utilize it to
determine the fixed charge density of proteins or DNA.
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Almost the same time, Overbeek and Stigter (1956) considered
an identical case and obtained the same mobility solution. They con-
cluded that there are three forces involved in the electrophoresis of
charged porous systems: the electric force due to the fixed charge
within, the drag force due to the penetration of electrolyte solution
into the packed bed type of porous structure, and the fluid flow out-
side due to the electric body force. Indeed a very insightful elabora-
tions which is applicable in other charged porous sphere systems as
well. In general, the mobility was found to increase monotonically in
their studies as the double layer gets thicker. Imai and Iwasa (1973)
developed a theory of electrophoresis of polyelectrolytes, which con-
sidered the relaxation effect, or polarization effect, via the cubic
free volume model. They noticed that the applied electric field was
strongly depressed near the polyions by the counterions. The case for
infinite dilution of the polyion was discussed as a special case. This
probably was the only theoretical work published so far addressing
the polarization issue in a porous system somehow and somewhat,
although the cubic free volume model adopted by them was rela-
tively obscure and the discussion was limited to the infinitely dilute
system.

Not many theoretical reports were made since then regarding the
charged porous sphere systems until about one decade ago. O'Brien
(1995) considered the dynamic mobility of a porous particle subject
to an alternating electric field. Formulae for mobility were obtained
for various situations when the double layer was very thin. Mean-
while, Keh and his coworkers did a series of studies on the elec-
trokinetic behaviors of charged porous spheres, which included the
electric conductivity (1997) and sedimentation velocity and potential
(1998) of dilute suspensions, the diffusiophoretic mobility due to an
electrolyte gradient (2004), as well as the sedimentation in concen-
trated suspensions (2006). All of the above analyses were restricted
to low electric potential though, hence the polarization effect, the
distortion of double layer during motion, was not considered.

Sometimes the colloidal porous sphere is not homogeneous
throughout, instead it consists of a hard core sphere with an outer
polymer layer of porous structure, the so-called “soft particle”
(Ohshima, 1995). Ohshima (1995, 2000, 2001) conducted a series
of theoretical analyses on various electrokinetic behaviors of soft
particle systems. Assuming that the polarization effect is negligible
(which normally implies low electric potential), as well as a very
thin double layer, he was able to obtain approximate expressions
for the electrokinetic quantities of interest. The polarization effect
on the soft particle systems were later investigated by Lee et al.
(1999, 2004) for various electrokinetic phenomena. They found that
the polarization effect in general tends to reduce the mobility of the
particle and exhibits local extrema with varying double layer thick-
ness. Note that as the inner hard core vanishes, the systems reduce
to corresponding porous sphere systems. Meanwhile López-García
et al. (2003) studied the electrophoretic mobility of a spherical soft
particle suspended in a general electrolyte solution numerically
using the network method. In particular, Ohshima (2000) obtained
simple approximate analytic mobility expressions for concentrated
suspensions of charged polyelectrolytes with low electric potential,
which can be deduced to the case of Hermans and Fujita (1955). In
a following paper the next year, he further showed that the Onsager
relation (Ohshima, 2001) between sedimentation potential and
electrophoretic mobility still holds in the concentrated suspensions
of soft particles.

Traditionally, most studies of the electrophoresis in concentrated
suspensions were based on the Levine–Neale boundary condition
(Levine and Neale, 1974) for the electrical potential, which was of
the Neumann type. However, a new boundary condition (Dirich-
let type) was derived according to the Shilov–Zharkikh cell model
(Shilov et al., 1981) as suggested by Dukhin et al. (1999), who noticed
some inconsistencies in the Levine–Neale model (Levine–Neale and

Shilov–Zharkikh type, LN and SZ, hereafter). The different physical
meaning of each condition in the hard sphere model had been dis-
cussed by Carrique et al. (2005), who offered a way to conveniently
transform the mobility from LN type boundary condition to SZ one,
and vice versa. To ascertain which condition has better predictions,
Cuquejo et al. (2006) considered high surface potential and polar-
ization effect, compared their electric conductivity results with the
experimental data, and found that the predictions by LN model were
unable to match the experimental data. Instead, the predictions by
SZ model were in full agreement with those experimental results.
Their analyses mentioned above, however, confined to hard parti-
cle systems only. We find here, as will be elaborated later, a conve-
nient way to transform between the mobility obtained from LN and
SZ boundary conditions respectively in concentrated suspensions of
charged porous spheres as well.

