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Transient Analysis of Dynamic 
Crack Propagation With 
Boundary Effect 
In this study, a dynamic antiplane crack propagation with constant velocity in a 
configuration with boundary is investigated in detail. The reflected cylindrical waves 
which are generated from the free boundary will interact with the propagating crack 
and make the problem extremely difficult to analyze. A useful fundamental solution 
is proposed in this study and the solution is determined by superposition of the 
fundamental solution in the Laplace transform domain. The proposed fundamental 
problem is the problem of applying exponentially distributed traction (in the Laplace 
transform domain) on the propagating crack faces. The Cagniard's method for La- 
place inversion is used to obtain the transient solution in time domain. Numerical 
results of dynamic stress intensity factors for the propagation crack are evaluated in 
detail. 

1 Introduction 
Most of the analyses done regarding cracked bodies are quasi- 

static. There are numerous situations that the material inertia 
becomes significant and must be taken into account in the analy- 
ses. The question of whether or not inertial effects are significant 
depends on the loading conditions and the geometrical configu- 
ration of the body. Inertial effects can arise either from applying 
dynamic loading on a cracked solid or from rapid crack propaga- 
tion. The inherent time dependence of a dynamic fracture pro- 
cess results in mathematical models that are more complex than 
equivalent quasi-static models. However, there is substantial 
interest in the dynamic fracture problem due to its importance 
in many engineering applications. The problem is encountered 
in impact damage to fan blades, automotive and aircraft wind- 
shields. There is also considerable interest in the problem of 
arrest of a fast running crack, especially in large structures like 
pipelines, ships, and nuclear reactors. 

The main purpose in solving problems concerned with dy- 
namic crack propagation is to determine the dependence of the 
crack-tip field characterizing parameters on the applied loading 
and on the configuration of the body. The investigation of a 
propagation crack in a brittle solid began with the pioneering 
analysis of Yoffe (1951). She considered a steady-state crack 
growth problem of a crack of fixed length propagating in an 
infinite elastic body subjected to a uniform remote tensile load- 
ing normal to the crack line. Although this is a physically unreal- 
istic problem, it did at least provide an indication of the influ- 
ence of crack speed on the stress state of a rapidly propagating 
crack. Craggs (1960) considered a semi-infinite crack extending 
at constant speed, with the crack face loading moving with the 
same speed as the crack tip in such a way that the entire defor- 
mation field is constant as seen by an observer moving with the 
crack tip. The self-similar dynamic crack propagation problem 
was contributed by Broberg (1960) who was among the first 
to present detailed analyses of crack propagation as a transient 
process. He solved the dynamic problem of a crack that sud- 
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denly grows from zero length at a constant speed. Baker (1962) 
subsequently generalized Broberg's solution to include a finite 
initial crack. Although the aforeme~ationed artificial solutions 
have no direct application, they also have provided useful in- 
sights and continue to be used today for the assessment of 
dynamic numerical analyses. 

In a series of papers, Freund (1972a, 1972b, 1973, 1974) 
developed important analytical methods for evaluation of the 
transient stress field of a propagating crack in a two-dimensional 
geometric configuration under quite general dynamic loading 
situation. These particular cases analyzed by Freund are also 
self-similar, but they are solved by means of integral transform 
methods rather than by direct application to similarity argu- 
ments. An indirect analytical approach proposed by Freund 
based on superposition over a fundamental solution, which 
opens a way for analysis of certain problems of crack propaga- 
tion at nonuniform speed. Based on the superposition method 
proposed by Freund, a series of problems for nonplanar crack 
propagation in an infinite domain was solved by Ma and Burgers 
(1986, 1987, 1988) and Ma (1988, 1990). The structure of the 
near-tip field of crack propagation at nonuniform speeds was 
discussed in detail by Freund and Rosakis (1992). A representa- 
tion of the crack-tip field was obtained in the form of an expan- 
sion about the crack t ipin powers of radial coordinate, with the 
coefficients depending on the time rates of change of crack-tip 
speed and stress intensity factor. This representation was used 
to interpret some experimental observations and some estimates 
were made of the practical limits of using a stress intensity 
factor field alone to characterize the local fields. 

