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Abstract

The electrokinetic flow of an electrolyte solution through a microchannel that comprises a bundle of cylinders is investigated for the case of
constant surface potential. The system under consideration is simulated by a unit cell model, and analytical expressions for the flow field and
the corresponding residence time distribution under various conditions are derived. These results are readily applicable to the assessment of the
performance of a microreactor such as that which comprises a bundle of optical fibers. Numerical simulations are conducted to investigate the
influences of the key parameters, including the thickness of the double layer, the strength of the applied electric field, the magnitude of the applied
pressure gradient, and the characteristic sizes of a microchannel, on the residence time distribution. We show that the following could result in a
shorter residence time: thin double layer, strong applied electric field, large applied pressure gradient, and small number of cylinders. Based on the
thickness of the double layer, criteria are proposed for whether the flow field can be treated as a laminar flow or as a plug flow, two basic limiting
cases in reactor design.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

An exact assessment of the performance of a reactor rests on
knowledge of the precise velocity and local rate of mixing of
every element of fluid inside. Unfortunately, this is nontrivial, if
not impossible, even for vessels of simple geometry under dras-
tic conditions. In fact, measuring the velocity and concentration
at each point of a vessel is difficult and essentially infeasible,
not to mention predicting them theoretically. In practice, this
difficulty is partially circumvented by measuring or predict-
ing the residence time distribution of the fluid elements as they
flow through a vessel. Coupled with an appropriate local mix-
ing model, the residence time distribution can then be used to
predict the conversion of reactants as they pass through a reac-
tor. For macroscaled reactors, residence time distributions can
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be derived analytically only for a very limited number of ideal-
ized vessels [1–3].

Modern chemical engineering technology encourages using
processes that have low risks, consume low energy, and produce
small amounts of wastes. One of the possible ways to achieve
this is to reduce the size of reactors and produce products of
high additive value [4,5]. Reactors the linear size of which is
on the order of micrometers have been used successfully in the
chemical and biomedical industries.

For the flow of fluid through a macrochannel, the pressure
gradient is usually the main driving force. This might not be the
case for a microchannel, where both a pressure gradient and an
applied electric field can play a role. In the latter the direction
of fluid flow can be adjusted by varying the charged conditions
on the surface of a microchannel. Although the flow of fluid
driven by an applied electric field in a microchannel has drawn
the attention of many theoreticians and experimentalists in the
last decade [6–12], available results for the corresponding resi-
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dence time distribution are still very limited. For the case where
a microchannel plays the role of a reactor, knowledge of this
distribution is essential to its design and optimization [1–3].

In a recent study we derived the residence time distribu-
tion for the electrokinetic flow in a long cylindrical microchan-
nel [13]. In this study, the electrokinetic flow of an electrolyte
solution through a microchannel that comprises a bundle of
cylinders is analyzed under the condition of constant surface
potential. It simulates, for example, a bundle of optical fiber re-
actors where liquid reactants flow through the space between
optical fibers, the surface of which is coated with a photon-
activated catalyst. A unit cell model where a microchannel is
simulated by a representative cylinder surrounded by a concen-
tric liquid shell, which is widely adopted in the description of
concentrated dispersions of colloidal entities, is used. The res-
idence time distributions under various conditions are derived,
and the influences of the key parameters of the system under
consideration on that distribution are discussed.

2. Theory

Let us consider the steady flow of an electrolyte solution
through a microchannel that comprises a bundle of cylinders,
illustrated in Fig. 1a. Here, a unit cell model is adopted, and as
shown in Fig. 1b, the microchannel is simulated by a unit cell,
which comprises a representative cylinder of length L and di-
ameter 2a and a concentric liquid shell of diameter 2αa, where

(a)

(b)