In summary, we consider here the electrophoresis of a con-
centrated dispersion of charged porous spheres in an electrolyte
solution, with arbitrary electric potential and double layer thickness,
hence taking into account of the polarization effect completely.
Kuwabara's unit cell model is adopted to describe the system and
double layer overlapping is allowed. A pseudo-spectral method
(Canuto et al., 1986) based on Chebyshev polynomial is used to
solve the resulted general electrokinetic equations numerically.
The method is very powerful in solving the general electrokinetic
systems of interest (Lee et al., 1999, 2004). It has several desirable
properties, such as a fast rate of convergence and the convergent
properties are independent of the associated boundary conditions.
Also, the mini–max property typically associated with the Cheby-
shev polynomial is maintained. Key factors are examined for their
effects on the electrophoresis, such as the double layer thickness,
the fixed charge density of the colloids, the volume fraction of the
colloids in the suspension, and so on. In particular, the effect of
adopting different boundary conditions on the virtual outer surface
in Kuwabara's cell model is examined carefully.

2. Theory

Referring to Fig. 1, we consider a concentrated dispersion of
spherical porous particles which are penetrable for ions and fluid
and carry a fixed charge that may arise from the dissociation of the
functional groups. With the incorporation of SZ boundary conditions
on the hydrodynamic and electrokinetic aspects, the Kuwabara's unit
cell model is adopted, where a dispersion is simulated by a repre-
sentative cell composed of a porous particle of radius a, and an outer
concentric shell of electrolyte solution of radius b. The spherical co-
ordinates (r, �, �) are adopted with their origin located at the center
of the particle. An electric field Ez is applied externally, which is par-
allel to � = 0, and Up is the electrophoretic velocity of the particle.
The liquid phase contains a z1: z2 electrolyte, z1 and z2 being, re-
spectively, the valence of cations and that of anions. Let z2 = −�z1
and H = (a/b)3, with the latter being the volume fraction of the col-
loidal dispersion.

The equations governing the present phenomenon comprise
those for the electric, concentration, and flow fields respectively,
the so-called electrokinetic equations, which are both coupled and
highly non-linear set of differential equations. On the basis of Gauss's
law, it can be shown that the electric potential � is described by
the Poisson equation

∇2� = −� + �fix
�

, 0 < r < a, (1)

∇2� = −�
�
, a < r < b, (2)

where � =∑
jnjzje is the space charge density of mobile ions, ∇ the

gradient operator, e the elementary charge, nj and zj the number
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Fig. 1. Configuration of the concentrated suspensions of porous spheres. The radius
of particles a and b is the virtual cell boundary, which relates to the crowdness of
porous particles. The spherical coordinates are adopted, and the inner gray sphere
represents the porous particle characterized by fixed charge density �fix and friction
coefficient � (or porosity �p). Small circles represent the fixed charges uniformly
distributing inside the porous particle.

concentration and the valence of the ionic species j respectively, and
� and �fix, respectively, the permittivity of the liquid phase and the
fixed charge density in the porous particles. We assume that both �
and �fix are constant. The transport of ions in the ionic solution is
governed by the well-known Nernst–Planck equations with convec-
tion term

fj = −Dj

(
∇nj +

zjenj
kBT

∇�
)

+ njv, (3)

where fj is the concentration flux of ionic species j. The conservation
of ionic species yields

