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Abstract

The deposition of colloidal particles onto the collector surfaces of porous media is investigated using the Brownian dynamics s
method. The pore structure in a filter bed was characterized by the constricted tube model. The effects of various shapes of the tota
energy curves of DLVO theory and the effects of different particle diameters on the collection efficiencies of particles are exami
simulation results show that the particle collection efficiency is strongly dependent on the geometry of the tube and on the shape
interaction energy curve. In a comparison with the available experimental measurements of the filter coefficient, it is found that th
model can give a smaller discrepancy than that of the convective diffusion model in the unfavorable deposition region.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Granular filtration is a useful fluid–solid separati
process for removing various sizes of colloidal partic
from fluids—for example, the removal of hydrosols fro
water treatment and aerosols from gas. When colloidal
ticles are transported through the porous media of a fi
bed, the complicated interactions between the surface
particles and the granular collectors are the most impo
factors to be considered [1]. The method of trajectory an
sis [2], which takes into account the molecular dispers
and electrokinetic and hydrodynamic forces, is a useful
to describe the deposition behavior of colloidal particles
the collector surfaces, by adopting the concept of the
iting trajectory [3]. In this trajectory method, in order
properly describe the hydrodynamic flow field around
collector surface, a number of different unit cell models
adopted to describe the geometry of pore structure in
porous media, such as (a) the capillary tube model [4
(b) the single sphere model [6–8], (c) the sphere-in-
model [3,9,10], and (d) the constricted tube model es
lished by Payatakes et al. [11]. Among which, the constric

* Corresponding author.
E-mail address: yichang@mail.thu.edu.tw (Y.-I. Chang).
0021-9797/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0021-9797(03)00636-2
f

tube model is the only model takes the joint effect of nei
boring grains and the shape and size of the nodes conne
pores into consideration. So the constricted tube mod
adopted for modeling the porous media in the present p

Also, the Brownian diffusion force was not consider
in earlier works of trajectory analysis; hence the force b
ance equations obtained in these analyses were determ
tic. However, when Brownian diffusion is the dominant for
of the deposition process, the deterministic calculation
particle trajectory is no longer possible. Inclusion of th
Brownian random forces in this Lagrangian type force b
ance equation leads to a Langevin type equation, which
solved successfully by Kanaoka et al. [12] in their simu
tion model of the aerosol filtration. This Brownian dynam
simulation method proved to be useful when the inertia
long-range forces (i.e., van der Waals attraction and e
trical double layer repulsion) are of the same order as
Brownian diffusion force [13,14]. Combining the concept
control window with this dynamics method, a stochastic p
cedure was established successfully in our previous pa
to simulate the initial deposition behavior of colloidal pa
cles [15,16]. In these papers, the effect of various shape
the total interaction energy curve of DLVO theory [17]
the collection efficiency of colloidal particles was simula
by adopting the Kuwabara cell model. And the results sh
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that the height of the primary maximum and the depth
the secondary minimum in the total interaction energy cu
play important roles in determining the collection efficien
of Brownian particles at low Reynolds numbers.

In the first part of this paper, in order to investigate
effect of wall geometry on the deposition rates of Brow
ian particles, the parabolic constricted tube (PCT), the s
soidal constricted tube (SCT), and the hyperbolic constric
tube (HCT) are adopted in the Brownian dynamics simu
tion method. In these simulations, the effects of the vari
shapes of the total interaction energy curves and the ef
of the particle diameter are also considered. Theoretical
dictions obtained by the present model are compared
experimental data reported by Elimelech and O’Melia [1
as well as by Bai and Tien [19]. Furthermore, results
tained with the previous convective diffusion model [20] a
presented in the second part of this paper.

2. The constricted tube model

In this model, the filter bed is considered to be compo
of a number of unit bed elements (UBE) connected in se
The unit bed elements are uniform in thickness and are
tistically similar. Each unit bed element contains a num
of unit cells of the shape of the constricted tube with a gi
size distribution. To simplify the analysis, these unit ce
contained in a UBE are assumed to be of the same size i
present study. The dimension of the constricted tube is c
acterized by three quantities: the height,h, the maximum
diameter,dmax, and the constriction diameter,dc. The radius
rc andrmax aredc/2 anddmax/2, respectively. Expression
for the determination of these quantities are summarize
Table 1. A schematic representation is shown in Fig. 1.
a spherical collector with diameterdf , the relationship be
tweenrc , rmax, anddf is defined as [2]

(1)rc = dc

2
= 1

2

〈dc〉
〈df 〉df ,

(2)rmax = dmax = 1
[
ε(1− Swi)〈d3

f 〉
3

]1/3

df ,

2 2 (1− ε)〈dc 〉
Table 1
Summary of expressions for porous media characterization based o
constricted tube model

