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A linear network analysis is developed for the system design of split-type free-dis-
placer Stirling refrigerators. The dynamics models are derived to describe the
input/output relation of each component by use of the governing equations in conjunc-
tion with linearization and approximation. By connecting the equivalent circuits of the
components together, a linear network consisting of a fluid network and a displacer
network is obtained. The fluid network accounts for the propagation of gas flow
induced by the pressure wave; while the displacer network accounts for the displacer
motion induced by the pressure force exerted on the displacer. Two transfer functions
are further derived for the displacer motion and the gas pressure of the expansion
space with respect to the piston motion. The system performance is then evaluated
from the frequency response of the transfer functions by using the sinusoidal signal
analysis. The performance prediction of a split-type free-displacer Stirling refrigerator
using the linear network analysis is shown to be satisfactory. © 1996 Elsevier
Science Limited
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Nomenclature v volume (m?)
X distance (m)

a gain X displacement (m)
A area (m?) T time constant (s)
C flow capacitance (m*kg/kJ) ) angular frequency (=24 f)
Cy displacer loss coefficient (N s/m) p density
C, gas specific heat at constant pressure 0 piston angle (deg)

(kl/kg K)
C, as specific heat at constant volume (klJ/kg K) .
h gonvcfction heat transfer coefficient (W/m? K) Subscripts
d diameter (m) C compression chamber; characteristic
f frequency (Hz) impedance
k thermal conductivity (W/m K) d displacer
K, gas spring constant (N/m) e expansion space
L length (m) f gas; fluid; flow
w mass flow rate (kg/s) g gas
R gas constant (kJ/(kgK)) h hot end; hydraulic
Re Reynolds number, dimensionless H hot end of the regenerator
p pressure (N/m?) i inlet
P pressure (N/m?) L cold end
Den charge pressure (N/m?) m mean
Onet net cooling capacity (W) n natural frequency
s Laplace variable, complex 0 outlet; equilibrium point; amplitude
T temperature (K) p piston
t time (s) r regenerator
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S solid material
t connecting tube
w warm space

Superscripts

steady-state point; equilibrium point
perturbed value
time change rate

The thermal performance analysis of a Stirling refrigerator
is very important at the hardware design stage. Researchers
have attempted to develop an analytical method and a com-
puter-aided too! for the design application. But the achieve-
ment is limited so far. The designer still relies heavily on
personnel experience or trial and error. For a split-type free-
displacer Stirling refrigerator, the losses of wall friction and
clearance seal leakage of the displacer are rarely predicted
accurately. Hence, the analysis can deviate greatly from the
test results.

Nodal analysis' is a typical method developed for free-
displacer Stirling refrigerator simulation. However, the
time-variant conservation equations of mass, momentum
and energy have to be solved at each node of the whole
refrigerator until the solution converges at each time
instant. The computation is then repeated for different
designs or operating conditions in order to obtain a per-
formance map of the refrigerator. The solution procedure
is so complicated and time consuming that it usually
requires use of a super-computer. In order to simplify the
analysis and increase the computational speed, a linear net-
work analysis is developed in the present study.

A split-type free-displacer Stirling refrigerator comprises
a compressor and a cold finger connected by a connecting
tube. The cold finger contains a regenerator/displacer, a gas
spring, and an expansion space (cold head) as shown in
Figure 1. The displacer is driven by the gaseous pressure
wave resulting from the reciprocating motion of the piston.
The whole refrigerator thus operates at a cyclically steady
state very close to sinusoidal. The refrigerator can thus be
treated as a dynamical system with the piston displacement
as the system input and the displacer displacement and the
expansion space pressure as the system output®.

From the viewpoint of system dynamics, any component
of a dynamical system is triggered by an input (physical

compression
chamber

Aé:e_@@
COMPRESSOR

force) and induces an output (dynamic response). A
dynamics model can be derived to describe the input/output
relation of each component by use of the governing equa-
tions in conjunction with linearization and approximations.
A network model can be further derived from the electric
circuit analogy. An equivalent circuit or system block dia-
gram can then be used to represent the dynamic behaviour
of each component. Connecting the analogous circuits of
all the components together will lead to a linear network
of the refrigerator®. For the split-type free-displacer Stirling
refrigerator, a transfer-function model representing the per-
formance of the refrigerator can be derived, and from this
the system performance can be easily evaluated. A brief
summary of the analysis has been published in the previous
technical note?. A detailed description of the linear network
analysis for the split-type free-displacer Stirling refrigerator
is reported in the present paper.