∇ · fj = 0, (4)

where Dj is the diffusivity of the ionic species j, kB, and T are, respec-
tively, the Boltzmann constant and the absolute temperature, and v
the liquid velocity relative to the motion of particles. It is assumed
that the liquid phase is an incompressible Newtonian fluid with con-
stant physical properties. For the present problem, the flow of liquid
is in the creeping-flow region, hence the flow field can be described
as follows:

∇ · v = 0, (5)

−∇p + 	∇2v − �∇� − �v = 0, 0 < r < a, (6)

−∇p + 	∇2v − �∇� = 0, a < r < b, (7)

where p is the pressure, 	 the viscosity of the liquid, and � the fric-
tional coefficient of porous particles. Note that Eq. (5) is the continu-
ity equation, whereas Eq. (6) stands for a modified Stokes equation
with an extra term from the frictional force induced in a packed bed
type of porous structure. Eq. (6) is often referred to as the Brinkman
equation as well. Eq. (7) is the Stokes equation. � can be expressed
as 6
	asNs when the porous particles are composed of polymers,

where Ns is the number density and as the Stokes radius of the
polymer segments (Keh and Chen, 2006). Furthermore, � can also
be written in the form of 	/kp, where kp is the permeability of the
porous particles based on the Darcy's law (Keh and Chang, 2005).

In the case the charged ionic cloud surrounding the particle is
only slightly distorted by the application of the electric field, we
may replace the original non-linear differential Eqs. (1)–(7) by a
set of approximate linear equations by the standard perturbation
analysis. Following the treatment of O'Brien and White (1978), the
electrical potential � is expressed as the sum of the electrical poten-
tial in the absence of the applied electric field (or the equilibrium
electrical potential), �e, and that outside a particle arising from the
applied electric field, ��; that is, � = �e+��. The same procedure
can be applied to the concentration of ionic species j, nj, the space

charge density, � . . . etc. That is, nj = nje+�nj and � = �e+��, where
�e =∑

jnjezje and �� =∑
j�njzje. It should be pointed out that the

subscript e represents the equilibrium state and � the disturbed
state, where the strength of these disturbed properties (��, �nj,
�� . . . ) is proportional to the disturbance, such as the applied elec-
tric field and the consequent particle motion. The effect of double-
layer polarization is introduced via �nj, where nje and �nj can be
expressed as

nje = nj0 exp
(

−
zje

kBT
�e

)
, (8)

�nj = −nje

[ zje

kBT
(�� + gj)

]
. (9)

Here gj represents an equivalent perturbed potential describing the
double layer polarization effect and nj0 the bulk number concentra-
tion of ionic species j. Note that the introduction of gj gives a better
mathematical expression on the ion conservation equations.

To simplify the treatment, subsequent discussions are based on
scaled symbols, i.e., the governing equations and the associated
boundary conditions are rewritten in dimensionless form. The fol-
lowing symbols are chosen for the characteristic variables: the radius
of particle, a, the thermal electric potential per valence of species 1,
�0 (defined as kBT/z1e), the bulk number concentration of the ionic
species 1, n10, and the velocity based on Smoluchowski's theory
when an electric field �0/a is applied, UE = ��2

0/	a. Corresponding
dimensionless variables are listed as follows: r∗ = r/a, n∗

j = nj/n10,

E∗ = E/(�0/a), v
∗ = v/UE, �∗ = �/�0, g

∗
j = gj/�0, Qfix = �fixa

2/��0,

and �* = �/UEa
2. The details of the above derivations can be found

elsewhere in our previous publications, such as Lee et al. (2004),
among our other previous publications.

