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Abstract

The electrophoresis of a concentrated dispersion of soft particles, where a particle comprises a rigid core and an ion-penetrable membrane
layer, is modeled theoretically, taking the effect of double-layer polarization into account. In particular, the influence of a stress-jump condition of
the flow field at the membrane layer–liquid interface on the electrophoretic mobility of a particle is investigated. The type of particles considered
mimic biocolloids, such as cells and microorganisms, and inorganic colloids covered by an artificial polymer layer such as surfactant molecules.
A unit cell model is adopted to simulate the present spherical dispersion, and the governing equations and the associated boundary conditions
are solved by a pseudo-spectral method based on Chebyshev polynomials. We show that while the stress-jump condition, characterized by a
stress-jump coefficient, can have a significant influence on the mobility of a particle, the associated flow field is not influenced appreciably. Also,
the influence of the stress-jump condition on the mobility of a particle depends largely on the nature of the membrane layer, characterized by its
friction coefficient.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Recently, the electrophoretic behavior of soft particles,
namely, particles comprising a rigid core and a porous layer,
has drawn the attention of researchers in various fields. Biocol-
loids such as cells and microorganisms and inorganic particles
covered by a surfactant or polymer layer are typical examples of
particles of this type. Apparently, to predict the electrophoretic
behavior of such particles, the classic theory of electrophore-
sis, which is valid for rigid particles, needs to be modified to
take into account the presence of the membrane layer. Although
relevant analyses are ample in the literature (e.g., [1–9]), the
influence of the specific behavior of the flow field across the
membrane layer–liquid interface on the electrophoretic behav-
ior of a particle has not been reported.

The boundary condition for the flow field across a porous
material–liquid interface has drawn the attention of many re-
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searchers. Based on experimental observation, Beavers and
Joseph [10] pointed out that the fluid velocity at the inter-
face of a porous medium and liquid phase might be of a slip
nature. An empirical expression, which relates the slip veloc-
ity and the exterior flow, was proposed, and it was capable
of explaining the experimental data gathered. The boundary
condition of Beavers and Joseph was also used by Vafai and
co-workers [11,12] in a heat transfer problem. The Darcy equa-
tion was used as the governing equation for the flow field in
the porous region of Beavers and Joseph [10]. Because the or-
der of fluid velocity in this equation is different from that of
the Stokes equation in the free liquid region, solving the gov-
erning equations for the whole system becomes overdetermined
when the condition that the shear stress on the porous medium–
liquid interface is continuous is imposed. Although this diffi-
culty can be circumvented by replacing the Darcy equation with
the Brinkman equation, the treatment of the tangential stress at
the interface is still unsatisfactory, and it is often assumed that
this stress is continuous. Based on the idea of volume averag-
ing, Ochoa-Tapia and Whitaker [13] proposed that while the
fluid velocity is continuous across the porous medium–liquid
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interface, the corresponding shear stress is not. An extra stress
term, called stress jump, was added in the equation of motion in
their treatment to associate the Brinkman equation and Stokes
equation. The stress jump is characterized by a stress-jump co-
efficient, a real number of magnitude on the order of unity.
The treatment of Ochoa-Tapia and Whitaker is not only phys-
ically more precise than that of Beavers and Joseph [10] but
also more persuasive in the explanation of their experimental
observations [14]. Kuznetsov [15] adopted the stress-jump con-
dition of Ochoa-Tapia and Whitaker [13] to extend the analysis
of Vafai and co-workers [11,12] and concluded that the fluid
velocity at a porous material–liquid interface varies with the
stress-jump coefficient. This implies that the latter is not just an
adjustable parameter, but plays an important role in describing
the flow field associated with porous material. In a study of two-
dimensional viscous flow, Raja Sekhar and Sano [16] adopted
the stress-jump condition of Ochoa-Tapia and Whitaker [13],
and found that the value of the stress-jump coefficient ranged
from about −0.9 to 0.9. Bhattacharyya and Raja Sekhar [17]
investigated the relation between the stress-jump condition and
various types of viscous flow by considering a spherical particle
comprising a rigid core and a porous shell and concluded that
taking the stress-jump condition into account was necessary.

In this study the influence of the discontinuity of the flow
field across the porous material–liquid interface on the elec-
trophoretic behavior of a spherical dispersion of porous col-
loidal particles is examined. The stress-jump condition of
Ochoa-Tapia and Whitaker [13] is adopted for this purpose, and
the unit cell model of Kuwabara [18] is chosen to simulate the
dispersion. The equations governing the problem under con-
sideration and the associated boundary conditions are solved
numerically by a pseudo-spectral method based on Chebyshev
polynomials [9].