Fig. 1. The problem considered where an electrolyte solution flows through
a microchannel comprising a bundle of cylinders with length L driven by a
pressure gradient Pz and an electric field Ez in the z-direction. The system
is simulated by a representative cell comprising a cylinder of radius a and a
concentric liquid shell of radius αa. ψ is the surface potential, (r, θ, z) are the
cylindrical coordinates with their origin located at the axis of the representative
cylinder, and U(r) is the radial velocity distribution.
[(α2 − 1)/α2] is a measure of the volume fraction of cylin-
ders. Suppose that the end effects are negligible and the flow
field inside the microchannel is fully developed. The cylindri-
cal coordinates (r, θ, z) are adopted, with their origin located
at the axis of the representative cylinder. Let Ez = −(∂φ/∂z)

and Pz = −(∂P/∂z) be respectively an applied electrical field
and a pressure gradient; both are in the z-direction, φ and P be-
ing respectively the electrical potential and the pressure. U is
the velocity of the electrolyte solution, which is a function of r

only.

2.1. Electric field

For the present problem, φ is described by

(1)
1

r

∂

∂r
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r
∂φ
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)
+ ∂2φ

∂z2
= −ρel

ε
,

where ε is the dielectric constant of the electrolyte solution and
ρel is the space charge density. Since φ = φ(r, z) = ψ(r)−zEz,
where ψ(r) is the electrical potential in the absence of the ap-
plied electrical potential, or the equilibrium potential, Eq. (1)
becomes
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For the case of 1:1 electrolytes and low electrical potential, it
can be shown that this expression reduces to

(3)
1
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)
= κ2ψ,

where κ = (2IF 2/εRT )1/2 is the Debye–Hückel parameter,
I is the ionic strength, F and R are respectively the Faraday
constant and the gas constant, and T is the absolute tempera-
ture. We assume the following boundary conditions:

(4)ψ(a) = ψs,

(5)
dψ

dr
(r = aα) = 0.

The first condition implies that the surface of a cylinder is re-
mained at the constant potential ψs, and the second condition
arises from the nature of a cell model; that is, all physical prop-
erties reach their bulk values on the virtue surface r = αa. The
solution to Eq. (3) subject to Eqs. (4) and (5) is

(6)ψ(r) = ψs
[
AI0(κr) + BK0(κr)

]
,

where

(7)A = K1(κaα)

I0(κa)K1(κaα) + I1(κaα)K0(κa)
,

(8)B = I1(κaα)

I0(κa)K1(κaα) + I1(κaα)K0(κa)
.

In these expressions, I0 is the zero-order modified Bessel func-
tion of the first kind, I1 is the first-order modified Bessel func-
tion of the first kind, K0 is the zero-order modified Bessel
function of the second kind, and K1 is the first-order modified
Bessel function of the second kind.
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2.2. Flow field

We assume that the electrolyte solution is an incompressible
Newtonian fluid of constant physical properties, the Reynolds
number is small, and the effect of gravity can be neglected.
Therefore, the flow field can be described by

(9)μ
1

r

d

dr

[
r

dU

dr

]
= dp

dz
− ρelEz,

where μ is the viscosity of the electrolyte solution. Since

ρel = −2n∞ exp

(
Fψ

RT

)
(10)= −εκ2ψs

[
AI0(κr) + BK0(κr)

]
,

Eq. (9) becomes
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.

The following boundary conditions are assumed for the flow
field:

(12)U(a) = 0,

(13)
dU

dr
(r = aα) = 0.

The first condition implies that the outer surface of a cylinder
is no-slip, and the second condition arises from the nature of
a cell model. The solution to Eq. (11) subject to Eqs. (12) and
(13) is

U(r) = Pz

(
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4μ

)[
1 −
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+ 2α2 ln

(
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a

)]

(14)+ εψsEz

μ

[
AI0(κr) + BK0(κr) − 1

]
.

2.3. Residence time distribution

If a pressure gradient is not applied, Pz = 0, Eq. (14) leads
to

(15)t = L

U(r)
= L

C[AI0(κr) + BK0(κr) − 1] ,
where C = εψsEz/μ. Differentiating this expression yields

(16)dt = −LC(κAI1(κr) − κBK1(κr))

[U(r)]2
dr.