2.1. Dimensionless equilibrium state

The dimensionless equations for the equilibrium potential is

∇∗2�∗
e = − (a)2

1 + �
[exp(−�∗

e) − exp(��∗
e)] − Qfix, 0 < r∗ <1, (10)

∇∗2�∗
e = − (a)2

1 + �
[exp(−�∗

e) − exp(��∗
e)], 1 < r∗ <H−1/3. (11)

The equilibrium electric potential �∗
e remains symmetry at the

center of the porous particle owing to the spherical symmetry of
the equilibrium state. At the particle–liquid interface (r = a), the
electrical potential and the electric field are continuous. Besides,
the whole cell remains electro-neutrality. Hence the corresponding
boundary conditions for the equilibrium potential can be written
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as follows:

d�∗
e

dr∗ = 0, r∗ = 0, (12)

�∗
e |r∗=1− = �∗

e |r∗=1+ ,
d�∗

e
dr∗

∣∣∣∣∣
r∗=1−

= d�∗
e

dr∗

∣∣∣∣∣
r∗=1+

, r∗ = 1, (13)

d�∗
e

dr∗ = 0, r∗ = H−1/3. (14)

2.2. Dimensionless disturbed state

Owing to the symmetry nature of the system under consideration,
it can be further reduced to a one-dimensional problem. In other
words, ��∗, g∗

j , and �∗ can be written as

��∗(r∗,�) = �(r∗) cos �, (15)

g∗
j (r

∗,�) = G∗
j (r

∗) cos �, (16)

�∗(r∗,�) = �∗(r∗) sin2 �. (17)

Note that in terms of �∗, the dimensionless stream function, the r
component of the liquid velocity, v∗

r , and the � component of the
liquid velocity, v∗

�, can be expressed respectively as

v∗
r = −1

r∗2 sin �
��∗

��
, (18)

v∗
� = 1

r∗ sin �
��∗

�r∗ . (19)

On the basis of these expressions and the assumption that the applied
electric field is weak relative to that induced by the particle itself, it
can be shown that the resultant governing equations for �*, G∗

j , and

�* become

L∗2�∗ − (a)2

1 + �
[exp(−�∗

e) + � exp(��∗
e)]�

∗

= (a)2

1 + �
[exp(−�∗

e)G
∗
1 + � exp(��∗

e)G
∗
2], (20)

L∗2G∗
1 − d�∗

e
dr∗

dG∗
1

dr∗ = Pe1v
∗
r
d�∗

e
dr∗ , (21)

L∗2G∗
2 + �

d�∗
e

dr∗
dG∗

2
dr∗ = Pe2v

∗
r
d�∗

e
dr∗ , (22)

D∗4�∗−(�a)2D∗2�∗=− (a)2

1+�
d�∗

e
dr∗ [n∗

1eG
∗
1+n∗

2eG
∗
2], 0<r∗<1, (23)

D∗4�∗ = − (a)2

1 + �
d�∗

e
dr∗ [n∗

1eG
∗
1 + n∗

2eG
∗
2], 1 < r∗ <H−1/3. (24)

In these expressions, −1 = [�kBT/
∑

jzj
2e2nj0]

1/2 is the Debye
screening length, Pej = UEa/Dj, is the Peclet number of ionic species

j. Moreover, �−1 defined as (	/�)1/2 or kp1/2 is the Debye–Bueche
screening length of the porous particles. The linear operators L*2

and D*4 are defined, respectively, by

L∗2 = d2

dr∗2
+ 2

r∗
d
dr∗ − 2

r∗2
, (25)

D∗4 = D∗2D∗2 =
(

d2

dr∗2
− 2

r∗2

)2
. (26)

Eqs. (27)–(31) shown below are the corresponding boundary con-
ditions for ��, gj, and � in terms of �∗, G∗

j , and �∗. At the center of

the particle, v is finite, and �� and gj are set to zero as the reference
point of potential. The dimensionless boundary conditions thus are

�∗ = G∗
j = �∗ = d�∗

dr∗ = 0, r∗ = 0. (27)

At the particle–liquid interface, both �� and ∇�� are continuous,
due to the assumption that the relative permittivity �r takes the
same value both inside and outside the porous particles. The bound-
ary conditions for gj are described in Eq. (29), which comes from
the continuity of ion concentration and flux. Also, the velocity of
fluid and its normal and tangential stresses are assumed continuous.
Eqs. (28)–(30) reflect the above physical deductions.