Most of the solved dynamic fracture problems are regarded 
as a crack subjected to applying a uniformly distributed dynamic 
loading on the crack faces or subjected to incident plane waves. 
For the aforementioned problems, either the direct application 
of the well-known Wiener-Hopf technique is used or the super- 
position method proposed by Freund is performed to solve the 
problems. However, if a crack is subjected to incident nonplanar 
waves, none of the known methods can be used to obtain the 
transient solutions. Recently Tsai and Ma (1992) proposed a 
new fundamental solution to overcome these difficulties. The 
fundamental problem they considered is an exponentially dis- 
tributed traction applied on crack faces and the solution is con- 
structed by superposition of the fundamental solution in the 
Laplace transform domain. Tsai and Ma (1992) used this new 
fundamental solution to obtain the transient solution for a sta- 
tionary semi-infinite crack subjected to a suddenly applied dy- 
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F i g .  1 Coordinate systems of a propagating crack in the configuration with vertical 
boundary 

namic inplane body force in an unbounded medium. This alter- 
native fundamental solution is also successfully applied towards 
solving more complicated transient problems (Tsai and Ma, 
1993a, 1993b; Ma and Chen, 1994) for a subsurface stationary 
inclined crack subjected to dynamic loadings. 

Determination of the dependence of the dynamic stress inten- 
sity factor on body configuration and applied loading during 
rapid crack propagation is a principal objective in dynamic 
fracture. Analytical results for configurations with boundaries 
other than the crack faces are rare. It was noted that after the 
stress waves reflected from the boundaries arrived at the crack 
tip, the nature of crack propagation changed. The interaction of 
stress waves with propagating cracks provides a way of altering 
the crack-tip stress field, and thus provide the basis for the crack 
branching phenomenon. Dynamic analysis of a mode III crack 
in a strip was discussed in a paper by Nilsson (1973). He 
considered the problem of a semi-infinite crack in a strip of 
finite width subjected to a uniformly distributed static load and 
propagating with a constant velocity, only the stress intensity 
factor and its time dependence was determined. 

Since the interaction of stress waves with a propagating crack 
is an important event, we shall investigate it in greater detail 
in the following. In this study, we will extend the methodology 
that was used successfully in solving dynamic stationary crack 
problem to construct the transient solution for crack propagation 
in the configuration with boundary. Two different cases will 
be considered in this study in some detail. The first problem 
considered in this study is a horizontal semi-infinite crack propa- 
gating with constant velocity towards a vertical free boundary 
as shown in Fig. 1. The second problem is a horizontal semi- 
infinite crack propagates in a strip with finite width as shown 

in Fig. 2. In analyzing the aforementioned problems, free bound- 
ary and propagating crack are involved into the analysis. The 
interaction of the reflected waves generated from the free bound- 
ary and the propagating crack must be taken into account which 
will make the analysis extremely difficult. A useful fundamental 
solution is proposed to overcome these difficulties. This pro- 
posed fundamental solution is successfully applied towards 
solving the problem and is demonstrated as an efficient method- 
ology to solve similar problems. Since the stress intensity factor 
is the key parameter in characterizing dynamic crack grows, we 
will focus our attention mainly on the determination of the 
dynamic stress intensity factor. 

2 Required Fundamental Solutions 
As usual in problems of the type considered here, superposi- 

tion of solutions plays a significant role. The solutions of the 
problem considered in this study can be determined by superpo- 
sition of the following problems. Problem A treats a dynamic 
uniformly distributed traction acting on semi-infinite crack faces 
in an unbounded medium at time t = 0, at t = t I, a new crack 
propagates out of the original semi-infinite crack with constant 
velocity, which induces a traction on the plane that will eventu- 
ally define the vertical or horizontal half-plane boundary. In 
problem B, a semi-infinite half-plane is considered in which the 
boundary is subjected to tractions which are equal and opposite 
to those on the corresponding planes in problem A. Problem C 
considers an infinite body containing a propagating semi-infinite 
crack in which the crack face is subjected to the reflected waves 
which are generated by the half-plane boundary in problem 
B. The three fundamental problems A, B, and C, which are 
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Fig. 2 Configuration and coordinate systems of a propagating crack in a finite strip 
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superimposed to obtain the solution for propagating crack inter- 
action with stress wave, are shown in Fig. 3. The reflected 
waves induced from the half-plane boundary as indicated in 
problem B, can be easily obtained by employing the method of 
images. While problem A is a well-known problem for a semi- 
infinite crack propagating in an unbounded medium and many 
efforts have been devoted to analyze this problem. 

Problem C in the above mentioned three fundamental prob- 
lems is the only one which needs careful analysis. The problem 
we will deal with is the interaction of the propagating crack with 
cylindrical reflected waves, which causes the only difficulty 
in this investigation. For most of the dynamic problems, the 
propagating waves can be represented in an exponential func- 
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Fig. 3 Three fundamental problems which are superimposed to obtain 
the solution for constant velocity crack extension and interaction with 
the stress wave reflected from boundary 

tional form in the Laplace transform domain of time. The 
reflected and diffracted waves generated by the half-plane 
boundary and by the crack can thus be constructed by the super- 
position method; that is, if the responses toward an applied 
exponentially distributed traction on boundaries in the Laplace 
transform domain can be obtained preliminarily. The superpo- 
sition scheme proposed in this study, unlike usual superposition 
methods which are performed in the time domain, is performed 
in the Laplace transform domain. 