The residence time distribution, E(t), can be expressed as

(17)E(t) = dV

VE

1

dt
= U(r)2πr dr

VE

1

dt
,

where VE is the volumetric flow rate when only an electric field
is applied. Substituting Eq. (16) into this expression, we obtain

(18)E(t) = − [U(r)]32πr

CLVE[κAI1(κr) − κBK1(κr)] ,
where the total volumetric flow rate VE can be expressed as
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2π
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If a pressure gradient Pz is applied, Eq. (14) yields
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Differentiating this expression with respect to r gives

(21)
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Substituting this expression into Eq. (17) yields

(22)
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LVt
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In this case, the total volumetric flow rate Vt can be expressed
as

(23)Vt = VE + πa4

8μ
Pz

[
4α4 lnα − 3α4 + 4α2 − 1

]
.

3. Results and discussion

The influences of the key parameters of the system un-
der consideration, including κa, Ez, and Pz, on the flow
field and the corresponding residence time distribution are in-
vestigated through numerical simulation. For illustration, the
ranges of these parameters are [0.001,400], [2.56×105,2.56×
106 V/m], and [0,103 N/m3] respectively. Also, we assume
that a = 10−7 m, L = 10−3 m, ψs = 25.6 mV, T = 298 K,
N0 = 6.022169 × 1023 mol−1, F = 96,487 C,

∑
ε = 7.08 ×

10−10 C/(V m), and μ = 1 × 10−3 kg/(m s).
Fig. 2 illustrates the variations of velocity distribution U(R)

at various values of κa. This figure reveals that U increases with
the increase in κa; that is, the thinner the double layer (higher
electrolyte concentration), the faster the flow of electrolyte so-
lution. This is expected since the higher the concentration of
electrolytes the greater the driving force for electroosmotic

Fig. 2. Variation of fluid velocity U(R) at various values of κa for the case
where Ez = 2.56 × 105 V/m, Pz = 0 N/m3, ψs = 25.6 mV, and α = 1.5.
Curve 1: κa = 0.001; 2: κa = 2; 3: κa = 4; 4: κa = 6; 5: κa = 8; 6: κa = 20;
7: κa = 400.
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(a) (b)

(c)

Fig. 3. Variation of residence time distribution E(t) for the case when Ez = 2.56×105 V/m, Pz = 0 N/m3, ψs = 25.6 mV, and α = 1.5. (a) κa = 0.005; (b) curve 1:
κa = 2; curve 2: κa = 4; curve 3: κa = 8; and curve 4: κa = 10; (c) curve 1: κa = 100; and curve 2: κa = 400.
flow. Also, the hydrodynamic retardation due to the presence
of the double layer declines with its thickness. For the case
when κa � 1, the space between cylinders is filled with the
double layer and the distribution of ionic species is uniform;
so is U(R). If 1 � κa � 10, U(R) is close to a parabolic curve,
and if κa is sufficiently large, it becomes flat again. If κa → ∞,
it can be shown that Eq. (14) reduces to

(24)U = −εψsEz

μ
.

Fig. 3 shows the variations of residence time distribution E(t)

at various values of κa. As can be seen in Figs. 3a and 3b, if
κa � 1, the velocity distribution is parabolic, the flow field is
close to a laminar flow, and it can be shown that

(25)E(t) = − 2πrL2

CVE[κAI1(κr) − κBK1(κr)]
1

t3
.

Fig. 3c shows that for 1 < κa < 10, the larger the value of κa,
the faster the electroosmotic velocity, and the shorter the res-
idence time. Note that E(t) is concentrated near the shortest
residence time. This is because if κa is sufficiently large, since
the double layer surrounding a cylindrical reactor is thin, the
distribution of fluid velocity becomes uniform at a distance not
far from the surface of the cylindrical reactor. Note that E(t)

is able to extend to infinity because the fluid velocity vanishes
on the surface of a cylindrical reactor. In Fig. 3d, αa � 1, the
fluid velocity approaches a uniform distribution, and E(t) ap-
proaches a Dirac delta function.