�∗|r∗=1− = �∗|r∗=1+ ,
d�∗
dr∗

∣∣∣∣
r∗=1−

= d�∗
dr∗

∣∣∣∣
r∗=1+

, r∗ = 1, (28)

G∗
j |r∗=1− = G∗

j |r∗=1+ ,
dG∗

j

dr∗

∣∣∣∣∣
r∗=1−

=
dG∗

j

dr∗

∣∣∣∣∣
r∗=1+

, r∗ = 1, (29)

�∗|r∗=1− = �∗|r∗=1+ ,
d�∗

dr∗

∣∣∣∣
r∗=1−

= d�∗

dr∗

∣∣∣∣
r∗=1+

,

d2�∗

dr∗2

∣∣∣∣∣
r∗=1−

= d2�∗

dr∗2

∣∣∣∣∣
r∗=1+

,

[
d3�∗

dr∗3
− (�a)2

d�∗

dr∗

]∣∣∣∣∣
r∗=1−

= d3�∗

dr∗3

∣∣∣∣∣
r∗=1+

, r∗ = 1. (30)

At the outer boundary of the cell (virtual surface), SZ boundary con-
dition mentioned earlier is applied, which states that the concentra-
tion of ionic species reaches equilibrium value on the cell surface.
Furthermore, according to the analysis of Kuwabara (1959), no fluid
transport between each cell and the vorticity vanishes at the outer
boundary of a cell. Therefore,

�∗ = −H−1/3E∗
z , G∗

j = −�∗,

�∗ = 1
2 r

∗2U∗
p, D∗2�∗ = 0, r∗ = H−1/3. (31)

According to O'Brien and White (1978), the present problem can
be divided into two sub-problems. In the first problem, the particle
moves in the absence of the applied electric field, Ez, and in the sec-
ond problem Ez is applied, but the particle is kept fixed instead. In
the first problem the total force acting on a particle in the vertical
direction, F1, is proportional to its electrophoretic velocity, Up, while
in the second problem the total force, F2, is proportional to the ap-
plied electric field, Ez. Therefore, we have F1 = c1U

∗
p and F2 = c2E

∗
z ,

where c1 is independent of U∗
p, and c2 is independent of E∗

z . The di-
mensionless electrophoretic mobility can be defined as �∗

m = U∗
p/E

∗
z .

Because F1+F2 = 0 at steady state, �∗
m can be expressed as

�∗
m =

U∗
p

E∗
z

= − c2
c1

. (32)

Note that both c1 and c2 are independent of U∗
p and E∗

z . The forces
acting on a particle Fi comprises the electric force Fie and the hy-
drodynamic force Fid, where the subscript i represents subproblem
1 and 2. The electric and hydrodynamic forces acting on a particle
can be evaluated, respectively, by

Fie =
∫ ∫ ∫
r�a

�fix(−∇�) dV · iz = −4
3

��2

0Qfix�
∗|r∗=1, (33)

Fid =
∫ ∫ ∫
r�a

�vdV · iz = −8
3

��2

0(�a)
2�∗|r∗=1, (34)

where iz is the unit vector in the z direction. Once Fie and Fid are
evaluated, ci and �∗

m can be obtained easily.
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3. Results and discussion

Since there is uniform distribution of fixed charge within the
porous sphere, co-ions will be expelled into the outer solution phase
while the counter-ions will be attracted inward, result in a non-
uniform distribution of ions at equilibrium both inside and outside
of the porous spheres. Hence the traditional double layer notion in
systems of rigid hard colloidal spheres has to be modified somehow
to reflect this fact that diffuse double layer of porous sphere occurs
across the particle–solution interface. Moreover, the traditional con-
cept of zeta potential at the shear plane is no longer applicable here.
Instead, the uniform fixed charged density is much more suitable to
represent the overall electric situation of the porous colloid under
consideration. Its dimensionless form is defined as follows:

Qfix = �fixa
2

��0
. (35)

To facilitate the subsequent analysis, we define a scaled mobility as
follows accordingly:

�∗
s = �∗

m

Qfix/(�a)
2
, (36)

when the double layer is considered infinitely thin, this scaled
mobility, �∗

s , will become unity, which means the dimensionless
mobility equals to Qfix/(�a)

2, the electrophoretic mobility of an in-
dividual polymer segment or monomer, according to the study of
Fujita (1957).