Consider the fundamental problem of antiplane deformation 
for a propagating semi-infinite crack with constant velocity in 
an unbounded medium. The solution for an exponentially dis- 
tributed loading applied at the crack faces in the Laplace trans- 
form domain will be referred to as the fundamental solution. 
The problem can be viewed as a half-plane problem with the 
material occupying the region y -> 0, subjected to the following 
mixed boundary conditions in the Laplace transform domain 

~yz(~,0, s) = e s~ - ~ <  ~ < 0 ,  (2.1) 

~7(~,0, s) = 0 0 < ~ < ~ ,  (2.2) 

where s is the Laplace transform parameter and ~ is a constant. 
The coordinate ~ defined by ~ = x - vt is fixed with respect to 
the moving crack tip. The overbar symbol is used for denoting 
the transform on time t. The one-sided Laplace transform with 
respect to time and the two-sided Laplace transform with respect 
to ~ are defined by 

~7(~, y, s) = f :  w (G  y, t)e-~'dt, 

~(k ,  y, s) = f ~  ,~(~, y, s)e-SX~d~. 

This fundamental problem can be solved by using the stan- 
dard transform method and the Wiener-Hopf technique. The 
governing equation can be represented by the two-dimensional 
wave equation 

OZw 02W 02W 
Ox 2 + b 2 (2.3) Oy 2 Ot 2 ' 

where b is the slowness of the shear wave given by 

b = l /v , .= p~-~, 

in which w(x ,  y, t) is the displacement normal to the xy-plane; 
vs is the shear wave speed, and # and p are the respective shear 
modulus and the mass density of the material. The nonvanishing 
shear stresses are 

Ow Ow 
Tyz=#~y, Txz = U G .  (2.4) 

In analyzing this problem, it is convenient to express the 
governing equation in the moving coordinates ~ - y  as follows: 

02w 02w 02w b 2 02w 
(1 - b2v 2) - ~  + --Oy 2 + 2(b2v) O~Ot - 0I 2 = O. 
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This fundamental problem can be solved by the application 
of integral transforms. Applying the one-sided Laplace trans- 
form over time, the two-sided Laplace transform over ~ under 
the restriction of Re07) > Re(k), finally the Wiener-Hopf 
technique is implemented. The solutions of stresses and dis- 
placement for the boundary conditions (2.1) and (2.2) ex- 
pressed in the transform domain are 

~yz(~, Y, s) = ~ £ a+*(h)e-*(~*Y-x~) dh, (2.5) 
27ri ~ a+*(77)0 7 - h) 

Y,z(~, Y, s) = 1 f ke s(a*y-x~) dR, (2.6) 
27ri dr~ a*(rT)(r~ - k ) a * (k )  

O(~, y, s) - 1 fr e-S(a*y- M ) 

27ri ~ #sa+*(rl)(~ 7 - k)o~_*(k) dk, (2.7) 

where 

a*(k) = ~/b + k(1 - by)lib - k(1 + by) = a+*(k)a_*(k). 

The corresponding result of the dynamic stress intensity factor 
in the Laplace transform domain is 

~ ( s )  = lim ,~ -~%(~ ,  0, s) 
(-~o 

~ / 1  - by 
- (2.8) 

3 Trans i en t  Ana lys i s  for  Propagat ing  Crack  Interac-  
t ion W i t h  Vert ica l  B o u n d a r y  

Consider a half-plane with a vertical boundary containing a 
horizontal semi-infinite crack which is stress free and at rest. 
At time t = 0, an antiplane uniformly distributed dynamic load- 
ing with magnitude w0 is applied at the crack faces of the semi- 
infinite crack. The time dependence of the loading is represented 
by the Heaviside step function H(t). At time t = ty, the semi- 
infinite crack suddenly propagates along the crack-tip line with 
constant velocity v toward the vertical half-plane boundary as 
shown in Fig. 1. The transient elastodynamic problem is solved 
by superposition of the fundamental solutions obtained in the 
previous section in the Laplace transform domain. The transient 
solutions are composed of an incident field, reflected field, and 
diffracted field, which are denoted by superscripts of i, r, and 
d, respectively. The incident wave is the propagating plane 
wave in an unbounded medium which is induced by applying 
a uniformly distributed loading on crack faces. The diffracted 
wave includes two parts, the first one is induced from the sta- 
tionary crack tip by the application of a uniformly distributed 
traction on crack faces and the second one is generated from 
the propagating crack tip when the crack starts to move. We 
now focus the analysis on the diffracted field generated by the 
stationary crack due to the incident plane wave. This problem 
can also be solved by other methods, but the following analysis 
will be performed by the proposed superposition method in this 
study to indicate how the transient solution to be constructed. 
The incident field of the plane wave expressed in the Laplace 
transform domain can be obtained as follows: 