Quantity Expression

Length of periodicity,lf

[
π

6(1− ε)
]1/3

〈df 〉

Number of unit cells per
unit bed element,Nc

6ε(1− Swi)
π〈d3

c 〉
[ 〈dc〉 − ε〈d3

c 〉
ε(1− Swi)〈d3

c 〉
]2/3

Height,h df

Minimum diameter,dc
〈dc〉
〈df 〉 df

Maximum diameter,dmax

[ ε(1− Swi)〈d3
f 〉

(1− ε)〈d3
c 〉

]1/3
dc

Volumetric flow rate in a given
type of unit cell,qi

us

Nc

whereε denotes the porosity of porous media,〈df 〉 and〈dc〉
are the mean values of the diameter of spherical collec
and pore constrictions, respectively, and〈d3

f 〉 and 〈d3
c 〉 are

the mean values ofd3
f andd3

c , respectively. In Eq. (2),Swi
represents the fraction of the irreducible saturation of por
media, and its value is 0.111 for glass bead collectors
0.127 for sand grain collectors [11]. In the present study,
filtration bed is assumed to be packed with sand grains.

Three different geometric structures are considered
the constricted tube model in the present study: the
abolic geometry (PCT as parabolic constricted tube) use
Payatakes et al. [11] in their original formulation, and t
subsequent models of the sinusoidal (SCT) and hyperb
(HCT) geometry considered by Fedkiw and Newman [
and Venkatesan and Rajagopalan [22], respectively. The
pressions for the wall radiusrw corresponding to these thre
geometric structures are given in Table 2. With the assu
values for a filter bed given in Table 3, the schematic d
grams of these three constricted tube models are show
Fig. 2, with whichdmax = 80, dc = 36, andh = 100 µm.
From these three geometric structures, it can be found
the tube wall of PCT exhibits the highest slope at the
Fig. 1. The schematic diagram of the control window for simulating deposition of Brownian particles in a constricted tube model.
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Table 2
Equations describing the wall geometry for different types of the constri
tube structure

PCT (parabolic constricted tube)

rw = rc + 4(rmax− rc)
(

0.5− z

lf

)2
for 0<

z

lf
< 1,

SCT (sinusoidal constricted tube)

rw = rc + rmax

2

[
1+

(
rmax− rc
rmax+ rc

)
cos

(
2π

z

lf

)]
,

HCT (hyperbolic constricted tube)

rw = (1− ζ 2
0 )

1/2
[
α2

0 + (z/lf − 0.5)2

ζ 2
0

]1/2
,

where

ζ0 =
{

4r2c

[(
rmax

rc

)2
− 1

]
+ 1

}−1/2

,

α0 = {4r2c [(rmax/rc)
2 − 1] + 1}1/2

2[(rmax/rc)2 − 1]1/2 .

Table 3
Parameter values adopted in the theoretical simulation of the
present paper

Parameters Ranges

NE1 0–103

NE2 −1–1
NLO 10−3–102

NDL 5–102

kB 1.38× 10−16 erg K−1

ε 0.39
µ 1 cp
T 293 K
ρf 1.0 g cm−3

ρp 2.5 g cm−3

df 100 µm
dp 1 µm
Swi 0.111

trance and the lowest slope at the constriction part of
tube, andvice versa for SCT. The flow fields correspondin
to these three geometric structures are different. For ex
ple, for SCT, the streamlines at the entrance of the unit
are parallel to the axial direction, and persist along tha
rection over a certain distance before they move toward
center of the tube. This puts particles in a more favorable
uation for collection than that of a PCT, at which the strea
lines at the entrance are parallel to the axis, but change
direction very quickly as they move into the cell center [2
In the present study, the flow field equations establishe
Chow and Soda [24] and modified by Chiang and Tien [
are adopted, which is briefly described as follows.

By assuming the wall radiusrw as an arbitrary function o
the axial distance in the constricted tube, the stream func
of flow can be expressed as

(3)ψ∗ = ψ

2
=ψ∗

0 +Rmψ∗
1 +R2

mψ
∗
2 ,
umrm
-

r

at which the zeroth, first, and second order solutions
stream functions are given, respectively, as

(4)ψ∗
0 = 0.5

(
R4 − 2R2),

(5)

ψ∗
1 = 0.25NRe,m

dRw/dZ

Rw

[
1

9

(
R8 − 6R6 + 9R4 − 4R2)],

ψ∗
2 = −0.5

[
5

(
dRw

dZ

)2

−Rw d
2Rw

dZ2

]
(R2 − 1)2R2

3

− 0.125NRe,m

(
dRw/dZ

Rw

)2

(6)

×[
32R12 − 305R10 + 750R8

− 713R6 + 236R4]/3600,

where

Z = z/lf , Rw = rw/rm, R = r/rw,

Rm = rm/lf , rm = 1

lf

lf∫
0

rw dz, NRe,m = umrmρf

µ
.

