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ABSTRACT: The dynamics of loop formation is investigated for a flexible polymer owing to the
reversible intrachain reaction. The polymer is made of N hard spheres tethered by inextensible bonds,
and the two reactive sites with binding energy -ε are randomly located. The coil-to-loop crossover is
characterized by the probability curve which depicts the variation of the open-state probability with
temperature. The midpoint temperature (âm

-1) is related to the conformational entropy loss ∆S from
coil to loop states. It is found that âmε ) ∆S/kB ) ln NR + G, and the loop can be classified into three
types: (i) end-to-end, R = 1.98; (ii) end-to-interior, R = 2.16; and (iii) interior-to-interior, R = 2.48. The
constant G varies with locations of the reactive sites. The kinetic rate constants can be well depicted by
the Arrhenius kinetics with free energy barriers in agreement with crossover thermodynamics. Although
the end-to-end loop is most easily formed for long enough polymers, the interior-to-interior loop is preferred
for short chains. This consequence indicates that biopolymers may utilize loop types and contour distance
between reactive sites to control the probability of loop formation.

I. Introduction

An associating polymer consists of a small number of
active groups, which are attached at various points
along the polymer backbone. These groups, such as ionic
and hydrophobic segments or complementary base
pairs, may react with one another if the chain motion
brings them into close proximity of one another. The
intramolecular binding hence leads to loop formation.
The simplest example of associating chains is a tele-
chelic polymer, which is a water-soluble chain with
relatively small associating groups at the ends, for
instance, poly(ethylene oxide) with end-capped C16-C18
alkanes. Recently, telechelic biopolymers have attracted
much attention owing to the particular importance of
polymer loop in biology. A typical example is a single-
stranded DNA or RNA, which is purposefully designed
to be made of a homogeneous sequence such as poly(A)
with a few complementary bases at both ends.1

Polymer looping is widely used in nature. In particu-
lar, DNA looping induced by protein is well documented
in regulating all aspects of DNA metabolism, including
transcription, replication, and recombination.2 In gen-
eral, this protein consists of two connected domains: a
DNA-binding domain that binds to the well-separated
operator sites and a dimerization domain with two
proteins that bind cooperatively as a dimer.3 The end-
bound and internally bound DNA looping are both
commonly observed.4 When the polymer looping involves
large loop sizes, e.g., several thousand base paring, the
loop formation causes a significant entropy loss which
has to be overcome by the binding energy released on
loop closure. Despite considerable theoretical efforts in
studying the end-to-end loop formation,5,6 there are
relatively few results concerning the end-to-interior and
interior-to-interior loop formation.

In the present study, we investigate the coil-to-loop
crossover and quantify the entropy loss associated with
loop formation for a flexible polymer with two random
reactive sites. The outline of this paper is as follows.
First, we write down the partition function associated
with a single hard-sphere chain based on the two-state
scenario (coil and loop states). Then, the variation of
the probability of the coil state and the heat capacity
with the temperature can be derived. We prove that the
inverse midpoint temperature of the coil-state prob-
ability curve is proportional to the entropy loss associ-
ated with loop formation. Three types of loop formation
are considered: (i) end-to-end, (ii) end-to-interior, and
(iii) interior-to-interior. The results of Monte Carlo
simulations confirm our theory and provide the expo-
nent associated with chain length dependence and the
entropy constant which varies with the contour dis-
tances between reactive sites.

II. Theory

Consider a flexible chain of total length L. The
reactive groups are located at beads “p” and “q”. That
is, the two reactive groups are positioned at distance a
and b, respectively, from the chain ends as illustrated
in Figure 1. We define l ≡ L - (a + b) to be the contour
distance between the active groups. The partition func-
tion associated with such a polymer depends on the
location of the reactive sites and is given by

where gi denotes the degeneracy associated with the
state i of internal energy εi and â is the inverse
temperature.

When the two reactive sites are in close proximity,
the reversible reaction occurs and the binding energy
is -ε. Such conformations are thus identified as the
loop state (l). Otherwise, the conformations are regarded
as the coil state (o). As a result, the partition function
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can be divided into two parts

where Zo ) go and Zl ) gl exp(âε). The degeneracy gi
varies with the spatial range associated with the
reversible reaction. In terms of the partition function,
the probability of the coil state is simply

The probability curve denotes the variation of the coil-
state probability with temperature. We define the
midpoint temperature Tm (or âm) as the temperature
where the probabilities of coil and loop states are equal.