Dynamics model of components

The split-type free-displacer Stirling refrigerator essentially
consists of six components: namely, compressor, con-
necting tube, warm space, regenerator, displacer, and
expansion space. The dynamics model of each component
can be derived. For simplification, the ideal gas assumption
is used throughout the derivation.

Compressor

The compressor of a Stirling refrigerator consists of a com-
pression space and a piston driven by a crank mechanism.
Since the piston motion is very fast and the mixing in the
compression chamber is severe, the gas temperature and
pressure inside the compression chamber are assumed to

cold—head

regenerator—

- cylinder
displacer

connecting
tube

/ \pisfon 90

spring

COLD FINGER

Figure 1 Schematic diagram of split-type free-displacer Stirling refrigerator
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be uniform. The actual gas compression process inside the
compression chamber lies between isothermal and adia-
batic. Since cooling is provided for the compressor of a
Stirling refrigerator, the isothermal compression with a con-
stant gas temperature T, is assumed. Assuming no gas leak-
age between the piston and the cylinder, conservation of
mass to the compression chamber will lead to the dynam-
ics model

() = L1y Pt dX,(1)
mc(t) = RTC {Vco dt _Ach(t) dt } (1)

. is the mass flow rate out of the compressor; p. is the
gas pressure; V(r) = V,, — AX,(1);V,, is the volume of
compression chamber for the piston at the equilibrium pos-
ition (X, = 0); X,(¢) is the piston displacement measured
from the midpoint of the piston motion toward the top dead
end; A, is the cross section area of the piston.

Applying small perturbation around the equilibrium
point, ie. Xy(1) = X, + X;(£); p(t) = p. + p(t); m(t) =
.+ m(t) = ﬁzc(t)_to Equation (1), neglecting higher-order
terms, taking that X, = O is the piston central position, and
then taking Laplace transforms, we obtain a perturbed
dynamics model

. oAp = - Pe(s)
os) = T Ry(s) = ets) + 1) @)

where C. = V_/RT, is the equivalent capacitance of the
compression chamber; 71,(s) acts as a current source rep-
resenting the available or gross mass flow generated by the
piston motion. The equivalent circuit is shown in Figure 2.

Connecting tube

The connecting tube links the compressor and the cold
finger. The flow field is assumed to be 1-D. In order for
linearization, the second-order viscous and the inertia terms
in the momentum equation are neglected. However, the
second-order viscous friction is taken into account by a
modified resistance coefficient x which is calculated using
piecewise linear approximation®. Therefore, the viscous
resistance is proportional to the mass flowrate with a pro-
portional constant k depending upon the amplitude of the
mass flow rate.

The gas in the connecting tube is assumed to undergo
an isothermal process with a constant temperature 7,. This
can hold since the connecting tube is usually small in diam-
eter and is thick in wall thickness in order to withstand the
high gas pressure. Hence, the connecting tube can act as
an energy storage medium to damp out the gas temperature

1152
aep;

Figure2 Equivalent circuit of compression chamber

variation. From the above assumptions, we obtain the gov-
erning equations of the connecting tube from the conser-
vations of mass and momentum.

LapCen) | 1 o) _
RT. ot A ox
1 om(x,r)  ap(xt

1 (x,)+ p(X)+K

A ax ox A (x,t) =0 4

(3)

where A, is the tube cross section area. It can be easily
shown that Equations (3) and (4) are the wave equations.