In a subsequent note by Fujita (1957), they referred to an ex-
perimental work by Nagasawa et al. (1958), indicating that elec-
trophoretic mobility should exhibit a local extremum with varying
a, the dimensionless reciprocal of double layer thickness. In recent
years, Garcíya-Salinas et al. (2001) and Chen and Tallarek (2003) con-
ducted experiments on the electrophoresis of porous particles and
both found local extrema in their results, which are consistent with
the typical predictions in theoretical analyses incorporating polariza-
tion effect, whereas absent in corresponding theoretical approaches
assuming low electric potential hence neglecting polarization effect.

κa
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Fig. 2. Influence of electric double layer (a) on the scaled electrophoretic mobility (�∗
s ) under different volume fraction, H; (- - -) result of Hermans and Fujita (1955).

Key: �a = 1, Pej = 0.1. (a) Qfix = 1; (b) Qfix = 10.

The experimental results mentioned above suggest a great need to
explore the charged porous spheres further with polarization effect
considered, from the practical point of view.

As mentioned earlier in the introduction section, Hermans and
Fujita (1955) studied the electrophoresis phenomenon of a single
porous sphere with low zeta potential and provided an analytical
formulae for the calculation of the electrophoretic mobility. This is
by far the most important bench-mark testing case available in the
literature for comparison purpose, as Ohshima (2000) did to test his
result for the situation of infinitely thin double layer. We compare
our calculation results with those of Hermans and Fujita (1955) as
well by setting the fixed charge density Qfix to be low enough in our
calculations, which correspond to their assumption that the double
layer remains spherically symmetric in the presence of the applied
electric field, i.e., taking no account of double layer polarization, a de-
duction consistent with the Debye–Huckel approximation employed
by them. As the volume fraction H is close to zero, our system con-
sidered above tends to a very dilute suspension, and approaches the
one considered by Hermans and Fujita (1955).

3.1. Effect of double layer thickness

Corresponding calculation results are shown in Figs. 2(a) and (b)
where the electrophoretic mobility of the porous colloidal particles
is depicted as a function of scaled double layer thickness a at vari-
ous volume fractions. We observe that the electrophoretic mobility
of porous particles is still a positive value as a tends to zero in both
Figs. 2(a) and (b), whereas in the corresponding case of rigid spheres
with constant zeta potential (Lee et al., 1999) is zero. A very small
a indicates very thick double layer, hence nearly perfect double
layer mixing, which nullifies electric driving force in suspensions of
hand spheres, as reported in the literature by various groups. How-
ever, the fixed charges within the porous particles, which is absent
in the rigid particle situation, still provide an extra electric driving
force, hence results in a positive asymptotically constant mobility.
On the other hand, as the double layer gets very thin, the majority
of the counterions will be confined to the interior of the porous
sphere, hence alleviates the strength of the electric driving force by



5724 Y.-Y. He, E. Lee / Chemical Engineering Science 63 (2008) 5719 -- 5727

H
10-6 10-5 10-4 10-3 10-2 10-1 100

H
10-6 10-5 10-4 10-3 10-2 10-1 100

0.2

0

0.4

0.6

0.8

1

1.2

1.4

μ∗ s

0.2

0

0.4

0.6

0.8

1

1.2

1.4

μ∗ s

Qfix=30

Qfix≤1

4
7

10

15

20

25

Qfix≤1

4

Qfix=30

7

10

15

20
25

Fig. 3. Influence of volume fraction H on the scaled electrophoretic mobility (�∗
s ) with different fixed charge density. (- - -) result of Hermans and Fujita (1955). Key: �a = 1,

Pej = 0.1. (a) a = 0.01; (b) a = 1.

the fixed charge, and leads to a monotonic decrease of elec-
trophoretic mobility.