The physical significance of the midpoint temperature
can be manifested through the conformational entropy.
On the basis of the two-state scenario, the entropy loss
from the open to closed states is obtained from the
partition function, eq 1

with Si ) kB ln gi. In accordance with eq 3, the relation
between the midpoint temperature and the entropy loss
is thus given by

This result states that at the midpoint temperature the
entropy loss is exactly compensated by the energy gain.
Equation 4 presents an important consequence that one
is able to evaluate the entropy change (or the probability
of finding two points in close proximity) of a polymer
chain from the coil-state probability curve.

III. Monte Carlo Simulation

In this paper, we aim to study polymers with only
hard-core excluded-volume effects but without other
extra interaction energy such as attractions among
monomers and solvent. The model associating chain is
made of N hard spheres of diameter σ with attractive
beads located at p and q. This polymer is a freely jointed
chain in continuous space. The interactions between the

bonded beads are through the infinite deep square-well
potentials

where ê ) 1.2. Bond crossing (phantom chain) can be
prevented by such a choice. For this model associating
chain, the interaction between attractive beads p and q
is represented by a standard square-well potential

where λ ) 1.2. Without the loss of generality, we assume
the binding energy ε ) 15.

In this work, Monte Carlo (MC) simulations were
performed to study both thermodynamics and kinetics
associated with loop-to-coil crossover. Note that MC
simulation is generally not the method of choice for
investigating kinetics. Nonetheless, because the actual
dynamics has reached thermodynamic equilibrium, it
is justified to estimate the reaction constants of the
kinetics by MC method. The chain is identified as in
the “coil” state when the attractive beads of the chain
are not within square-well interaction regimes. That is,
|rp - rq| > λσ. On the other hand, the “loop” state is
defined as the formation of an attractive pair from two
ends. That is, |rp - rq| < λσ. The rate constant ki,j is
evaluated from the inverse of the mean time τi,j. It is
defined as the mean period of staying at the state i,
which jumps to the state j later. The probability of the
state i is calculated by the total Monte Carlo steps (MCs)
staying at the state i to the total MCs of simulation.
The detailed balance, ko,lPo ) kl,oPl, is fulfilled in our
simulations.

The systems simulated contain a single polymer chain
with chain length N ranging from 15 to 68. The
simulations are performed under the conditions of
constant temperature and total number of beads. In the
present study, the reduced temperature T* is varied to
obtain the melting curves, which are represented by Po
and Pl. The trial moves employed for chains of the
equilibration and production process are bead displace-
ment motions. They involve randomly picking a bead
and displacing it to a new position in the vicinity of the
old position. The distance away from the original
position is chosen with a probability, which satisfies the
condition of equal sampling of all points in the spherical
shell surrounding the initial position. The new configu-
rations resulting from this move are accepted according
to the standard Metropolis acceptance criterion. Runs
for the same chain length at different temperatures are
performed starting with the final configuration from a
previous temperature and are equilibrated for 200
million steps. Measurements for static properties such
as the probabilities of open or closed states are taken
over a period of 5-10 million MCs per bead. Note that
the chain relaxation time defined by end-to-end auto-
correlation function (ε ) 0) is about 105 MCs per bead
for N ) 20.

IV. Results and Discussion
On the basis of the two-state scenario, one is able to

relate the entropy loss associated with the coil-to-loop
crossover or the probability of finding two points of a

Figure 1. Schematic of a hard-sphere chain with N beads.
The two reactive groups locate at beads p and q.
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flexible polymer in close proximity to the midpoint
temperature in the open-state probability curve. Evi-
dently, the number of open conformations varies only
with the chain length, go(N), while the number of loop
conformations also depends on the contour distances a/l
and b/l, i.e., gl(a/l, b/l, N). Therefore, eq 4 shows that
the midpoint temperature varies with a/l, b/l, and N.
Three limiting cases can be identified: (i) end-to-end
attraction (a/l ) b/l ) 0), (ii) end-to-interior attraction
(a/l ) 0 and b/l > 0), and (iii) interior-to-interior
attraction (a/l ) b/l > 0).