2. Theory

We consider the electrophoresis of a spherical dispersion of
soft particles where a particle comprises a rigid core of radius a

and a membrane layer of thickness d . Let b = a + d . The liquid
phase contains a z1:z2 electrolyte, z1 and z2 being respectively
the valences of cations and ions with z2 = −αz1. As illustrated
in Fig. 1, the unit cell model of Kuwabara [18] is adopted,
where a dispersion is simulated by a representative particle that
is surrounded by a spherical liquid shell of radius c. The vol-
ume fraction of particles is measured by the ratio H = (b/c)3.
The spherical coordinates (r , θ , ϕ) are used with their origin
located at the center of the representative particle and the sym-
metric axis, θ = 0, parallel to the applied electric field E; Ez
is its z-component. Let U be the electrophoretic velocity of the
particle.

For the present problem the electric field, the concentration
field, and the flow field need to be solved simultaneously. The
governing equation for these fields can be expressed as

(1)∇2φ = −ρ + ρfix

ε
, a < r < b,

(2)∇2φ = −ρ
, b < r < c,
ε

Fig. 1. Kuwabara’s unit cell model [18], where a spherical dispersion is sim-
ulated by a representative particle comprising a rigid core of radius a and a
membrane layer of thickness d , b = a + d , and a spherical liquid shell of ra-
dius c. (r , θ , ϕ) is the spherical coordinates with their origin located at the
center of the particle and the symmetric axis, θ = 0, is parallel to the applied
electric field E and the electrophoretic velocity of the particle U.

(3)−Dj

[
∇2nj + zj e

kT

(∇nj · ∇φ + nj∇2φ
)] + ∇nj · v = 0,

(4)∇ · v = 0,

(5)−∇p + η∇2v − ρ∇φ − γ v = 0, a < r < b,

(6)−∇p + η∇2v − ρ∇φ = 0, b < r < c.

In these expressions, φ is the electric potential, ∇ is the gradi-
ent operator, ∇2 is the Laplacian, ρ = ∑

j zjnj e is the space
charge density, nj , zj , and Dj are respectively the number den-
sity, the valence, and the diffusivity of ionic species j , k, and T

are respectively the Boltzmann constant and the absolute tem-
perature, v is the liquid velocity, e and ε are respectively the
elementary charge and the dielectric constant, ρfix is the fixed
charge density in the membrane layer, p is the pressure, η and
ρ are respectively the viscosity and the space charge density,
and γ is the friction coefficient of the membrane layer. Here,
we assume that the liquid phase is an incompressible New-
tonian fluid and both ρfix and ε are position-independent. Note
that assuming a position-dependent dielectric constant in the
membrane layer yields a more complicated description for the
electric field. Since it is expected that the qualitative behavior
of the system under consideration remains similar, a constant
dielectric constant is assumed in our analysis.

We assume that the physical properties of both the mem-
brane layer and the liquid phase remain at constant values, the
liquid phase is an incompressible Newtonian fluid, and the sur-
face of the rigid core of a particle remains at a constant electri-
cal potential. Also, the applied electric field is relatively weak
compared with that due to the presence of a particle. For eas-
ier mathematical treatment, φ is decomposed into the electrical
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potential in the absence of E, or the equilibrium electrical po-
tential, φe, and that when E is applied, δφ [19]. The effect of
double-layer polarization is taken into account by letting [19]

(7)nj = nj0 exp

[
−zj e

kT
(φe + δφ + gj )

]
,

where nj0 is the bulk concentration of ionic species j , the
term gj explains the distortion of the ionic cloud surrounding
a particle arising from the flow field. Substituting Eq. (7) into
Eqs. (1)–(3) and using φ = φe + δφ, we obtain

(8)∇2φe = −
2∑

j=1

zj enj0

ε
exp

(
−zj eφe

kT

)
− ρfix

ε
, a < r < b,

(9)∇2φe = −
2∑

j=1

zj enj0

ε
exp

(
−zj eφe

kT

)
, b < r < c,

(10)

∇2δφ = ∇2φ − ∇2φe

= −
2∑

j=1

zj enj0

ε

(
exp

(
−zj e(φe + δφ + gj )

kT

)

− exp

(
−zj eφe

kT

))
,

(11)

∇2gj − zj e

kT
∇φe · ∇gj = 1

Dj

v · ∇φ + 1

Dj

v · ∇gj

+ zj e

kT
∇δφ · ∇gj

+ zj e

kT
∇gj · ∇gj .

In terms of the stream function ψ , it can be shown that Eqs. (5)
and (6) lead to

E4ψ − γE2ψ = − sin θ

η
∇ × [

ρ∇(φe + δφ)
]
,

(12)a < r < b,

(13)E4ψ = − sin θ

η
∇ × [

ρ∇(φe + δφ)
]
, b < r < c,

where E4 = E2E2, and in spherical coordinates E2 is

(14)E2 ≡ ∂

∂r2
+ sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
.