As shown in Fig. 2(b), however, the behavior of scaled elec-
trophoreticmobility is qualitatively different from that in Fig. 2(a) ex-
cept when double layer is very thin. This is mainly due to the higher
electric potential involved, or, to be exact, the double layer polariza-
tion, which cannot be ignored if the charge density Qfix is high. In
addition, the effect of double layer overlapping, a phenomenon typi-
cal in concentrated suspension, tends to decrease the electrophoretic
mobility as well (Lee et al., 1999) when double layer gets thicker
and volume fraction becomes higher. The effect of double layer po-
larization and the effect of double layer overlapping will be further
examined again later.

3.2. Effect of double layer polarization

To shed more light on the effect of double layer polarization, we
further analyze the role of the charge density Qfix in Figs. 2(a) and (b).
The fixed charges in porous particles electrostatically repulse co-ions
flowing into the particles and attract counterions instead at the same
time. This inflow of counterions depresses the electric field near the
particle surface to some degree, the so-called shielding effect (Imai
and Iwasa, 1973). Moreover, an induced opposite electric field is
generated when the particle is in motion, and consequently reduces
the electrophoretic mobility, the so-called polarization effect. In
Fig. 2(a), where Qfix is low, the general behavior is qualitatively sim-
ilar to the Hermans and Fujita's (1955) case except that the mobility
now is somewhat lower due to the hindrance effect of double layer
overlapping. The deviation is not serious since the polarization effect
is relatively obscure when the double layer is thin or the Qfix is low.

When the Qfix is high, however, the polarization effect becomes
so dominant at some range of a that local extremes appear in the
mobility profile, as shown in Fig. 2(b). The reason for the initial de-
crease of mobility as a increases around a = 1 is due to, as just
mentioned, the polarization effect. As a increases further, the mo-
bility rises since the shielding effect suppressing the double layer
gradually dies out. If a increases to infinity, the mobility eventually
reduces to unity, regardless of the variation of particle volume frac-
tion. Overall, the double layer polarization has a great impact on the

electrophoretic mobility of porous particles except when the double
layer is very thin. The higher the Qfix, the more significant the polar-
ization effect, and a drastic local extremum is observed in mobility
profile.

3.3. Influence of volume fraction

Our results shown in Fig. 3 extended the predictions by Hermans
and Fujita (1955) to cover the range of concentrated suspensions,
and depicted the range of error in applying their analytical formu-
lae, where H represents the volume fraction of porous particles. The
deviation from the dilute assumption gets more severe as the vol-
ume fraction of colloids gets higher, due to the hindrance effect from
the hydrodynamic interactions between the neighboring particles.
Note that although in principle it is possible to have near-unity
volume fraction in the cell model, the maximum possible volume
fraction allowed in practice is about 0.74 with the densest packing
arrangement of spherical particles.

As H decreases to approximately 0.1 in Figs. 3(a) and (b), the
mobility decreases except when the Qfix is low enough to ignore the
double layer polarization. In this case, the amount of ions dissociated
from particles is far greater than that of added salts, which makes
solution behave like a salt-free system. Hence, double layer thickness
has no influence on the scaled mobility.

As H decreases further, discrepancy in behaviors appears in mo-
bility profiles. While most of mobility profiles in Fig. 3(b) remains
a lower horizontal behavior, all of the profiles in Fig. 3(a) start to
climb up due to the double layer overlapping effect—the mobility
profile rises due to less double layer overlapping and then gradually
becomes horizontal as double layer shrinks within the virtual cell
eventually. In Fig. 3(b), however, no such decrease of double layer
overlapping effect takes place even if H approaches unity. This is
because the double layer will never touch the virtual cell boundary
when double layer thickness, −1, is equal to the particle radius, a.