We performed off-lattice Monte Carlo (MC) simula-
tions to calculate the open-state probability curve.
Figure 2 depicts a typical example of Po for different
contour distances of two reactive sites for a given chain
length N ) 24. Note that the distance ratio a/l ) b/l
varies from much less to much greater than unity. The
data points represents the MC result and can be well
represented by eq 3. The midpoint temperature is read
directly from simulation data at Po ) 1/2 or determined
by fitting data of all temperature range. Both methods
give the same result. As the temperature rises, the
probable structure shifts from a stable loop state to a
stable coil one. Moreover, the midpoint temperature of
the structure grows generally with increasing the ratio
of a/l. To compare MC results with eq 3 further, we plot
ln[Po

-1 - 1] against (â - âm) for various combination of
a/l, b/l, and N. All the probability curves associated with
different chain lengths and contour distances of reactive
sites collapse into a straight line with a slope ε as shown
in Figure 3a. Since the heat capacity is related to the
internal energy U by

the variation of the heat capacity with temperature can
be evaluated directly from eq 3

When we plot (C/kB)(âε)-2 against (â - âm) in Figure
3b, all data points of different combinations of a/l, b/l,
and N fall into a single curve as indicated by eq 5. The
above results confirm that thermodynamics of reversible
loop formation of a flexible chain displays the same
characteristics associated with coil-to-loop crossover.
The dependence on chain length and contour distance
between reactive sites are only manifested through the
midpoint temperature.

The entropy loss from coil to loop states grows with
chain length. Its scaling behavior can be realized from
the probability of nearest-neighbor contacts between two
reactive sites, P[|rp - rq| ≈ O(σ)] ∼ N-ν(3+θ)G(a/l, b/l).
Since Zl ∼ ZoP(σ), one has ∆S/kB ) ln Zo/Zl ∼ ν(3 + θ)
ln N + G. The correlation length exponent is ν = 3/5 for
a good solvent, and θ is the correlation hole exponent
which describes the short-distance spatial decay of the
corresponding probability distribution due to the ex-
cluded-volume interaction. The short distance exponent
θ depends on the locations of reactive sites, and three
special cases have been calculated by field theory or
simulation of self-avoiding chain on a lattice:7 (i) θ0 ≈

Figure 2. Open-state probability curve for different separa-
tions between reactive sites with chain length N ) 24. The
MC results and theoretical curves, eq 3, are denoted by data
points and solid curves, respectively.
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Figure 3. (a) Open-state probability curves for different chain
lengths are replotted with ln(Po

-1 - 1) as a function of (â -
âm) and compared to eq 3. (b) Heat capacity curves for different
chain lengths are plotted with (C/k)(âε])-2 as a function of (â
- âm) and compared to eq 5.
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0.28 for end-to-end contact, (ii) θ1 ≈ 0.46 for end-to-
interior contact, and (iii) θ2 ≈ 0.71 for interior-to-interior
contact. According to eq 4, the midpoint temperature is
anticipated to follow the same scaling law. For end
point-end point loop formation, it is reported6 that

where R0 = 1.98 and a/l ) b/l ) 0. This result agrees
quite well with R0 ) ν(3 + θ0) with θ0 ≈ 0.28.

For end-to-interior and interior-to-interior loop forma-
tion, one anticipates that the entropy loss or midpoint
temperature depends on the chain length as well as the
contour distance between two reactive sites. The varia-
tion of the midpoint temperature âmε with chain length
ln N is depicted in Figure 4a,b. Both of them follow eq
6 for different ratios of a/l and b/l, and we obtain R1 =
2.16 for the former and R2 = 2.48 for the latter. In
comparison with the end-to-end loop, the increment of
the exponent is caused by the excluded-volume interac-

tions between the loop part (l) and the linear part (a
and b). It is interesting to note that the short distance
exponent calculated by θi ) Ri/ν - 3 is greater than the
previous reported value.7 That is, θ1 ) 0.67 and θ2 )
1.22. The possible explanation is that terms higher than
second order are required to obtain convergent results
for field theory and renormalization group theory. When
exact counting method was adopted to study a lattice
self-avoiding walk model, the chain length was probably
not long enough to obtain accurate values for θi.8 Our
results indicate that when the chain length is very long,
i.e., N . exp(|G|/R), the entropy loss is largest for the
formation of interior-to-interor loop and smallest for the
end-to-end loop. In other words, it is relatively difficult
to form a loop between two interior points for a specified
chain length at a given temperature.