In terms of ψ , the r- and the θ -components of v, vr and vθ ,
can be expressed respectively as vr = − 1

r2 sin θ

∂ψ
∂θ

and vθ =
1

r sin θ
∂ψ
∂r

.

3. Boundary conditions

We assume that the electric potential on the surface of the
rigid core of a particle (r = a) is remained at the constant value
of ζ , the surface is impenetrable to ions and is nonslip. Suppose
that the electric potential, the electric field, the concentration,
and the flux of ions are continuous on the surface of the soft
layer of a particle (r = b). The electroneutrality of the system
under consideration requires that there is no net current across
the surface of a cell (r = c). Also, the concentrations of ions ar-
rive at the corresponding bulk values on this surface. According
to Levine and Neale [20], the electric field on that surface is that
which arises from the applied electric field. The boundary con-
dition of Ochoa-Tapia and Whitaker [13] on the surface of the
soft layer of a particle (r = b) is adopted; that is, the velocity of
fluid is continuous, but a correction factor β is introduced for
the corresponding tangential stress. Also, we assume that the
vorticity on cell surface vanishes and there is no net flow be-
tween adjacent cells. Based on these conditions, the boundary
conditions associated with the present problem are

(15)φe = ζ, r = a,

(16)φe|r=b− = φe|r=b+ , r = b,

(17)
∂φe

∂r

∣∣∣∣
r=b−

= ∂φe

∂r

∣∣∣∣
r=b+

, r = b,

(18)
∂φe

∂r
= 0, r = c,

(19)
∂δφ

∂r
= 0, r = a,

(20)δφ|r=b− = δφ|r=b+ , r = b,

(21)
∂δφ

∂r

∣∣∣∣
r=b−

= ∂δφ

∂r

∣∣∣∣
r=b+

, r = b,

(22)
∂δφ

∂r
= −Ez cos θ, r = c,

(23)(fj − nj v) · r = 0, r = a,

(24)nj |r=b− = nj |r=b+ , r = b,

(25)fj |r=b− = fj |r=b+ , r = b,

(26)nj = nj0, r = c,

(27)vr = U cos θ and vθ = −U sin θ, r = a,

(28)vr |r=b− = vr |r=b+ , vθ |r=b− = vθ |r=b+ , r = b,

(29)σH
rθ

∣∣
r=b− + β

√
ηγ vθ = σH

rθ

∣∣
r=b+ , r = b,

σT
rr

∣∣
r=b− = σT

rr

∣∣
r=b+ and σE

rr

∣∣
r=b− = σE

rr

∣∣
r=b+ ,

(30)r = b,

(31)∇ × v = 0 and vr = 0, r = c.

In these expressions, fj is the concentration flux of ionic
species j , n is the unit normal vector, r is the unit vector in
the r-direction, σH

rθ is the rθ -component of the hydrodynamic
stress σH , σE

rr is the rr-component of the Maxwell stress σE ,
and σT

rr is the rr-component of the total stress σT = σH + σE .
The governing equations are solved subject to the associated

boundary conditions by a pseudo-spectral method proposed by
Lee et al. [9] and the electrophoretic mobility of a particle is
calculated based on the approach of O’Brien and White [19].

4. Results and discussion

For convenience, the following dimensionless symbols are
used in subsequent discussions: μ∗

m = U∗/E∗
z = ηU/εζEz is

the scaled mobility, (λa)2 = (γ a2/η) is a measure for the
significance of the drag of membrane layer, ψ∗ = ψ/UEa is
the scaled stream function where UE = εζ 2/ηa is the elec-
trophoretic velocity based on Smoluchowski’s formula when
an electric field (ζ/a) is applied. E∗ = EZ/(ζ/a) is the scaled
Z
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Fig. 2. Variation of scaled mobility as a function of κa at various β for the case
when Qfix = 0 and λa = 5. Key: φr = 1.0, H = 0.421875, Pe1 = Pe2 = 0.01,
and d/a = 0.5.

Fig. 3. Variation of scaled mobility as a function of κa at various β and λa for
the case when Qfix = 0. Key: same as in Fig. 2.

applied electric field in the z-direction, φ∗
e = φe/ζ is the scaled

equilibrium electrical potential, κa is the scaled double-layer
thickness, where κ−1 = (εkT /

∑
nj0(ezj )

2)1/2 is the Debye
length, and φr = z1eζ/kT is the scaled surface potential.
Qfix = (ρfixa

2/εζ ) is the scaled amount of fixed charge in the
membrane layer of a particle, and Pei = UEa/Di is the electric
Peclet number for ionic species i.