Applying small perturbation around the equilibrium point
and with m = 0 for a cyclically-steady operation, i.e.
pxt) =p + p(xt); m(x,r) = m + m(x.t) = m(x,t), to Equa-
tions (3) and (4) and then solving the Laplace transformed
equations, we obtain the dynamics model of the con-
necting tube

1
cosh(I'L,) - - sinh(I".L,)

- ct

— Z, sinh(I'L,)  cosh(I'\.L,)

r;llo(s)

Deo(s)

’;lti(s)
X

5)
Pils) (

where I', = \ZY, and Z, = \Z/Y, are the propagation con-
stant and the characteristic impedance of the tube, respect-
ively; Z, = Rg + sLg, = series impedance and Y, = sCg, =
shunt admittance; I', and Z., are derived as

e I,
= \/SCFt(RFt +5Lp); Loy = (6)
sCr

where Cg,, Lr, and Ry, are the flow capacitance, flow induct-
ance, and flow resistance per unit tube length, respectively,
which are defined as

C _iL _iR _L(_ 7)
Ft—RTI, F[—Ala Ft—At (
where
K= 0'1556(plwmaxdt/“‘)_0'20| (wmax/dh)v (8)

Wiax is the peak velocity of the oscillating flow in the tube;
d, is the hydraulic diameter of the tube®.

It is worth noting that k is considered to be a constant
during the modelling, but should be adjusted by numerical
iteration during the computation to give a correct value for
the corresponding mass flow w,,,.

Since the dynamics model of the connecting tube belongs
to a distributed-parameter system, an equivalent circuit con-
sisting of infinite sets of shunt and series impedances can
be drawn as shown in Figure 3. Figure 3 approximates the
model of Equation (5) as NV is large. The shunt and series
impedances for each segment of the tube satisfy the follow-
ing relation
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O {1 - —1{ o
Pti Y1 Yo Y3 m Yn H Pto
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22: Z3_ :Zn:Zt(T\]L) 3 Z]— Zn+1' ?t(ﬁt;)
L
Yi=Ya- Yg= o= Ya=Yi(F)
Figure 3 Equivalent circuit of connecting tube
L = = SPAaw & Do)
ZZ=Z3="' :anzr (1\;), mwi(s)=mwo(s)+ RTW Xd(S)+mCTW (11)
7 =7 = Z (L, 9) The second term in the right-hand side of Equation (11) is
T T AN the mass flow rate induced by the displacer motion, which
I is analogous to electric current source; the third term rep-
Y,=Y,=Y,==Y, =Y, (l) resents the flow capacitance effect of the warm space; C,,
- ’ N = V,./(RT,). The equivalent electric circuit is shown in

The limiting case N — % corresponds to the present model,
Equation (5). A similar circuit can also be drawn based on
the series expansion of cosh(I'.L) and sinh(I'.L)) in Equ-
ation (5) with respect to I'.L,.

A system block diagram as shown in Figure 4 is used
here to illustrate the input/output relation of the connecting
tube from the system dynamics point of view. In practice,
Figure 3 will be used as the analogous circuit during the
linear network analysis.

From Equation (5), we also obtain_the relation between
the output impedance Z,, [ = p.(s)/m,(s)] and the input
impedance Z; [ = p;(s)/in;(s)] of the connecting tube

Ze
1+ me tanh[T".L,]

Zi=—————7,
Zo
1+ tanh[T(s)L,]

ct

(10)

Warm space

The gas temperature is assumed uniform in the warm space
since the gas mixing is severe. Similar to the compression
chamber, a linearly perturbed model can be derived from
mass continuity equation

}\):i o- T ’ 0 ﬁta
| Tm
ﬂnp
hy O T —0 7,

Figure 4 Block diagram of cannecting tube
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Figure 5.

Regenerator

The regenerator is an energy-storage element made from
wire screens. The derivation of the dynamical model is
similar to that of the connecting tube.

For the momentum equation, the inertia term
(1/A%,)a(m|m|/p)/ax and the second-order viscous term
pB(€/pA, ) mlm| can be neglected. This can hold since the
Reynolds number in the regenerator is not large. The press-
ure loss due to the second-order viscous friction is taken
into account by a modified frictional coefficient & calcu-
lated using piecewise linear approximation®. Therefore, the
viscous resistance is assumed to be proportional to the mass
flow with a proportional constant & which depends upon
the amplitude 1, of the oscillating flow. & is considered
to be a constant during the modelling, however it should
be adjusted by numerical iteration during the computation
in order to give a correct value for the corresponding mass
flow (Fimax)-

Assuming 1-D flow, no axial conduction and constant
properties, the transient governing equations in terms of
perturbed variables ri(x,t) = rit(x) + i(x,1),p(x,1) = P(x) +
plx,t), and T(x,t) = T.(x) + T(x,t) and using m (x) = 0 for
cyclically-steady operation, are derived from the conser-
vation of mass and momentum