Since the entropy loss is logarithmically increased
with the chain length, the next order term is important
for relatively short polymers. The entropy constant G
varies only with the location of reactive sites a/l and
b/l. The validity of eq 6 can be further verified by
plotting (âmε - R ln N) against b/l. All data points of
different chain lengths fall into a single curve as shown
in Figure 5a for end-to-interior case (a/l ) 0) and in
Figure 5b for interior-to-interior case (a/l ) b/l). Two
asymptotic features are observed. When b/l . 1, the
entropy constant G declines linearly with ln(b/l). That
is, G(b/l) is scaled as (b/l)x for b . l with x = 1.86 for
end-to-interior loop and x = 2.24 for interior-to-interior
loop. If one considers the limiting case a/l ) 0 and b/l =
N, the entropy loss in forming such an trivial loop is
negligible, and from eq 6 it follows G(0, b/l) ) x ln(b/l)
with x ) R1. Similarly, one can consider another limiting
case a/l ) b/l = N/2 and obtain G(b/l) ) x ln(b/l) with x
) R2. From Figure 5a,b we obtain the exponent x slightly
smaller than the corresponding value of R. It may be
attributed to the fact that ln(b/l) is not large enough,
and the next order term cannot be ignored completely.
On the other hand, as b/l , 1, the entropy constant G
varies very slowly with decreasing ln(b/l). It is natural
to expect that the value of G is finite as a/l ) b/l f 0.
Note that under the asymptotic condition both reactive
sites located at polymer ends ln(b/l) f -∞, the entropy
constant becomes G(0, 0) = 1.34 and the exponent jumps
to R0.6 Therefore, the cases involving the end point of
the chain correspond to singular conditions associated
with G(a/l, b/l). As ln(b/l) is decreased, we observe that
G for the end-to-interior case (G1) is gradually increased
toward an asymptotic value about 1.20. Nevertheless,
G for interior-to-interior loop (G2) displays a maximum
point at about b/l = 0.14.

Since eq 6 must be applicable to the ideal chain as
well, we may gain some insight by examining this
particularly simple case. In the Gaussian chain limit,
the exponents θi vanishes and one has

with ν ) 1/2. Since the excluded-volume effect is not
considered, all three cases merge into one. When (a +
b)/l , 1, G = 3ν(a + b)/l f 0. On the other hand, as a
) b . l, one obtains G = -3ν[ln 2 + ln(b/l)]. When the
excluded volume is taken into account, additional
exponents such as θi are involved. Nevertheless, it is
reasonable to conjecture that G ) -[3ν + f (θi)] ln(b/l)
for a/l ) b/l . 1, as observed in Figure 5. Equation 6
clearly shows that there are three factors in determining

Figure 4. (a) Inverse midpoint temperature is plotted against
the chain length for the end-to-interior case (a/l ) 0 and b/l *
0). The straight lines denote eq 6 with R ) 2.16. (b) Inverse
midpoint temperature is plotted against the chain length for
the interior-to-interior case (a/l ) b/l * 0). The straight lines
denote eq 6 with R ) 2.48.

âmε ) R ln N + G(al , b
l ) (6)

∆S ) 3ν ln N - 3ν ln(1 + a
l

+ b
l )
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the midpoint temperature: the loop type, the chain
length, and the contour distance between reactive sites.
This result indicates that in order to have higher
midpoint temperature (higher probability of loop forma-
tion) the end-to-end case provides the smallest exponent
R, but the interior-to-interior case gives a smaller
constant G associated with large (a + b)/l. Figure 6
illustrates that the short contour distance may dominate
over the location of reactive sites for short enough
polymers. However, as the chain length is increased, the
location of reactive sites becomes more important.
Eventually, the end-to-end loop is more easily to formed.