The velocity distribution U(R) and variations of residence
time distribution E(t) for various combinations of the scaled
applied electric field E∗ = Ez/(RT/FL) and κa are illustrated
in Figs. 4 and 5. In general, for a fixed double-layer thickness,
the stronger the applied electric field, the greater the driving
force for the electroosmotic flow, the faster the velocity distrib-
ution, and the shorter the residence time. Fig. 4a shows that for
stronger E∗, U(R) is faster, which causes a narrower E(t) in
Fig. 5a, with a larger maximum and a wider range. The double
layer is thin in Figs. 4b and 5b, and the corresponding E(t) is
close to a Dirac delta function. The influence of E∗ on E(t) is
similar to that in Fig. 5a. A comparison between Figs. 3 and 5
reveals that as κa (or the thickness of the double layer) varies,
because both the shape and the magnitude of velocity distribu-
tion vary, the minimum of E(t) and its shape vary accordingly.
On the other hand, while the magnitude of velocity is influ-
enced by E∗, the shape of the velocity distribution remains the
same, and therefore, the residence time and the value of E(t)

are influenced by E∗, but the shape of E(t) remains similar.
The influence of parameter α on the velocity distribution is

presented in Fig. 6. Recall that α is a measure for the volume
fraction of cylinders. Through adjustment of this parameter,
both the space available for fluid flow and the number of cylin-
ders can be designed. In general, the smaller the value of α, the
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(a)

(b)

Fig. 4. Variation of fluid velocity U(R) at various scaled applied electric fields
E∗ for different κa for the case when ψs = 25.6 mV, Pz = 0 N/m3, and
α = 1.5. (a) κa = 5, (b) κa = 400. Curve 1: E∗ = 2; curve 2: E∗ = 4; curve 3:
E∗ = 6; curve 4: E∗ = 8; and curve 5: E∗ = 10.

lower the mean fluid velocity is. This is because the smaller the
value of α, the smaller is the space available for fluid flow. As
can be seen in Fig. 6a, if αa � 1, both the velocity distribution
and the maximum velocity are influenced by the value of α. If
α is small, the velocity distribution is uniform, and it becomes
parabolic when α is sufficiently large. The maximum velocity
increases with the increase in α. This is because if αa � 1, the
double layer surrounding a cylinder is thick, and if it is compa-
rable to the gap between two cylinders, the velocity distribution
become uniform. Also, the larger the value of, α the more space
is available for fluid flow, and therefore, it is more possible for
fluid velocity to reach a higher value. The general trends of ve-
locity distribution shown in Fig. 6b, where 1 < αa < 10, are
similar to those seen in Fig. 6a. However, a comparison be-
tween these two figures indicates that, because the double layer
in Fig. 6b is thinner than that in Fig. 6a, the velocity distribu-
tion of the former reaches the boundary value faster than that of
the latter does. As can be seen in Fig. 6c, if αa � 1, the double
layer is very thin, and the velocity distribution becomes insen-
sitive to the variation of α.

The influences of the applied pressure gradient Pz on the
velocity distribution and the corresponding residence time dis-
tribution are shown in Figs. 7 and 8. Intuitively, the greater the
pressure gradient, the faster the flow of liquid and the shorter the
residence time is. These are observed in Figs. 7a and 8a, where
(a)

(b)

Fig. 5. Variation of residence time distribution E(t) at various scaled ap-
plied electric fields E∗ for different κa for the case when ψs = 25.6 mV,
Pz = 0 N/m3, and α = 1.5. (a) κa = 5, (b) κa = 400. Curve 1: E∗ = 2; curve 2:
E∗ = 4; curve 3: E∗ = 6; curve 4: E∗ = 8; and curve 5: E∗ = 10.