Mo (s)

P (5)

SRAL T >
RT., 7 B
O —& - l

Figure5 Equivalent circuit of warm space
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Continuity equation of gas

_ Py - oT(xp)
T(x) o P{x) o (12)
RTZ(x) om(x,1)
+ e
Ag ox
Momentum equation of gas
e a,., -
am(xt)  op(x,t) + Rugi(nt) = 0 (13)

+
oot dx

where Ry, is the regenerator flow resistance per unit length;
Lk, is the flow inductance per unit length;

aev 1
Rp=— 5 Ly =, 14
Fr Aﬁ s ~Fr Aﬁ ( )

where @ = a + (B/d,)eR.,; a = 175/(2ed?), B = 1.6/(2€d,,)
can be obtained from Tanaka’s results®; d, = hydraulic
diameter = ed, /(1 — €); h=0.33(k/d,)R% based on
Tanaka’s results®; d,, is the matrix wire diameter.

For simplification, the axial variation of gas temperature
and pressure at steady state are approximated by the aver-
age values, i.e. T.(x) = T,, = (Ty + T.)/2 and P(x) = P,,,
= P.,. This was justified experimentally, as the temperature
distribution in the regenerator is roughly linear.

Equations (12) and (13) cannot be solved since the gas
temperature 7(x,t) is not known. The following energy
equations for the gas and the screen matrix are thus derived
using the above approximation on 7,(x) and P/(x)

Energy equation of gas

Cry 3p(x,1) . am(x,t)
Yy ot ox

+ Cre [T(x,t) = T(x,t)] = 0. (15)
YT,

ar

Energy equation of regenerator matrix

‘—9% +[T(x) = T(x,)]1 =0 (16)

sr

where Cg, and Cy, are the flow capacitance per unit length
due to pressure change and temperature change, respect-
ively; 7, and 7, are time constants of gas and matrix,
respectively, and -y = C/C,; x is the position measured from
the hot side of the regenerator;

Ay, PiwAs
Cre=pr— 3 Cre=pts s amn
_ Prmevocv . _ ps(l _ E)Vocs
o RThAur” ™ hAyy

where Ay is the surface area of the regenerator = 4V (1 —
e)ld..d, is the wire diameter of screen disks; R, is the
Reynolds number based on d,,; k. is the gas thermal conduc-
tivity.

Solution of Equations (12), (13), (15) and (16) can be

obtained by Laplace transforms. Combining Equations (15)
and (16) with (12) and (13), we obtain the gas continuity
equation as

dm(x,s)
dx

+ 5Cer, p(x,5) =0 (18)

and the gas momentum equation as

dp(x,s)
dx

+ (Rp, + sLpym(x,s) = 0. (19)

where Cer, is the regenerator flow capacitance due to press-
ure change and time responses of gas and matrix that is
derived as

I+ 7,/[ 7o (1 + 57,)]
By + 1 /11 + 57T

(20)

CFTr =

It is worth noting that Equations (18) and (19) are the
wave equations.

A linearly-perturbed dynamics model for the regenerator
can be obtained*

[
ol 5) _ cosh(T".L,) —ZL sinh(T; L,)
Prols) | —Z,, sinh(T\L,)  cosh(T.L,)
x {"fﬁ(s) } (1)
-pri(s)

where T, = NZY, = regenerator propagation constant and
Z., = \/Z,/Yr = regenerator characteristic impedance; they

are derived as
[, = \$Cer(Rg: + sLgy);

I,

Z. =
‘cr SCFTr

(22)

Similar to the connecting tube, the dynamics model of
the regenerator belongs to a distributed-parameter system.
An equivalent circuit consisting of infinite sets of shunt and
series impedances similar to Figure 3 can be drawn. This
is based on the series expansion of cosh I'.L, and sinh I",L,
in Equation (21) with respect to I'.L,. A system block dia-
gram similar to Figure 4 can be used to represent the
input/output relation of the regenerator.