3.4. Effect of dimensionless parameter, Qfix/(ka)2, on the scaled
mobility

The ratio Qfix/(�a)
2, as mentioned earlier, represents the dimen-

sionless electrophoretic mobility as the double layer is infinitely thin,
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or that of an individual polymer segment or monomer that com-
pose the porous particles (Fujita, 1957). Here we observe that the
ratio Qfix/(�a)

2 greatly influences the mobility profile of porous par-
ticles. It actually serves as a convenient dimensionless parameter to
characterize the charge property of the porous particles in practical
applications.

Fig. 4 reveals the mobility as a function of a at various Qfix/(�a)
2.

In Fig. 4(a), where the ratio Qfix/(�a)
2 is low, hydrodynamic drag

force dominates the mobility profiles which decline with increasing
a. In contrast, when the ratio Qfix/(�a)

2 is very high as illustrated
in Fig. 4(c), electric driving force decreases greatly due to the po-
larization effect, hence the mobility rises generally with increasing
a. Local extrema appear owing to the competition between forces
due to the hydrodynamic flow and the polarization effect. The ratio
Qfix/(�a)

2 turns out to be the most important parameter on deciding
the mobility profile.

3.5. Effect of cell model boundary conditions

The difference between LN and SZ boundary conditions is from
the definition of “externally applied electric field”. The mobility pre-
dictions based on LN and SZ boundary conditions respectively are dif-
ferent when double layer overlapping occurs. Carrique et al. (2005)
showed recently that the two sets of mobility data are related via

the following equations:

�∗
s,LN = �∗/r∗

d�∗/dr∗

∣∣∣∣
r∗=H−1/3

· �∗
s,SZ . (37)

As shown graphically in Figs. 5(a) and (b), by direct numerical calcu-
lations, the above relation holds here as well for the charged porous
spheres.

3.6. Comparison with experimental results

An experimental study of electrophoresis was available in early
days by Nagasawa et al. (1958). The particular suspension used
there was polyvinyl sulfate in sodium chloride solutions (Na–PVS
in NaCl(aq.)). Examining the mobility profile as a function of vary-
ing concentration of NaCl, or a in proportion, they found a local
maximum at low concentration (Fig. 8 in their paper). This did not
agree with the theoretical prediction by Hermans and Fujita's theory,
which yielded a profile asymptotic to infinity at low concentration.
However this experimental observation agreed perfectly well with
our current theory which takes into account the polarization effect.

Moreover, in a recent paper by Garcíya-Salinas et al. (2001)
where the electrophoretic behavior of a polyelectrolyte, poly(N-
isopropylacrylamide) microgel, was investigated experimentally.
The electrophoretic mobility profile presented there as a function
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of electrolyte concentration (Fig. 5 in their paper) fits excellently
well with our results such as the curve Qfix = 103 in Fig. 4(b), as
far as the local characteristic shoulder-like shape is concerned,
which again cannot be predicted by earlier theoretical approaches
neglecting double layer polarization.

4. Conclusion

Electrophoresis in a concentrated suspension of charged porous
spheres is investigated theoretically here on the basis of Kuwabara's
cell model. The fixed charge density of the colloid can be arbitrary
thus the polarization effect is taken into account, a major step further
compared to previous studies confined to low fixed charge density.
A pseudo-spectral method based on Chebyshev polynomial is used to
solve the resulted general electrokinetic equations, and various key
parameters were examined on their effects on mobility. We find:

(1) As double layer becomes thinner, the scaled mobility either
decreases or increases depending on the competition outcome
between the forces due to hydrodynamic flow inside porous
particles and the polarization effect, and eventually tends to
unity as the double layer becomes infinitely thin, regardless of
volume fraction of the colloids.

(2) When the suspension gets more and more concentrated, the
scaled mobility may decrease owing to double layer overlapping
effect and then approaches to unity eventually.

(3) Double layer polarization has an effect to decrease the mobility
in general, and local extrema are observed.

(4) The simple transform relations between Levine–Neale and
Shilov–Zharkikh boundary conditions in hard colloids holds as
well here for porous spheres.

Overall, polarization effect is crucial in accurately predicting the
mobility as the fixed charge density is high, consistent with experi-
mental observations available in literature.
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