~z(x,  O, s) = 1 fr To e,×Xdk" (3.1) 2%-7 ~S 
The applied traction on the crack face as indicated in (3.1), 

has the functional form e *a~. Since the solutions of applying 
traction e '~"~ on crack faces have been solved in Section 2 by 
setting v = 0, the diffracted field generated from the stationary 
semi-infinite crack can be constructed by superimposing the 
incident wave traction that is equal to (3.1). When we combine 

(2.5) (by setting v = 0) and (3.1), the solution of diffracted 
wave f o r  :~yd z and ~x'~ in the Laplace transform domain can be 
expressed as follows: 

x sh 

1 (b + rh) I/2 e_~(ay_o2X)dr12}d k 

1 fv  Tomb + k 
= 27r--i ~ s~t~/b e-'('~Y-Xx)dh' (3.2) 

~a~(x, y, s) = 1 fr -To e_,(,y_XZ)dk (3.3) 
2~i ~ s ~ - S - k ~  

By using the Cagniard-de Hoop method of Laplace inversion, 
the diffracted stress field in time domain is obtained as follows: 

To fb I t / b +  k + O~+]dt, (3.4) r]z(X,y, t )  = ~ ~Im k+ at J 

r~(x ,  y, t) = --To f '  I 1 0k__ + ] 
ab~Im ~/b - h  + Ot ]dt' (3.5) 

where 

= - - c o s 0  + i  - b 2  sin0, 
r 

r = ( x  2 J- y 2 ) 1 / 2 ,  0 = c o s  -1 (x/r). 

Equations (3.4) and (3.5) can be integrated and further sim- 
plified as (0 < re/2) 

r~z(x' y' t) = r° {2  c°s (O/2) ~ r - -  

t/•r_ Z 1 _t/~br_ Z 
- t a n - ' , W l _ s i n  0 t a n - l ~ l  + s i n - B } ,  (3.6) 

/--- 

r~az(x, y, t) - 2T0 sin (0/2) , I t  _ 1. (3.7) 
7F vor 

The corresponding stress intensity factor in the Laplace trans- 
form domain is 

Kd(s ) = 1 fr To [ ] d k  
27r---i ~ ~ [ ( s ( b  + h ) ' n J  

- s~,2,~ . (3.8) 

The dynamic stress intensity factor induced by diffracted d 
wave expressed in time domain will be 

Ka(t) = 27-0 2 / ~  (3.9) 
i[ 

The results expressed in (3.6), (3.7), and (3.9) are the well- 
known solutions for a semi-infinite crack in an unbounded me- 
dium subjected to a uniformly distributed loading on crack 
faces. The dynamic stress intensity factor shown in (3.9) in- 
creases from zero as the square root of the time measured from 
the instant the uniformly distributed loading applied on crack 
faces. At time t = tf, the dynamic stress intensity factor reaches 
its critical value and the crack starts to propagate with constant 
velocity v. The transient full-field analysis for a propagating 
crack just mentioned above has also been solved by Ma and 
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Burgers (1988) by using the method proposed by Freund 
(1972b). In their investigations, the transient solution for con- 
stant speed crack propagation is obtained by determining a fun- 
damental solution for a concentrated force appearing through 
the moving crack tip, and then building up the general solution 
by superposition. In this study, a more direct and simple meth- 
odology will be used to solve this problem. We consider the 
transient problem of a semi-infinite crack propagates at t = t l 
with uniformly distributed loading applied only on the original 
crack face -co < x < 0. The applied uniform stress ro on the 
original crack face written in the Laplace transform domain for 
the moving coordinate system will have the following form: 

~y~(~, O, s) = 1 f r  - r o d  
2rr---i ~ s X ~  ---d) e'*×(e-°'I~dX' (3.10) 

in which d = 1/v is the slowness of the crack velocity and 
= x - v(t  - tf). The applied traction on crack faces as expressed 
in (3.10), has the functional form e TM. Since the Laplace trans- 
form solutions of applying traction e s"e on crack faces have 
been solved in the previous section, the diffracted field gener- 
ated from the propagating crack tip can be constructed by super- 
imposing the fundamental solution and the stress distribution 
in (3.10). The results of shear stresses expressed in the Laplace 
transform domain will be 

1 / ,  
• • 0 d 

~]~({, y, s) [ = - -  e --S*llVtf 
2~i orb, srh(rh - d) 

( l f r  a+*(rl2) e-4a*Y-n2~ldrh}drh, (3.11) 
x F~i o~ (m - ~),~+*(~,) 

"~e(~, Y, s) = ~ f - r o d  e_,n,~,1 ~ ! 