The relationship betweenum and the superficial velocit
through the filter bed,us , is

(7)us = (um)
(
πr2
m

)
Nc,

whereNc is the number of the constricted tubes per u
cross section of the bed, and its definition is given in Tabl

The expressions of the velocity componentsur anduz are

(8)ur = um
(
u∗
r0 +Rmu∗

r1 +R2
mu

∗
r2

) r2
m

rwlf
,

(9)uz = um
(
u∗
z0 +Rmu∗

z1 +R2
mu

∗
z2

)r2
m

r2
w

,

where the zeroth, first, and second order dimensionles
pressions of the two componentsur anduz are given, re-
spectively, as

(10)u∗
r0 = −2

dRw/dZ

Rw

(
R3 −R)

,

u∗
r1 = 0.25

R
NRe,m

{
F

[
d2Rw/dZ

2

Rw
−

(
dRw/dZ

Rw

)2
]

(11)+ dF

dZ

dRw/dZ

Rw

}
,

u∗
r2 = −0.5

{(
9
dRw

dZ

d2Rw

dZ2
−Rw d

3Rw

dZ3

)
G

R

+
[

5

(
dRw

dZ

)2

−Rw d
2Rw

dZ2

]
dG

RdZ

}
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(a) (b)

(c)

Fig. 2. Geometric figures of three different constricted tube structures adopted in the present paper, at whichdmax = 80, dc = 36, andh = 100 µm: (a) the
parabolic constricted tube (PCT); (b) the sinusoidal constricted tube (SCT); (c) the hyperbolic constricted tube (HCT).
and
the
im-

on
is
− 0.125NRe,m

{
2
dRw/dZ

Rw

[
d2Rw/dZ

2

Rw

(12)−
(
dRw/dZ

Rw

)2
]
E

R
+

(
dRw/dZ

Rw

)2
dE

RdZ

}
,

(13)u∗
z0 = 2

(
1−R2),

(14)u∗
z1 = −0.25

R
NRe,m

dF

dR

dRw/dZ

Rw
,

u∗
z2 = 0.5

[
5

(
dRw

dZ

)2

−Rw d
2Rw

dZ2

]
dG

RdR

(15)+ 0.125NRe,m

(
dRw/dZ

)2
dE

,

Rw RdR
where

F = (
R8 − 6R6 + 9R4 − 4R2)/9,

G= (
R2 − 1

)
R2/3,

E = (
32R12 + 305R10 + 750R8 − 713R6 + 236R4)/3600.

3. Simulation procedure

Similar to the previous papers of Ramarao et al. [14]
authors [15,16], the principle of trajectory analysis and
concept of control window are adopted in the present s
ulation. Assume that the distribution of the initial positi
(rin, θin) of each approaching particle of the same size
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assigned by the random number generator in the flow
simulation. Note that the inlet positions of particles are
cated at 0< rin < r0 and 0< θin < 2π (see Fig. 1), at which
r0 is the radial distance beyond which no particle can
placed at the tube inlet (or control window), andr0 can be
found to be

(16)r0 = dmax− dp
2

.

With consideration of the inertia term in the force balan
equation and of the specification of the flow fluid arou
the collector, the particle trajectory can be determined
integrating the Langevin equation as shown below.

The particle velocity vector is represented as

V =
{[
V0e

−βt +U(
1− e−βt)]F2(H)+Rv(t)

(17)+ 1

β

(
FLO + FDL

mp

)(
1− e−βt)

}
F1(H)F3(H)

with

Rv(t)=
t∫

0

eβ(ζ−t )A(ζ ) dζ,

whereV0 is the initial velocity of particles,mp is the mass
of the particle,U is the fluid velocity vector,β is the fric-
tion coefficient per unit mass of particle, andF1(H),F2(H),
andF3(H) are the retardation factors of normal vector, d
force, and shear vector, respectively [3]. SubstitutingdZ/dt

for V with the initial conditionS = S0 at t = 0, the trajectory
equation of particles can be expressed as

Z =Z0 +
{
V0

β

(
1− e−βt) +U

[
t − 1

β

(
1− e−βt)]

}

× F1(H)F2(H)F3(H)

+
{
Rr(t)+

(
FLO + FDL

βmp

)(
t + e−βt

β
− 1

β

)}

(18)× F1(H)F3(H),

with

Rr(t)=
t∫

0

[ n∫
0

eβζA(ζ ) dζ

]
e−βn dn,

whereA(t) represents a Gaussian white noise proces
stochastic terms.Rv(t) and Rr(t) are two random devi
ates which are bivariate Gaussian distribution. The de
of Rv(t) andRr(t) can be found in Kanaoka et al. [12] an
Ramarao et al. [14].