Fig. 6. Variation of fluid velocity U(R) at different values of κa for the case
when Ez = 2.56 × 105 V/m, Pz = 0 N/m3, and ψs = 25.6 mV. Curves 1–3:
κa = 4; 4–6: κa = 300. Curves 1 and 4: α = 1.1; 2 and 5: α = 1.5; 3 and 6:
α = 2.0.

the double layer is thick. However, as illustrated in Figs. 7b
and 8b, if the double layer is thin, both U(R) and E(t) be-
come insensitive to the variation of Pz. This is because for
the present microsystem, the driving force for fluid flow pro-
vided by the pressure gradient is limited, and the correspond-
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(a)

(b)

Fig. 7. Variation of fluid velocity U(R) at various applied pressure gradi-
ents Pz for the case when Ez = 2.56 × 105 V/m, ψs = 25.6 mV, and
α = 1.5. (a) κa = 0.001, (b) κa = 400. Curve 1: Pz = 0 N/m3; curve 2: Pz =
−102 N/m3; and curve 3: Pz = −103 N/m3.

ing fluid velocity is relatively low. However, since the driving
force arising from the applied electric field is also small when
the double layer is thick, the order of magnitude of fluid ve-
locity is comparable to that when the flow is driven by the
pressure gradient, and therefore, the influence of the pressure
gradient is appreciable. If the double layer is thin, since the
magnitude of the fluid velocity arising from the applied elec-
tric field is much greater than that arising from the pressure
gradient, the influence of the pressure gradient becomes unim-
portant.

If the surface of a cylinder is remained at constant charge
density, the boundary condition expressed in Eq. (4) needs to
be replaced by

(26)
dψ

dr
= −ρs

ε
, r = a,

where ρs denotes the surface charge density. It can be shown
that

(27)ψ(r) = −ρs

ε

[
DI0(κr) + EK0(κr)

]
,

(28)

U(r) = Pz

[
a2

4μ

(
1 −

(
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a

)2)
+ (αa)2

2μ
ln

(
r

a

)]

− ρsEz [
DI0(κr) + EK0(κr) − 1

]
,

μ

(a)

(b)

Fig. 8. Variation of residence time distribution E(t) at various applied pres-
sure gradients Pz for the case when Ez = 2.56 × 105 V/m, ψs = 25.6 mV,
and α = 1.5. (a) κa = 0.001, (b) κa = 400. Curve 1: Pz = 0 N/m3; curve 2:
Pz = −102 N/m3; and curve 3: Pz = −103 N/m3.

(29)

E(t) = − 2πr[U(r)]3

LVt

{
C[DκI1(κr) − EκK1(κr)] + Pz

(aα)2

2μ

[ 1
r

− r

(aα)2

]} ,

where I1 is the first-order modified Bessel function of the first
kind and K1 is the first-order modified Bessel function of the
second kind, and

(30)D = [K1(καa)]
κ[I1(κa)K1(καa) − I1(καa)K1(κa)] ,

(31)E = [I1(καa)]
κ[I1(κa)K1(καa) − I1(καa)K1(κa)] .

Also, Eq. (23) remains the same, except that in the VE expressed
in Eq. (19) the constants A and B need to be replaced by C

and D, respectively.

4. Conclusions

The flow and the electric fields for the flow of an electrolyte
solution in a microchannel that comprises a bundle of cylinders
are investigated theoretically under conditions of low surface
potential. The system under consideration mimics, for example,
a microreactor containing optical fibers. The governing elec-
trokinetic equations are solved analytically and the results used
to derive the residence time distribution, which is necessary
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for reactor design. The influence of the key parameters of the
present system on the residence time distribution is examined
through numerical simulation, and the results obtained reveal
that the following could result in a shorter residence time: thin
double layer, strong applied electric field, large applied pres-
sure gradient, and small number of cylinders. The qualitative
behavior of the residence time distribution is similar to that for
the flow of an electrolyte solution in a cylindrical microchan-
nel. The influence of the volume fraction of cylinders and the
applied pressure gradient is important only if the double layer
surrounding a cylinder is sufficiently thick.
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