Equation (21) represents the dynamics model of the
regenerator in terms of the pressure and mass flowrate that
are derived from the conservation equations of continuity
and momentum. The conservation equation of energy can
also be simultaneously solved using the solutions of p.(x,s)
and ri(X,s) to obtain the gas temperature in the regenerator
Ty (x,s). The gas temperature at the cold side of the regen-
erator is finally derived as

Cre (1 + 57,)

7‘fr(l‘ws) =- pro(s)

Tr Tsr
¥ Tl + st
Cr 57, sinh[T',L,]

{mMeo(s) cosh[TL.] — m(s)}.

(23)
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Figure 6 Equivalent circuit of displacer

Displacer

Taking force balance to the displacer will lead to a displacer
dynamics model

Xo(5) = [Agw Pu(8) — Age Pel5)]

1
<Mc,s2 + Cys + Kd) 24)

where K is the spring constant, for gas spring at isothermal
condition Ky = poAiedVes Vas = Vogs + AgeXa Cy is the
coefficient resulting from the friction and the leakage
losses; My is the displacer mass. The equivalent circuit of

the displacer is shown in Figure 6.

Expansion space

The cold space is usually made of a small empty space,
sometimes filled with a porous medium to enhance the heat
transfer between the gas and the wall. The gas enters the
cold space with phase difference between the temperature
and the mass flow. The gas agitation in the cold space is
so severe that an uniform temperature with T, in the cold
space can be assumed. Similar to the warm space, a lumped
model is derived from the mass conservation equation

- ﬁe(s ) SpoAde 7,

() = ) o R Xes) (25)
where C, = V_ /(RT,.) is the flow capacitance. The second
term in the right-hand side of Equation (25) is the mass
flowrate induced by the displacer motion, which is anal-
ogous to a current source. The equivalent circuit of the
expansion space is shown in Figure 7.

™. (s)

M

|
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1
g

o— i

Figure 7 Equivalent circuit of expansion space

Linear network of Stirling refrigerator

Combining the equivalent circuits or block diagrams of all
the components according to the process of the Stirling
refrigerator, we obtain the linear network as shown in
Figure 8. The block diagrams for the connecting tube
and the regenerator in Figure 8 imply the equivalent cir-
cuit of Figure 3.

It is worth noting thar there are two networks for the
split-type free-displacer Stirling refrigerator: namely, fluid
network and displacer network. The lower part of Figure
8 is the fluid network with mass flow analogous to current
and pressure analogous to voltage. The fluid network
depicts the gaseous flow propagation from the compressor
to the expansion space induced by the pressure.

The upper part of Figure 8 is the displacer network
which picks up the pressure difference signal (analogue to
voltage) across the warm space and the expansion space as
the input and the displacer motion X,(#) as the output. The
displacer network thus depicts the displacer motion induced
by the pressure force exerted on the displacer.

Physically, the fluid network and the displacer network
are coupled since the gaseous mass flow, the pressure, and
the displacer have mutually affected each other. The sol-
utions of gas flow, pressure and displacer motion can be
determined analytically from the network analysis.

Transfer function of split-type free-displacer
Stirling refrigerator

A block diagram can be drawn as in Figure 8 for the con-
necting tube and regenerator with the distributed-parameter
models. The transfer function model of the refrigerator can-
not be derived directly from the circuit. Combining Equa-
tions (1) to (24) and rearranging these will lead to an equi-
valent impedance at the inlet of the connecting tube Z;:

Gy(s) + Go(5)Z(s) tanh[I'(s)L]

ZiS) = G(s) + [Gals)/Zof)Ntanh[ T(IL] 20
GS(S) = Rmm(s) [ 1 + W%‘fgz);%z :|
G G
— Ee(s) [ Ron(s) + —f% ]
Epna($)Ga(s)
" 1-Gy(s) (27
G(5) Prol8) = Ge(s)mo(s);
G6(s) = Rpm (S)Wmd(s) (28)
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Figure 8 Linear network of split-type Stirling refrigerator

Gs(s) = GAs)W(s);

Gu(s) = Ryp (5) + Rpm(s) Wi () (29)
Gi(s) = Gi(s) + Gos)Wyp(s5);
Ga(s) = Dy )Ry () (30)
Gi(5) = Day, (8) + Dy ($)Ry, (5) (31)
'SVC()
Ene (s)= RT. (32)
SVWO
me(S) == RTW,
W) == e (33)
Rin (5) = Ry, (s) = cosh(I'.L,);
Rym(s) = = Zosinh(I'.Ly) (34)
D ) Ade
ao(s) = M+ Cos + Ky
Adw
Dy, (s) = (35)

Mys? + Cys + K,

Therefore, the linear network model in Figure 8 can be
transformed to Figure 9, which is the equivalent circuit at
the inlet of the connecting tube.