In Eqs. (17) and (18),FLO andFDL are the van der Waa
force and the electrostatic repulsion force interacting
tween the particle and the collector surface, respectively

(19)FLO = −∇φLO, FDL = −∇φDL
with

φLO = −NLO

[
2(H + 1)

H(H + 2)
+ lnH − ln(H + 2)

]
(with the unit ofkBT )

φDL =NE1

{
NE2ln

[
1+ exp(−X)
1− exp(−X)

]
+ ln

[
1− exp(−2X)

]}

(with the unit ofkBT );
hence

(20)FLO = − 2A

3rp

[
1

(H 2 + 2H)2

]
,

(21)FDL = 2kBT

rp
NE1

(
NDLe

−NDLH
){NE2 − e−NDLH

1− e−2NDLH

}
,

where

H = hs

rp
, NLO = A

6kBT
, NDL = κrp,

X =NDLH,

NE1 = νrp(ϕ
2
1 + ϕ2

2)

4kBT
, NE2 = 2

(
ϕ1
ϕ2

)
[
1+ (ϕ1

ϕ2

)2] .
In the above equation,hs is the smallest separation di

tance between the particle and the collector surface,A is
the Hamaker constant,kB is the Boltzmann constant,T is
the absolute temperature,κ is the reciprocal of the elec
tric double layer thickness,ν is the dielectric constant o
the fluid, andϕ1 and ϕ2 are the surface (zeta) potentia
of the particle and the collector, respectively. The algeb
sum of the van der Waals and double-layer potentials g
the total interaction energy curve of the DLVO theory (i.
VT /kBT = φLO + φDL). In this total interaction energy pro
file, the existence of two characteristic energy barriers (
the height of the primary maximum and the depth of the s
ondary minimum) is important in determining the collecti
efficiencyηs as discussed below.

From the trajectory of a given particle, one can then
termine whether this particle will deposit on the collec
or not. With these simulation steps, the single collector
lection efficiency describing the initial deposition rate
Brownian particles can be defined as [14]

(22)ηs =
(
y0

rf

)
P(y0) with P(y0)= Ndep

Ngen
,

whereNgen is the number of particles entering the cont
window andNdep is the number of particles deposited.
calculateP(y0), the value ofNgen= 1000 and the averag
value ofηs from 10 trials are used in the present case.

4. Simulation results and their comparisons
with experiments

The estimation of the collection efficiency describing p
ticles’ initial deposition behavior from the trajectory equ
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tions based on the above stochastic simulation proced
for the different interaction energy curves, and for the d
ferent constricted tube structures are given below. The
responding electrokinetic data and other simulation p
meters are given in Table 3. The present simulation
compared with the experimental data reported by Elime
and O’Melia [18] and by Bai and Tien [19] first, and the
with the results of the convective diffusion model [20]. T
accuracy of the above simulation method will be discus
in a later section.

4.1. Effect of the interaction force

The effects of the four types of interaction ener
curves [26] on the collection efficiencies of Brownian p
ticles will be investigated in the present section. As sho
in Fig. 3, curves A exhibits a large primary maximum a
a deep secondary minimum; curve B displays a large
mary maximum and a negligible secondary minimum; wh
curve C owns a deep secondary minimum only and a “
rierless” interaction energy curve is represented by curv
In this figure,NE1 = 105.0 andNDL = 10.75 for curve A,
NE1 = 50.0 andNDL = 5.02 for curve B,NE1 = 77.0 and
NDL = 10.0 for curve C,NE1 = 0.0 andNDL = 0.0 for
curve D, andNE2 = 1.0 andNLO = 7.0 for all four curves.
Corresponding to these four types of interaction ene
curves with the defined values ofNE1, NE2, NLO, andNDL
and the three different porous media models (i.e., SCT, H
and PCT), the simulation results of the collection efficienc
ηs at various values of Reynolds number (i.e., based on
tube diameter and fluid velocity) are given in Figs. 4a,
and 4c, respectively.

Fig. 3. Four types of total interaction energy curves adopted in the
ulation of the present paper, at whichNE1 = 105.0 andNDL = 10.75
for curve A,NE1 = 50.0 andNDL = 5.02 for curve B,NE1 = 77.0 and
NDL = 10.0 for curve C,NE1 = 0.0 andNDL = 0.0 for curve D, and
NE2 = 1.0 andNLO = 7.0 for all four curves.
s The simulation results for SCT are shown in Fig.
which indicate that the order of the magnitudes ofηs in gen-
eral is curve D> curve C> curve B> curve A, with the
exception that curve B> curve C whenNRe � 1.8. Since no
energy barrier exists, the collection efficiencies of curve
are always greater than those of the other three curves
a maximum is observed atNRe = 0.3. Since the depositio
mechanism of particles is controlled by the Brownian dif
sion effect whenNRe � 0.3, as the particle inertia increase
these particles will be more likely to retain their initial d
rection toward the tube wall at the entrance of the SCT tu
This implies that the capture possibility of particles will b
come greater with increased Reynolds number. Howe
whenNRe > 0.3, the inertial effect becomes dominant a
those particles at the entrance will move away from the t
wall toward the center of the tube. Consequently, collec
efficiency of particles will decrease with the increase of
particle inertia whenNRe > 0.3. This explains why there is
maximum in this “barrierless” curve D as shown in Fig. 4