27ri 0to, srh(rh - d) [27ri 

x f r --_.if_2 e-*t~*Y-~2°d~2}drl,. (3.12) 
"2 a - * ( ~ 2 ) ( ~ t  - -  g ] 2 ) a + * ( ~ l )  

The exact transient solutions for a propagating crack at un- 
bounded medium in time domain can be obtained by inverting 
the Laplace transform domain of ( 3.11 ) and (3.12). The results 
are 

= ro f '  Im~a+*(~h+)OX+} d r - - -  
Tgz({, y, t) ~ Jt,n [ h + 07" t=r 

Im~ a +* (--h+-) 0h+ ] 
[ h  + - d  "r j ,=,  

TO ff-tf 
'TF~f d t m 

(3.13) 

f i t {  1 0 h + ~  '7-oft 
- -  TO t-tf 

r~(~ ,  y, t) = - ~  Im - dr  + 
,. a*(h+) Or J,=~ ~-(j ,o 

Im[  h+ Oh+l  dr ,  ( (h  + - d ) a * ( h  +) Or J,=~ 
(3.14) 

where 

It is very interesting to see that the full-field solution of a 
crack propagating with constant speed subjected to loads ap- 
plied on the original crack faces as shown in (3.13) and (3.14) 
can be expressed by two terms, each term having its own physi- 
cal meaning. The first term represents the solution due to 
applying the uniform loading on the original and new crack 
faces for a crack which begins to grow at constant speed at 
time t I after the loading is applied. The functional form of the 
first term is the same as the solution to the problem with a 
uniform loading applied on the original and new crack faces 
with no delay time. The only dependence on delay time is 
through the definition of {. This problem corresponds to Baker's 
problem (Baker, 1962) in mode III. The second term represents 
the solution for a crack which starts to propagate at time t I for 
constant speed with loading applied uniformly on the new crack 
faces only. The results shown in (3.13) and (3.14) are also 
found to be the same as that obtained by Ma and Burgers (1988) 
from different methodology. 

The dynamic stress intensity factor for a propagating crack 
at infinite medium can also be constructed by a similar manner. 
The result in the Laplace transform domain can be obtained 
from (2.8) and (3.10) and is expressed as follows: 

1 f - r o d  e_,×~9{-V~/1 - b V l d  h 
?LTg i J (3.15) 

The inversion Laplace transform of (3.15) will have the follow- 
ing form: 

~/ d J "  (3.16) 

After some later time, the diffracted wave (d wave) generated 
from the stationary crack and the shear wave (g wave) radiated 
out from the propagating crack will be reflected from the free 
vertical half-plane which will be indicated as the dr and gr 
wave, respectively. The solutions for reflected waves generated 
from the free boundary can be constructed by employing the 
method of images, which can be easily obtained from the solu- 
tion of d wave and g wave just constructed previously, the result 
for dr wave in the fixed coordinate x - y  system will be 

- 1  f v  r0 ' fb- -  h %a~(x, y, s) = ~ i  ~ s T  e-*l~Y-~(x-Zh)ldh. (3.17) 

The solution expressed in the moving coordinate ~ - y  system 
will become 

~ ( ~ ,  y, s) 

-1  f r o ' ~ -  X 
= 27r---i Jr~ sX~/b ( 1 by) 

e-'t"*Y- x(~-~9- 2h)ldh, (3.18) 

where 

h+ = - ( ~ t  + b2vy 2) + iy~/t 2 - bZ[y 2 + (~ + vt) 2] 

Oh + 

~2 + (1 - bZv2)y 2 

- ~  + iy{ t  z - b2[y 2 + (~ + vt)z]} -'/2 

x [ t (  1 - b2v 2) -- b2v~] 

Ot 

t., = 

~z + (1 - bZv2)y 2 

b{bv~ + [~2 + (1 - b2v2)y2] 112 } 

1 - b2v 2 

h 

The reflected dr wave will arrive at the propagating crack tip 
at later time and will induce additional contribution on dynamic 
stress intensity factor. The induced stress intensity factor by dr 
wave can be obtained by setting y = 0 in (3.18) and the funda- 
mental solution expressed in (2.8). The result written in the 
Laplace transform domain will have the following form: 
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l ~ d r ( s  ) = 1 r ro~b - X e_,×(2h+og,{ ~[2~/1 -- b o l d  k 
2rr--i Jr, sX~/b(1 kv) ~ + ~ ( ~  J 