The equivalent impedance at the current source s, is Z,
(s) which follows

s

VUZ, (s) = VZ(s) + 1/Z; (s) (36)

where Z.(s) = 1/sC, = RT/sV.,. Therefore, the flowrate at
the connecting tube inlet is

SPAS(RTee)

M () = 1 Z (WZAs)

X, (5) (37)

l

Z1i(s)

Compressor

Figure 9 Equivalent circuit at connecting tube inlet

Substituting the above equations into the models of regen-
erator and connecting tube and rearranging, we obtain a
relation for X,(s) and Xp(s) and another relation for p.(s)
and X (s). Two system transfer functions of the split-type
free- dlsplacer Stirling refrigerator are thus obtained

de(s) Xd(s)

X,(s)

[ G3(5)Gs(5)/Gy(s) + Ga(s) ] y
- GS(S)

Imp(S)Zli(S) + Imm(s)
[ 1 + Zi(s)Z.(s) ] (38)
spA,

RT,

Cryogenics 1996 Volume 36, Number 12 1011
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Guls) = P2
p(S)
G1(5)Ge(s) | Gg(s)
{[ G+ Guts) | Gots)
Gz(S)Gf,(s
[ Rom(s) + ~Gy(s) ”

v L (8)Zi($) + Ton(s) SPoAp
1+ Zy(s)IZs)

(39)

where

L) = COSR(TL): n(s) = = §&f@ (40)

It is seen that the system input of the split-type free-
displacer Stirling refrigerator is the piston displacement X,
of the compressor. There are two system outputs: displacer
displacement X,; and expansion space pressure p.. The split-
type Stirling refrigerator thus belongs to a single-input-mul-
tiple-output (SIMO) dynamical system.

Performance calculation
Maximum available cooling capacity

The maximum available cooling capacity of a free-displacer
Stirling refrigerator can be evaluated by integrating the
expansion space pressure p.(t) and volume V,(¢), where
V.(t) is related to the displacer displacement X,(z). For a
given piston motion X,(#), X,(¢) and p.(#) can be obtained
from the inverse of the system transfer functions G4,(s) and
G.,(s), Equations (38) and (39). However, this compu-
tation procedure is quite complicated. A simplification is
needed. Since the piston is driven by a crank-shaft mech-
anism, the piston and the displacer motion as well as the
generated pressure and mass flow waves inside the refriger-
ator approach sinusoidal. X4(¢) and p.(t) can thus be com-
puted simply from the gain and the phase of the frequency
response functions, G4, (Jw) and G,(jw).

Assuming that a,, is the gain of G,,(jw) with phase ¢q
leading the piston; q., is the gain of G, (jw) with phase
. leading the piston. Then

Do) = peosin(wt + ¢,)

= Peo SIN(O + @) = pe(6) (41)
Xi(1) = Xy sin( ot + ¢g)
= Xy, sin(0 + ¢y) = X4(0) (42)

where 6 is the piston angle; p., and X, are the amplitudes
of p.(t) and X4(r), respectively. The maximum available
cooling capacity of the Stirling refrigerator is

2m
Qmax =f§ pedve

0

=f7Taep Aap )(lzao Ade Sil’l( d)d - ¢e) (43)

where X, is the amplitude of the piston, f is the
operating frequency.
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Net cooling capacity

The net cooling capacity Q,. can be evaluated by sub-
tracting the heat losses from the maximum available coo-
ling capacity Q,...- There are four types of heat loss: heat
conduction loss of regenerator Q.,.4, enthalpy flow loss of
regenerator Q...,, shuttle heat loss of displacer Q. and
hysteresis loss of gas spring W;, where

- T

O = kD S2 CT 2 cL,

(44)

where D, is the outside diameter of displacer; S, is the dis-
placer stroke; Crp is the time fraction of heat transfer; ¢ is
the clearance between displacer and cylinder; L, is regener-
ator length. Usually, Cr = 0.2. The regenerator conduction
loss is