Contrary to the decreasing tendency observed in curv
the values ofηs of curves A, B, and C increase with the i
crease ofNRe as shown in Fig. 4a, because the increa
inertia forces can overcome the energy barriers show
Fig. 3. Comparing curve A with curves B and C, it is fou
that, even with the presence of the deep secondary minim
which increases the accumulation of particles for curve
and C, the steep slope between the secondary minimum
the primary maximum energy barriers of curve A is s
the main reason for its lowest collection efficiency amo
the three curves. But whenNRe � 1.8, because of a greate
sweep away probability caused by the tangential fluid c
vection force acting on those particles accumulating at
secondary minimum, theηs of curve C is smaller than tha
of curve B.

As shown in Figs. 4b and 4c, similar results are obtai
for PCT and HCT, respectively. The reasons given in Fig
can be drawn to explain these variations observed in t
two figures. For PCT and HCT, the maxima of curve D oc
atNRe = 0.7 andNRe = 0.4, respectively. And the inverse o
the magnitudes ofηs for curve B and curve C happens
NRe = 1.2 andNRe = 0.7, respectively. For curve A show
in Figs. 4a, 4b, and 4c, it is interesting to find that, beca
of its lower slope of the tube wall at the constriction p
of the tube, the collection efficiency for either PCT or HC
is almost zero and is much smaller than that of SCT w
NRe � 1.0.

When comparing the magnitudes ofηs at different
Reynolds numbers among these three tube structures
found that SCT> HCT > PCT in general for curves A, B
and C, respectively, andvice versa for curve D. The illus-
trative examples for curves B and D are shown in Figs
and 5b, respectively. For curve B in Fig. 5a, since these
ticles can persist a longer distance at the entrance in
SCT tube, its collection efficiencies of particles are hig
than that of HCT and PCT asNRe becomes greater. Whe
NRe � 1.50 (at which the inertia effect becomes domina
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tures
r the
(a) (b)

(c)

Fig. 4. Simulation results of the collection efficiencyηs versus Reynolds numberNRe, corresponding to these three different constricted tube struc
described in Fig. 2 and four types of interaction energy curves shown in Fig. 3: (a) simulation results for the SCT model; (b) simulation results foPCT
model; (c) simulation results for the HCT model.
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because of its highest slope of the tube wall being at the
trance, the collection efficiency of PCT becomes higher t
that of HCT and close to that of SCT. Also, since the p
ticles at the entrance of the tube will collide with the tu
wall immediately (see Fig. 1), the collection efficiencies
these three constricted tube structures are much greate
that of the spherical collector model whenNRe � 1.0 [15], at
which the Kuwabara fluid field model was adopted. Also
shown in Fig. 5a, the dashed lines represent the simula
results when the well known trajectory equations of the c
stricted tube model established by Payatakes et al. [11
adopted, at which the Brownian diffusion deposition mec
nism is ignored. It is found that the collection efficiencies
particles obtained by the present work are lower than th
n

predictions obtained by using the Payatakes model, w
indicates that the Brownian diffusion effect exhibits a n
ative effect on the collection efficiency of particles for th
type B interaction energy curve. However, for the barr
less curve D, as shown in Fig. 5b, the Payatakes mo
predication is higher than that of the present work, and
difference becomes more profound when the Reynolds n
ber of fluid is small indicating the Brownian diffusion effe
is the dominant deposition mechanism. Contrary to th
magnitudes ofηs observed in Fig. 5a, as shown in Fig.
whenNRe is large, the collection efficiency of PCT is th
highest among these three tube structures, because
highest slope of the tube wall being at the entrance. N
that there are no maxima observed for these curves w
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Fig. 5. Simulation results of the collection efficiencyηs versus Reynolds
numberNRe, corresponding to these three tube structures described in F
and the spherical collector model, at which the Kuwabara flow field mod
adopted [15]: (a) simulation results for the type B interaction energy c
shown in Fig. 3; (b) simulation results for the type D interaction ene
curve shown in Fig. 3. In this figure, solid lines represent the simula
results obtained by using the present Brownian dynamics model, and d
lines represent the simulation results obtained by using the trajectory m
established by Payatakes et al. [11], in which the Brownian diffusion e
is ignored.

out considering the Brownian diffusion effect as shown
dashed lines in Fig. 5b.