Because the binding energy ε is comparable to the
thermal energy kBT, the loop formation is reversible in
the present study. As a result, the coil-to-loop crossover
can be regarded as chemical equilibrium associated with
a reversible reaction as well.6 The reactant and product
are respectively the coil and loop states, i.e., coil S loop.
Note that the reaction becomes irreversible if âε f ∞.
At equilibrium, the principle of detailed balance is
satisfied, and the characteristic of the kinetics can be
explored by examining the rate constants evaluated
from MC simulations. The rate coefficients ki,j ) τi,j

-1

from the i to j state are assumed to follow the Arrhenius
kinetics

where Fi,j represents the free energy barrier associated
with jumping from the i to j states. The preexponential
factor ki,j

0 is temperature-independent. When the con-
formation of a hard-sphere chain changes from the coil
state to the loop one, it is natural to anticipate that the
free energy barrier amounts to the entropy loss from a
random coil to a loop, âFo,l ) (So - Sl)/kB. Consequently,
ko,l is independent of temperature but varies with chain
length. According to eq 6, one has

This result points out that ∆ ln(τo,l/NR) ) ∆G(a/l, b/l).
As shown in Figure 7a,b, all the rate constants com-
puted from different chain lengths fall into a constant
line with zero slope when ln(ko,l

-1/NR) is plotted against
â. The difference between the intercepts of two sets of
(a/l, b/l) agrees with ∆G evaluated from Figure 5a,b.

On the other hand, when the polymer conformation
fluctuates from the loop state to the coil one, the free
energy barrier, which has to be overcome, is simply the
binding energy, âFl,o ) âε and independent of the chain
length N. As illustrated in Figure 8a,b, when ln(kl,o

-1)
is plotted against â, all the rate coefficients calculated
from different chain lengths N collapse into a single line
with a slope of the binding energy ε. This consequence
shows that the thermal fluctuation provides a prob-
ability of exp(-âε) to unbind the loop conformation
regardless of the chain length. The above analysis
confirms the Arrhenius characteristics of the rate
constants ki,j associated with the coil-loop equilibrium
in terms of free energy barriers.

Biomacromolecue DNA performs its biological func-
tions with loop formation. Intuitively, one expects that
short contour distance is the major factor for controlling
the loop formation. However, it is known that DNA
looping often involves large loop sizes of several thou-
sand base pairs. Our simulation results show that the
interplay between the loop type and the contour distance

Figure 5. Entropy constant G is a function of the ratio of
contour distances b/l at different chain lengths: (a) the end-
to-interior case; (b) the interior-to-interior case. The dotted line
indicates the asymptotic behavior, G ∼ ln(b/l)x for b/l . 1.

Figure 6. Variation of the midpoint temperature âmε with
the chain length N for the three types of loop formation.

ki,j ) ki,j
0 exp(-âFi,j)

ln(τo,l/N
R) ) G(al , b

l ) + ln ko,l
0
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between reactive sites complicates the probability of loop
formation. It is more difficult to form an interior-to-
interior loop associated with a specified set of {a/l, b/l}
than the end-to-end loop, as long as the chain length is
long enough. On the contrary, for a given chain length,
the former can be more easily formed than the latter if
the reactive sites are very close to each other (large a/l
and b/l). This consequence indicates that biopolymers
may utilize loop types and contour distance between
reactive sites to control the probability of loop formation,
which in turn influences its function. The typical
persistence lengths of single-stranded and double-helix
are around 8 bases and 100 base pairs, respectively. As
a result, dsDNA with 1000 base pairs corresponds to
about a flexible chain with 10 monomers. Our present
analysis is applicable to ssDNA with O(102) bases and
dsDNA with O(103) base pairs.

It should be emphasized that the simplicity of our
model clearly illustrates the roles played by loop types
and separation between two sites, but it also limits its
relevance to realistic systems. Several factors may have
important effects in DNA systems. For shorter chains,
effects such as bending and stacking interactions come
into play.8 For long DNA, the segment is more resem-

bling rods than spheres. Large aspect ratios may be
involved in thermodynamics of dsDNA coil-to-loop cross-
over, and thus effects due to relative orientation of
statistical segments are likely to be important. A
wormlike chain with excluded volume is more like the
dsDNA molecule than a hard-sphere chain. Moreover,
DNA in nature does not manifest itself as one single
molecule. If more than one molecule is present, there
is a possibility that reaction sites on different molecules
stick together.4 The competition between loop and
complex formation has been studied for a two polymers
system by taking the zero temperature limit.9 It was
observed that complex formation is preferred over loop
formation at small values of a/l or b/l.
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