- L

Ty
Qcond = keff(WDg/“') T (45)

v

ke is the effective thermal conductivity of the regenerator.
The enthalpy loss of the regenerator can be evaluated by
integrating the mass flow rate and temperature waves at the
boundary between the expansion space and the regenerator

Qenth =f§ mro(t)Cpr(Lrst)dt
= fiC, mee| ITULD)] cos(d = dr)  (46)
¢, and ¢ are, respectively, the phases of rn,(f) and

T« L,t) leading the piston. The hysteresis loss of gas spring
can be evaluated by the following relation®

k  JwpC
W, = 1 \/—i—p VY = DTWAGu(AVoed/ Voes)*  (47)

The net cooling capacity of the refrigerator is calculated
by the following relation:

Qnel Qmax - Qshu - Qcond Qemh lr (48)
The gas leakage loss at the clearance between the displacer
and the cylinder wall is related to the seal design, manufac-
turing process, and material used. It cannot be estimated
accurately and is ignored. But the loss coefficient Cy can
be used to reflect this effect to some extent in addition to
the displacer frictional loss. However, the gas leakage at
the piston is ignored since it is small for a good com-
pressor design.

System design analysis

The system design analysis of a split-type free-displacer
Stirling refrigerator can be carried out using the present
linear network model. For simplification, the following
assumptions are made in the analysis:

1 Since the gas in the compressor and the connecting tube
are assumed to undergo a stationary and isothermal pro-
cess, the regenerator inlet temperature T,; approximates
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the compression temperature T, and the connecting tube
temperature T, i.e.

T.=T =T. (48)

2 The structure of the warm space provides a high thermal

inertia to the gas temperature. The gas temperature of
the warm space was thus assumed constant and equal
to the outside wall surface temperature Ty and the
regenerator inlet temperature 7,;. That is,

T, =Ti= Ty (49)
The gas temperature in the cold space T, is approxi-

mately equal to the outside wall surface temperature of
the cold end, T,. This was verified experimentally’
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since the convective heat transfer between the gas and
the wall in the cold space is very large, especially for
low T} and high operating frequency. That is,
Tce = TL- (50)
T, is assumed to be stationary since the thermal mass
of the cold-end exchanger is large as compared to that
of the gas inside the cold space.
The mean pressure P is assumed to be equal to the
charge pressure P,.
Since the tube wall usually has a large thermal mass
with high thermal inertia, the wall temperatures at the
two ends of the regenerator, Ty; and T,,, are approxi-
mately constant or stationary and obey the following
relations:
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TszrilezTC; TrozTcezTL- (51)

Given the refrigerator dimensions, the material physical
properties, the operating conditions (7,P..f,T..T.), the
working fluid properties, and the value of Cy, we can carry
out system performance analysis according to the flow chart
in Figure 10. The present design calculations are carried
out for a test refrigerator with design specifications listed
in Table 1. Shown in Figure 11 is the PV diagram of the
expansion space. The variation of net cooling capacity Q,...
with the cold-end temperature 7| is shown in Figure 12.
Ot 18 shown to increase with increasing T and decreasing
C,. The design calculation is also performed to investigate
the variation of Q. with the operating frequency f(=
w/27). It is shown from Figure 13 that, for a fixed C,,
Q... first increases with increasing w (or decreasing w,/w),
reaches a peak value, and then decreases. An optimum Q,,
is obtained at a frequency ratio w,/w around 1.2 to 1.5,
depending on the value of C,. That is, the corresponding
o for the optimum Q. ranges from 0.67 to 0.83w,. This
coincides with the test results®®.

The frequency response functions of the refrigerator,
Gyp(jw) and G.,(jw), can also be calculated. The results are
shown in Figures 14 and /5. The amplitude and the phase
of the displacer motion are shown to decrease with increas-
ing operating frequency as shown in Figure /4. However,
there is a lower limit (20 Hz for the simulated case) for the
operating frequency below which Q,., will become negative
(i.e. the refrigerator has no cooling capacity). For the gas
pressure in the expansion space, the amplitude first
increases with increasing frequency, reaches a maximum
value then declines. An optimum amplitude exists (60 Hz
in the simulated case). Though the maximum available coo-
ling capacity Q.. is proportional to the integral of p. and
X4 (i.e. the enclosed area in the PV diagram shown in Fig-
ure 11), the operating frequency for the optimum p. may
not result in an optimum Q.. This is caused by the vari-
ation of the phase angle between p, and X,.