~f2r0~/1- by 1 1" a_*(k) e_~X(2h+vts)dh" 
- ~/-bs 3/2 2~ri Jr~ ~/1 - k v a * ( h ) k  

The inversion Laplace transform of (3.19) will become 

Kdr(t) = ~f~Tr3,2 ~ Im aT 
a 1 - k + v ~ + * ( k + ) k  + 07- ,=~ 

2~f27-041 - bv f '  ~(t - 7-)[(1 + by)7- - b(2h + v~)](2h + v~) 
- ~ 7  ~ ,~ r~(2h + v~ - 7-v)[b(2h + v~) + 7-(1 - bY)] dT-, 

(3.19) 

(3.20) 

where where 

t ~ +  - -  - -  

2h + vtf 

b(2h + vty) 
t a -  

1 + b y  

The value of tu denotes the time for a wave (d wave) gener- 
ated from the stationary crack, reflected from the vertical bound- 
arry and arrives at the moving crack tip. In a similar way, the 
wave (g wave) generated from the propagating crack at time tf 
as shown in (3.13) and (3.14) will also be reflected from the 
vertical free boundary. The reflected gr wave expressed in the 
Laplace transform domain for the moving coordinate system 
will have the following form: 

-g~ - 1  1" Toa_*(k) 
7-yz(~, Y, s) = - -  

27ri drx s71-- ~v 
1 e-'U ] 

× ~ + (k  - d)~[d] e-'t"*y-~(~-zh)ldk' (3.21) 

7-oX 
27ri ar~ sa+*(h)~/1 - 2kv 

1 ~-", ] 
× ~ + (X - d ) ~ J  e-st"*'-x(e-2")ldk" (3.22) 

The reflected gr wave will also arrive at the propagating 
crack tip at some later time. The induced stress intensity factor 
by gr wave in the Laplace transform domain is 

1 fr 7-oa_*(X) 
= , s-Ti 7 7 L  

X [ ~ +  e-'% le_2.~[ ~/1-bV~d k 
( k -  d)]d] [ ~ + * ~ k ~  J " (3.23) 

The Laplace inverse transform of (3.23) in time domain can 
be expressed as follows: 

2bh 
t p=  l + b o  

For the numerical investigation, we consider a semi-infinite 
crack subjected to a uniformly distributed loading T0 at time t 
= 0. At some delay time tf/bh = 0.5, the crack start to propagate 
out of the original semi-infinite crack with constant velocity 
toward the vertical free boundary and the loading is applied 
only on the original crack faces. The pattern of wave fronts and 
the position of the crack tip for t > t I is shown in Fig. 4. The 
dimensionless dynamic stress intensity factors (solid lines) for 
various value of crack propagation velocity are shown in Fig. 
5, which account the contribution of reflected dr and gr waves 
on the calculation of stress intensity factor. The dot lines in Fig. 
5 represent the solution for a semi-infinite crack propagating in 
an infinite medium and the difference of solid and dot lines is 
the influence due to the vertical free boundary. Where Ko repre- 
sents the dynamic stress intensity factor for the crack starts to 
propagate at time tf. It shows clearly from this figure that the 
vertical free-boundary effect will increase the dynamic stress 
intensity factor due to the reflected waves (dr and gr waves) 
generated from the free boundary. However, the influence of 
the first few reflected waves on the dynamic stress intensity 
factor is very small. 

4 Transient Analysis for Propagating Crack in a 
Strip 

Consider an elastic strip in the region of the x, y-plane with 
- to  < x < 0% -1 < y < 1, contains a semi-infinite crack as 
shown in Fig. 2. At time t = 0, a uniformly distributed antiplane 
dynamic loading with magnitude To is applied at the crack faces, 
the crack starts to propagate with constant velocity v at time tf 
in the x-direction along the symmetry line y = 0 of the strip. 
This transient problem will be solved in a similar way as we 
have proposed in the last section for analyzing the problem of 
the interaction of a propagating crack with a vertical boundary. 
In this problem, the plane wave induced from the uniformly 

Ker(t) _ 2~/'2TO l~/i---f~-- by { ~  £'p ~ / ( t - 7 - ) [ ( l + b v ) 7 - - 2 b h ]  d7- 
71 3/2 T~/v(bv-- 1)T 2 -t- (1 -- 3bv)hT- + 2bh z 

~ d h f ,  t ~ / ( t - r ) [ ( 1  + b v ) ( 7 - - t f ) - 2 b h ]  } + d7- 
9%(7- - 2hd - t),,)@(bv - 1)(7- - ty) 2 + h(1 - 3by)(7- - ty) + 2bh 2 