Fig. 2 shows that if both λa and κa are fixed, the mobility
of a particle correlates positively with β . This is expected be-
cause varying the magnitude of β has the effect of changing the
flow field in the membrane layer of a particle, and its velocity
is influenced accordingly. Note that if λa is either very large
or very small, the mobility of a particle becomes insensitive to
the variation of β , as can be seen in Fig. 3. This is because if
λa → 0, the membrane layer is absent as far as the flow field
Fig. 4. Variation of scaled mobility as a function of λa at various β for the case
when Qfix = 0 and κa = 1. Key: same as in Fig. 2.

is concerned, and the behavior of the system under considera-
tion is similar to that of a spherical dispersion of rigid particles
of radius a. Similarly, the behavior of the system under con-
sideration is similar to that of a spherical dispersion of rigid
particles of radius b (= a + d) as λa → ∞. The influence of β

in these two extreme cases is negligible. Fig. 3 also reveals that
if λa is small, the scaled mobility of a particle μ∗

m increases
monotonically with the increase in κa for the range of κa con-
sidered; if λa is large, μ∗

m has a local maximum as κa varies,
and it has both a local maximum and a local minimum if λa

takes a medium value. This implies that the nature of the mem-
brane layer of a particle can have a profound influence on its
electrophoretic behavior. It is interesting to note that for a fixed
value of λa, the value of κa at which the local maximum of μ∗

m
occurs is the same, and ranges from 2 to 3; that is, the double
layer surrounding a particle is enclosed in its membrane layer.
This implies that β is unable to influence the phenomenon of
double-layer polarization observed in Lee et al. [9]; that is, β

and κa are independent of each other.
Fig. 4 reveals that the scaled mobility of a particle μ∗

m for
β � 0 is less sensitive to the variation of λa than that for β > 0.
In the latter, μ∗

m has a local maximum, and the larger the β the
more sensitive is μ∗

m to the variation of λa. Note that if β de-
pends only on the nature of the membrane layer–liquid interface
and the fluid outside a particle, then the value of λa at which the
local maximum of μ∗

m occurs, should not vary with β . There-
fore, we conclude that β and λa are correlated.

Fig. 5 illustrates the variation of the scaled mobility of a par-
ticle μ∗

m as a function of κa at various values of λa when the
membrane layer of a particle carries negative fixed charge, and
Fig. 6 shows that at various values of H . As can be seen in
Fig. 5, a positive value of β leads to an increase in |μ∗

m|, and
this effect is pronounced when λa takes a medium value. This is
consistent with the results shown in Fig. 3 where the membrane
layer of a particle is free of fixed charge. According to Fig. 6,
the influences of β on the value of μ∗

m at various concentrations
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Fig. 5. Variation of scaled mobility as a function of κa at various β and λa for
the case when Qfix = −10. Key: same as in Fig. 2.

Fig. 6. Variation of scaled mobility as a function of κa at various β and H for
the case when Qfix = −10, λa = 5, φr = 1.0, and d/a = 0.5.

of particles are on the same level. This is because both the value
of λa and the thickness of the membrane layer of a particle are
fixed. Therefore we conclude that β is independent of H .

Figs. 7–9 show some typical flow fields of the problem under
consideration. These figures reveal that the qualitative nature
of the contours of stream lines is not influenced appreciably
by the introduction of β , especially when λa = 1, which is
expected since the presence of the membrane layer can be ne-
glected in this case. However, as λa gets large, the contours
of the stream lines in the region between the outer surface of
the membrane layer and cell boundary becomes more uniform.
Figs. 7–9 suggest that the introduction of a positive β has the
effect of raising the gradient of the stream line near the surface
of a particle. Since vθ is proportional to the gradient of stream
(a)

(b)

Fig. 7. The stream function profile for the case when Qfix = −10, κa = 1, and
λa = 1. (a) β = 0, (b) β = 0.9. Key: same as in Fig. 2.

line, this means that the mobility of a particle increases accord-
ingly.

5. Conclusions

The electrophoresis of a concentrated dispersion of soft par-
ticles, where a particle comprises a rigid core and an ion-
penetrable membrane layer, is analyzed taking account of the
effect of a stress-jump condition of the flow filed on the mem-
brane layer–liquid interface. We show that this condition, char-
acterized by a stress-jump coefficient, can have a significant
influence on the mobility of a particle. While that influence de-
pends largely on the nature of a membrane layer, characterized
by its friction coefficient, it is independent of the associated
electrical field characterized by the double layer surrounding a



E. Lee et al. / Journal of Colloid and Interface Science 296 (2006) 756–761 761
(a)

(b)

Fig. 8. The stream function profile for the case when Qfix = −10, κa = 1, and
λa = 10. (a) β = 0, (b) β = 0.9. Key: same as in Fig. 2.

particle. Since the stress-jump coefficient is correlated with the
friction coefficient, the influence of the membrane layer of a
particle on its mobility is mainly affected by the latter, which is
material-dependent.
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