Table 1 Design specifications of a test refrigerator

1. Compressor

piston diameter 26 mm
piston stroke 12 mm
swept volume 6.4c.c.

2. Connecting tube
length 190 mm

inside diameter 1.76 mm
3. Warm space
volume 1c.c.
4. Gas spring chamber
plunger diameter 8 mm
5. Regenerator
wire screen material S5316
wire screen mesh no. 200
wire screen length 60 mm
wire screen diameter 11 mm
number of screen disks 880
6. Displacer
total mass 27.3g
rod diameter 12.7 mm
7. Expansion space
diameter 12.7 mm

Modification of linear network analysis

Experimental verification of linear network
analysis

For verifying the linear network analysis, a test refrigerator
was built in the present study. The design specifications are
shown in Table 1. Helium gas with 99.999% purity was
used as the working fluid. An electrical heating strip was
taped on the surface of the cold head as the cooling load.
The cold finger was put in a vacuum chamber for the
measurement of net cooling capacity. The test results are
shown in Figure 16.

The deviation between the simulation results with C, =
20N m/s using the linear network analysis and the test
results are small for 7, < 105 K, but large (underestimated
Qne) for T > 105 K. Figure 16 shows that the present
linear network analysis with a constant C, is satisfactory at
low T,. However, it will not be guaranteed all the time in
selecting the value of C,, since C4 depends on the displacer
seal design, the manufacturing quality and the material
used. There is no way for a designer to predict C,; accu-
rately without field experience. It may also not be true to
assume a constant value of C, for various operating con-
ditions.

Modification of linear network analysis

In order to improve accuracy in performance prediction, a
modification of the linear network analysis is necessary. In
the present analysis, a loss coefficient of the displacer C,
is included. Cj is the coefficient accounting for the friction
and gas leakage losses of the displacer at the surface in
contact with the cylinder of the cold finger and at the clear-
ance seal of the gas spring. Hence, Cy may not be constant
but can vary with the displacer oscillating frequency f and
cold-head temperature 7.

In the present study, the value of C, at various operating
conditions is determined by fitting the test results of Q,.,
with the calculated value. An empirical correlation of C, is
obtained from the analysis of more than 200 test data, with
T, in K and fin Hz

1.0851  7.7346 x 10°
CAfT) = ( 430.66 + - )

. *T
(0.6653 + 0.2604f - 5.212 x 10”4f2) (52)

The analytical results using the above empirical relation
coincide with the test results of Q,., to within =10%, as
shown in Figure 16. C4 obtained from the experiments
includes the effect of gas leakage in addition to the fric-
tional loss.

Discussion and conclusion

A linear network model is developed for the system per-
formance analysis of split-type free-displacer Stirling
refrigerators. The dynamics models are derived to describe
the input/output relation of each component by use of the
governing equations in conjunction with linearization and
approximation. By connecting the equivalent circuits of the
components together, a linear network consisting of a fluid
network and a displacer network is obtained. Two transfer
functions are derived for the displacer motion and the gas

Cryogenics 1996 Volume 36, Number 12 1015
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pressure of the expansion space. The system performance
can then be evaluated from the frequency response of the
two transfer functions by using the sinusoidal signal analy-
sis. Since the analytical solutions are obtained, the compu-
tation takes only a few seconds on a PC for each design cal-
culation.

Implementation of the linear network model in the sys-
tem analysis of a split-type free-displacer Stirting refriger-
ator relies on the correct selection of C, value. C,, however,
is determined mainly from experience. The value of C, has
been shown in the present study to vary with the operating
frequency f and the cold-end temperature 7;. An empirical
correlation of C, is obtained. The performance prediction
of a Stirling refrigerator using the empirical relation of C,4
is satisfactory. The C4 empirical relation can be further
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updated if more test results of various hardwares are avail-
able. The present analysis is shown to be superior to the
other methods in its high computation speed and good accu-
racy. It is now possible for us to develop a powerful CAD
tool for the design of split-type free-displacer Stirling
refrigerators using the linear network model.
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