4.2. Effect of the particle size

Figure 6a shows the predicted collection efficiency a
function of the particle diameter for the four types of int
action energy curves, adopting the PCT geometric struc
(a)

(b)

Fig. 6. Simulation results of the collection efficiencyηs versus particle di-
ameterdp , corresponding to these four types of interaction energy cu
shown in Fig. 3 when the PCT model is adopted: (a) simulation result
NRe = 0.1; (b) simulation results forNRe = 1.0.

andNRe = 0.1. For a chosen particle diameter, since th
is no energy barrier, the collection efficiency of curve
is the highest. Also, for curve D whenNRe < 0.2 µm, the
collection efficiency of particles decrease, because of
decreased Brownian diffusion effect with the increase
particle diameter. After passing through this minimum
dp = 0.2 µm, the collection efficiency increases rapidly w
the increase of particle diameter, at which the inertia fo
becomes more important and dominates others depos
mechanisms eventually. The same results are obtaine
curve C, except that the values ofηs will only increase
slightly when 0.2 µm< dp < 1.8 µm, which is caused by th
easy accumulation of particles at the deep secondary
imum of curve C. Because of the existence of the prim
maximum energy barrier, the collection efficiency of curve
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is not obvious untildp > 1.8 µm. Since the height of the pr
mary maximum is too high for particles to overcome,
collection efficiency of curve A is almost zero as shown
Fig. 6a. When Reynolds number increase fromNRe = 0.1 to
NRe = 1.0, as shown in Fig. 6b, no minimum is observed
either curve C or curve D, because the Brownian diffus
effect is no longer important. Curve D still has the high
collection efficiency among these four types of interact
energy curves, and increases with the increase of the pa
diameter.

4.3. Comparison with the experimental data

Experimental results of Elimelech and O’Melia [18] a
of Bai and Tien [19] for measuring the collection efficie
cies of colloidal particles in a packed bed, are adopted
to compare with the predictions of the present deposi
model using PCT, SCT, and HCT, respectively.

In the first study of particle deposition with the presen
of the repulsive double layer interactions (i.e., like curve
in Fig. 3), the experimental data reported by Elimelech
O’Melia [18] are adopted. In their experimental work, t
collection efficiencies of negatively charged polystyrene
tex were determined from the particle deposition exp
ments in a packed-bed filter, at which the electrolyte c
centrations of the suspensions were varied from 0.0
0.001 M and the negatively charged glass beads were
as the spherical collectors. In order to consider the Brow
diffusion behavior of particles described in the present
per, only the experimental results of the particle diamete
0.753 µm are adopted to compare with the above simula
theory. Corresponding to the experimental conditions g
in Table 4, the curves of the experimental and theore
collection efficiencies as a function of electrolyte concen
tion are presented in Fig. 7. In this figure, the experime
collection efficiency is calculated by the equation

(23)ηs exp= 4rf
/[

3L(1− ε)] ln(C in/Ceff),

whereε is the porosity of the packed-bed filter,L is the
length of the packed-bed filter,C in is the influent concen
tration of the latex particles, andCeff is the effluent concen

Table 4
Experimental conditions adopted in the study of Elimelech and O’M
[18]

KCl (mol/l) φp (mV) φf (mV)

Exp. 1 0.3 −28.2 −17.5
Exp. 2 0.1 −41.0 −29.3
Exp. 3 0.03 −62.3 −39.0
Exp. 4 0.01 −80.0 −47.5
Exp. 5 0.003 −89.5 −56.4
Exp. 6 0.001 −89.0 −60.0

df 200 µm
dp 0.753 µm
U 0.136 cm/s
L 20 cm
d

Fig. 7. Comparison of the filter coefficients between the theoretica
sults and the experimental data obtained from Elimelech and O’Melia
Curve A represents the theoretical predictions when the PCT mod
adopted, while curves B and C represent the predictions of using the
model and the HCT model, respectively. Curve D is the simulation re
obtained by using the convective diffusion model [20]. Curve E shows
predictions obtained by using the correlation equation established b
and Tien [19]. Experimental data on the filter coefficients are shown b
symbol of (2).

tration of the latex particles. And the filter coefficientα is
defined by the ratio of the initial filter coefficientλ, to its
value in the absence of the repulsive energy barrier betw
two interacting surfaces (i.e., when the ionic strength of
colloidal suspension is high),λ0, or

(24)α = λ

λ0
= ηs

η0
.

In Fig. 7, curve A is the simulation result of using the P
model, while curves B and C represent the simulation res
of using the SCT model and the HCT model, respectiv
The predictions of curve B are almost the same as curv
Curve D represents the theoretical predictions of the fi
coefficient by the convective diffusion model. The compl
formulation of this convective diffusion model describi
the deposition rates of Brownian particles can be foun
detail elsewhere [20]. As described in the dissertation of
jagopalan [27], when the inertia term of the force bala
equation is ignored, there is a direct relationship betw
the Langevin equation of the present paper and the con
tive diffusion equation via the Fokker–Planck–Kolmogo
equation and the equivalent form of the Stratonovich dif
ential equation. Curve E represents the correlation equ
established by Bai and Tien [19] for estimating the filter e
ciency based on four dimensionless parameters,NLO, NDL,
NE1, andNE2, as follows:

(25)α = 2.527× 10−3N0.7031
LO N−0.3121N3.5111

E2 N1.352
DL .
E1
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As shown in this Fig. 7, a common feature of curves
B, and C is the drastic drop of the filter coefficient wh
the electrolyte concentration is smaller than 0.01 M. Thi
caused by an increase in the range of electric double laye
pulsion force and the height of the primary energy barrie
the total interaction energy curve as the electrolyte con
tration of the solution decreases. This particular electro
concentration, 0.01 M, is then referred to as the critical
position concentration, which demonstrates the unfavor
deposition of particles onto the collector surfaces. Cu
D is the convective diffusion model, a drastic drop of t
collection efficiency to zero is also observed when the e
trolyte concentration of KCl is smaller than 0.1 M. Com
paring with the experimental data, it is found that there
a disparity between theory and experiment with respec
the magnitude of the filter coefficient, when the electrol
concentration is dropped in the unfavorable deposition
gion. However, since the inertia term is considered in
force balance equation of the present model, hence th
ter coefficients of curves A, B, and C are much higher t
that of curve D. Therefore, the present model can red
these differences observed between theoretical predic
and experimental results in the unfavorable deposition
gion. Also, as shown in Fig. 7, the filter coefficient of cur
A is higher than those of curves B and C in this unfav
able deposition region. This result can be explained by
fact that, instead of its higher value ofηs obtained for ei-
ther SCT or HCT, because of its much higher value ofη0
obtained for these two structures, therefore the filter c
ficients of curves B and C are smaller than that of cu
A as calculated by using Eq. (24). Curves A, B, C, and
can give good predictions when the electrolyte concen
tion of KCl is greater than 0.1 M, at which the double lay
interactions are attractive. Heterogeneity of surface ch
and potential [28], surface roughness [29], and possible
ditional forces between particles and collectors [30] can
the reason for these well-known discrepancies between
theoretical results and the data measured experimental
shown in Fig. 7. Curve E in Fig. 7 indicates that the cor
lation equation obtained by Bai and Tien [19] fits well w
the experimental results of this study.

In the second study, the experimental data obtained
Bai and Tien [19] are compared with the predictions of
present deposition model. In this experiment, the collec
efficiencies of polystyrene latex of various sizes throug
Bollotini glass beads packed column were measured,
the experimental condition is listed in Table 5. The typi
sets of experimental results are shown in Fig. 8, while
diameter of latex is 0.802 µm and the double layer inte
tion force is repulsive. It is found that the filter coefficie
α increase with the increase of ionic concentration (i.e.,
cause of the compression of the double layer thickness)
the values ofα are as high as 1.0 when the concentrat
of NaCl is at 0.1 M. This coincides with Fig. 7, where bo
curves A, B, and C show discrepancies between predict
and experimental data at the unfavorable deposition re
-

s

Table 5
Experimental conditions adopted in the study of Bai and Tien [19]

NaCl (mol/l) φp (mV) φf (mV) dp (µm)

Exp. 1 0.0001 −20.7 −22.8 0.802
Exp. 2 0.001 −19.3 −21.2 0.802
Exp. 3 0.01 −15.7 −18.1 0.802
Exp. 4 0.1 −7.0 −11.2 0.802

U 0.103 cm/s
df 460 µm
L 10.3 cm

Fig. 8. Comparison of the filter coefficients between the theoretical re
and the experimental data obtained from Bai and Tien [19]. Curve A
resents the theoretical predictions when the PCT model is adopted,
curves B and C represent the predictions of using the SCT model an
HCT model, respectively. Curve D is the simulation result obtained by u
the convective diffusion model [20]. Curve E shows the predictions obta
by using the correlation equation established by Bai and Tien [19]. Ex
mental data of the filter coefficients are shown by the symbol of (2).

of low electrolyte concentrations. Since those particles a
entrance of the tube will collide with the tube wall immed
ately in the present model, curves A, B, and C overestim
the collection efficiencies of particles when the concen
tion of NaCl is smaller than 0.1 M. Different with wha
obtained in the theoretical simulations of Fig. 7, theα val-
ues of curves B and C are slightly higher than that of curv
when the concentration of NaCl is smaller than 0.01 M.
mentioned above, curve D is the simulation result obtai
when the convective diffusion model is adopted. Excep
the unfavorable deposition region, curve D coincides w
with the experimental data when the concentration of N
is greater than 0.01 M, at which the interaction forces are
tractive and the collection efficiencies of particles are v
high. Also, it is found that Bai and Tien’s predictedα values
shown by curve E are slightly higher than those of exp
mental results in Fig. 8.
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5. Conclusion

By assuming that the constricted tube model charac
izes the filter bed, the deposition behavior of colloidal pa
cles is investigated by using the Brownian dynamics s
ulation method in the present paper. The contribution
different constricted tube structures, PCT, HCT, and S
various shapes of the total interaction energy curves
the different particle diameters, to the collection efficienc
of Brownian particles are examined. The simulation res
show that the height of the primary maximum and the de
of the secondary minimum in the total interaction ene
curve of DLVO theory play an important role in determ
ing the collection efficiency of the Brownian particles. Wh
comparing the values of the collection efficiencies at dif
ent Reynolds numbers among these three tube structure
found that SCT> HCT> PCT in general for those intera
tion energy curves with different primary maximum heig
and secondary minimum depths, andvice versa for the curve
without any energy barrier. When comparing with the av
able experimental data of measuring the filter coefficient
found that the present model can give a discrepancy betw
theoretical predictions and experimental data smaller
that of the convective diffusion model in the unfavorable
position region.