(3.24) 
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dr// / drd 

Fig. 4 Wave fronts of the incident, reflected and diffracted waves in the 
configuration with vertical boundary 

distributed loading and the diffracted waves generated from the 
stationary crack tip and from the propagating crack tip will be 
reflected from horizontal boundaries, these waves will interact 
with the propagating crack at some later time. The pattern of 
wave fronts for t > t:is indicated in Fig. 5. The major difficulty 
in analyzing this problem will be the one that deals with the 
interaction of reflected waves with the propagating crack and 
the superposition technique of the fundamental solutions in the 
Laplace transform domain will be used. Before the time that 
the i, d, and g waves reflected from the horizontal boundary of 
the strip, the problem can be considered as a semi-infinite crack 
propagating in an unbounded medium and the solutions have 
been analyzed and presented in the previous section. In the 
following analysis, the solution is valid for the case that crack 
starts to propagating before the waves (i.e., i wave and d wave) 
generated from the stationary crack returns to the stationary 
crack (i.e., t: < 2bl). 

The diffracted d wave generated from the stationary crack 
tip will be reflected from the horizontal traction-free boundary 
to interact with the moving crack tip at later time. The solution 
of diffracted d wave in the Laplace transform domain is ex- 
pressed in (3.2) and the reflected dr wave from the horizontal 
boundary can be constructed by applying the method of images, 
the result will be 

J 1 I" ToOt+ ()k) --dr: ryAX, y, s) = " e~t"(Y-2l)+~*ldh. (4.1) 
27ri drx s h ~  

If we express the solution in (4.1) in the moving coordinate ( -  
y system, where ~ = x + vt : -v t ,  the result will become 

--dr ~'yz(~, Y, S) 

1 fr roa+(X) 
- 2rri x sX~fb(1 - by) esta*(y-2l)+X((-vtff)ldh' 

where 

(4.2) 

k 

1 - k v '  

The induced dynamic stress intensity factor by dr wave can 
be obtained by setting y = 0 in (4.2) and the fundamental 
solution expressed in (2.8). The result for the stress intensity 
factor expressed in the Laplace transform domain will have the 
following form: 

2~/2r0~1- bv 1 ~ 1 
L - -  e [Kdr(s )  : - ~ / ~  2rri ~ kX/1 hv 

2x/2ro~/1 - by 
~fbs 3 / 27i" 

f f  { 1 O . ~ e _ , , d t ( 4 . 3 )  
X Im X,~]l-  X~v Ot J " 

where 

vt:t - 4b2vl z + i21~t 2 - bZ[(vt - vt:) z + 412 ] 
v2t} + 4/z(1 - b2v 2) 

-b2v2t: + ~/b%2t} + 412b2(1 - b2v 2) 
td= 1 - bZv 2 

The dynamic stress intensity factor expressed in time domain 
will be 

4xf2roX/1 - bo 
Kdr(t) = -- rr3,2~ 

f '  { 1 Ok,;) ~/'r. (4.4) 
X ~ I m  X3~/1-X3v Or td t=T 

The value of td denotes the time required for diffracted d wave 
generated from the stationary crack, reflected from the hori- 
zontal boundary and arrives at the moving crack tip. 

Finally, we consider the contribution from the reflected gr 
wave which is originally generated from the propagating crack 
tip. The full-field analysis for this diffracted g wave has already 
been solved and discussed in the previous section. The solution 
expressed in the Laplace transform domain will be 

y, s) = __1 fr T00/+~ ()k) 

27ri x s 

I -- stf 1 
1 e - - - - : - l e - " ( " * Y - ~ ) d k .  (4.5) 

× ~ (k  - d ) q d J  

The reflected gr wave generated from the horizontal boundary 
can be easily constructed from (4.5) by the image method and 
the result is 

--gr - -  f F  
ryz(~, y, s) = - 1  r0ce+*(k) 

2rri ~ s 

1 e-"tf ] eSt,,(y_21)+X~ld k (4.6) 

This reflected gr wave will interact with the propagating 
crack which will induce additional contribution on the dynamic 
stress intensity factor. The induced stress intensity factor by gr 
wave can be constructed by superimposing the fundamental 
solution in (2.8) and the stress distribution induced by gr wave 
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Fig. 5 Transient response of the dynamic stress intensity factor for a propagat- 
ing crack in the configuration with vertical boundary 

on the propagating crack face. The result is obtained in the 
Laplace transform domain as follows: 

R g ~ ( s )  = 
2~/2TOX/1 -- by 1 

s 3/2 27ri 

f~ [  1 ~ "  l × ~ ~-~ (k_d)vr~je-2'~*'dk. (4.7) 