Because the present model only considers the initial
position behavior of Brownian particles and is deficien
describing the multilayer adsorption behavior of partic
it cannot predict the collection efficiency at the unfavora
deposition region well. According to the theoretical mo
established by Choo and Tien [31], when the degree of m
tilayer adsorption of particles and cake formation at the t
entrance is taken into account, the extent of depositio
particles goes through a three-stage deposition process:
vidual deposition on the pore surface, multilayer deposit
and the formation of a deposit layer at the tube entra
Therefore, in order to describe the particle deposition
havior in a more realistic way, the model of the present pa
will incorporate the three-stage deposition process in ou
ture work.
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Appendix A. Nomenclature

A Hamaker constant
A(t) Gaussian white noise process in stochastic term
dc constriction diameter
Cin influent particle concentration
Ceff effluent particle concentration
dc constriction diameter of a constricted tube
df filter-grain diameter
dmax maximum diameter of constricted tube
dp diameter of particle
F1(H), F2(H), F3(H) retardation factors of normal vecto

drag force, and shear vector, respectively
FDL dimensionless electrostatic repulsion force, defi

by Eq. (21)
FLO dimensionless van der Waals force, defined

Eq. (20)
H defined ashs/rp
h height of constricted tube
hs the smallest separation distance between the p

cle and the collector surface
kB Boltzmann constant
L length of the filter bed
lf length of the unit bed element
mp mass of the particle
Nc number of unit cells per unit cross-sectional are
Ndep number of particles deposited
NDL double-layer force parameter, defined asκrp
NE1 first electrokinetic parameter, defined as

νrp
(
ϕ2

1 + ϕ2
2

)/
4kBT

NE2 second electrokinetic parameter, defined as

2

(
ϕ1

ϕ2

)/[
1+

(
ϕ1

ϕ2

)2
]

Ngen number of particles generated at tube inlet
NLO defined asA/6kBT
NRe Reynolds number, defined asusdf ρf /µ
NRe,m Reynolds number, defined asumrmρf /µ
P(y0) initial deposition rate of Brownian particles
R defined asr/rw
Rm defined asrm/lf
Rv(t) random deviates of velocity increment due

Brownian motion, which are bivariate Gaussi
distribution

Rr(t) random deviates of displacement increment
to Brownian motion, which are bivariate Gauss
distribution

Rw defined asRw = rw/rm
r0 remotest radial position at the constriction tube

let which can be reached by a particle
rc constriction radius
rf filter-grain radius
rin radial coordinate of the particle position at tube

let
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rm defined as 1/lf
∫ lf

0 rw dz

rmax maximum radius of constriction tube
rw wall radius
S position vector
S0 initial value ofS
Swi fraction of saturation
T absolute temperature
t time
U uniform velocity entering constriction tube
um average axial velocity across the constriction in

constricted tube
ur velocity component along the radius direction
u∗
r0, u∗

r1, u∗
r2 the zeroth, first, and second dimensionless

pressions ofur , defined by Eqs. (10), (11), and (12
respectively

us superficial velocity
uz velocity component along the axial direction
u∗
z0, u∗

z1, u∗
z2 the zeroth, first, and second dimensionless

pressions ofuz, defined by Eqs. (13), (14), and (15
respectively

V particle velocity vector
V0 initial velocity of V
Z particle position vector
Z0 initial value ofZ

Greek symbols

α filter coefficient, defined by Eq. (24)
β friction coefficient per unit mass of particle
ε filter porosity
φDL dimensionless van der Waals attractive energy
φLO dimensionless electrostatic repulsive energy
ϕ1, ϕ2 surface (zeta) potentials of particle and collec

respectively
η0 value ofηs under favorable surface interaction
ηs initial deposition rate of Brownian particles
ηs exp experimental data ofηs
θin angular coordinate of the particle position at tu

inlet
κ reciprocal of the electric double layer thickness
λ initial filter coefficient
λ0 initial value ofλ under favorable surface interactio
µ viscosity of fluid
ν dielectric constant of the fluid
ρf density of fluid
ψ stream function
ψ∗

0 , ψ∗
1 , ψ∗

2 the zeroth, first and second order solutions
stream functions, defined by Eqs. (4), (5), and (
respectively.

Other symbols

〈 〉 average value
∇ gradient operator
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