~ g ~ ( s )  = 

where 

2aToa- l f 7  ImF Ok;'+le-*'dt 
, ,,, LkpVb ~t J 

s3 n Im (k~- - d)~[d Ot j e - ' d t  , (4.9) 

21b 
t,, - ~1 - b2v 2" 

The inverse Laplace transform of (4.9) to time domain can 
be expressed as 

Kg'(t) 4 ~ 7 - o ~ l - b v { f t q ~ - ~ - ~ i m [  1 0 k ~ ]  d r  f t - te  [ 1 0kp]  } 
rr 3/2 k~x/b Or J,=~ - x/t - t f -  r Im dT ,p (k ;  - - d ) f d  Or ,=, 

1 f ,  ' - ' y T ~ [ ( t - t i - r ) [ ( 1 - b 2 v 2 ) r z - 4 1 z b = ]  } 
(4.10) 

We deform the path of integration to a path along which the 
integral can be recognized as a one-sided Laplace transform. 
The desired path of integration in the k-plane is obviously de- 
fined by the equation 

2lot* = 2l(b 2 - k 2 "q- b2v2k2 - 2b2vk) In = t. (4.8) 

The foregoing equation can be solved for k to yield 

x; = 
-2b2vl  + ix/(1 - b2vZ)t 2 - 412b z 

2l(1 - b2v 2) 

Along this new contour, the variable t is set as the new variable, 
which leads to 

The value of tp denotes the time needed for the diffracted g 
wave generated from the propagating crack at time tf, reflected 
from the horizontal boundary and reach the propagating crack 
tip. 

For the numerical calculation of the transient stress inten- 
sity factor, we consider a semi-infinite crack subjected to a 
uniformly distributed loading r0 on the stationary crack 
faces at time t = 0. At nondimensional delay time tf/bl = 
0.5, the crack start to propagate with a constant speed from 
the semi-infinite crack and the dynamic loading is applied 
only on the original crack faces. The pattern for the incident, 
reflected and diffracted wave fronts for t > t l is shown in 
Fig. 6. The dynamic stress intensity factors for stationary 
crack and for various value of crack propagation velocity 
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Fig. 6 Wave fronts of the incident, reflected end diffracted waves for a propagating crack in a finite 
strip 

are shown in Fig. 7, which account the contribution from 
the reflected dr and gr waves after the crack grows. The 
stress intensity factor is normalized by K0 which is the stress 
intensity factor at t/bl = 0.5. The dot lines in Fig. 7 represent 
the solution for a semi-infinite crack propagating in an infi- 
nite medium, and the influence of the horizontal boundary 
on the stress intensity factor can be evaluated from the differ- 
ence of  solid and dot lines. It also indicates that the reflected 
waves will increase the value of the dynamic stress intensity 
factor and the influence is much larger than the case of the 
vertical boundary discussed in the previous section. 

5 Conclusions 

The phenomena of crack propagation, arrest, and 
branching are important subjects in the areas of dynamic 
fracture analysis. The interaction of reflected waves with the 
moving crack subjected to dynamic loading had only been 
discussed in experimental works. Experimental results indi- 
cated that the reflected waves dominate the stability of crack 
propagation. It is very important to have the analytical re- 
sults to investigate this important event. But it seems difficult 
to obtain the analytical solutions by using the well-known 
conventional method. 

We have proposed a powerful superposition methodology 
and a useful fundamental solution is constructed in this study. 
The fundamental solution is the problem of applying an expo- 
nentially distributed traction on the propagating crack face and 
the solution is determined by superposition of the fundamental 
solution in the Laplace transform domain. The dynamic crack 
propagation with constant velocity in a configuration with 
boundary is investigated. The orientations of crack face re- 
spected to the boundary of half-plane are horizontal and vertical 
types. We only focus our attention on the interaction of first 
two reflected waves from the boundary with the moving crack. 
An explicit result of the dynamic stress intensity factor is ob- 
tained in closed form and numerical results are evaluated in 
detail. The numerical results show that the stress intensity fac- 
tors induced by reflected waves from horizontal boundary are 
more significant than that of vertical boundary. When reflected 
waves generated from horizontal boundary return to the moving 
crack tip, the stress intensity factor will generally increase rap- 
idly. 

There still have many unanswered questions in dynamic frac- 
ture and this work may provide a useful technique for further 
investigation in more complicated dynamic fracture problems 
especially on the crack propagation event. The proposed method 
in this study has already been extended to solve more difficult 
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Fig. 7 Transient response of the dynamic stress intensity factor for a propa- 
gating crack in a finite strip 
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inplane problem of crack propagation with boundary effect, the 
results will be shown in a future paper. 
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