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¤J¥~¤O»P¿é¥X°ÊºA¤ÏÀ³̧ê®Æ¥H¦ª̧Å¶¡¹Bºâªk

(subspace algorithm method)ª½±µÅ²©wµ²ºc̈ t²Î
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Abstract

In this project we developed a procedure to

identify the equivalent mass, damping, and

stiffness matrices from the measured I/O data

using the subspace algorithm, and the vibration

behaviors of structures cab be improved by the

identified system matrices. To verify the

effectiveness of the subspace algorithm, a 2-

dimensional frame structure with 20 DOF is

provided to illustrate the identification process.

Keywords: Subspace algorithm, Accelerance

Frequency Response Function (AFRF), Modal

model, Physical model

¤G¡Bp¹º½t¥Ñ»P¥Øªº

   µ²ºc°Ñ¼ÆÅ²©w¬°¥Ñ¶q́ ú©Ò±oªº¿é¤J/¿é¥X̧ ê

®Æ̈Ó«Ø¥ßµ²ºc¤§¹B°Ê¤èµ{¦¡¡Ä Ã̈Ì̈ä¹Bºâ¤è¦¡

¤Î̧ÕÅç©Ò»Ý¤§µwÅé°t³Æ¤S¥i¤À¬°¼ÒºA¼Ò¦¡

( modal model )¤Î¹êÅé¼Ò¦¡( physical model )Å²

©w¡C¼ÒºA¼Ò¦¡«ü¥Ñ¿é¤J/¿é¥X̧ ê®Æ̈ÓÅ²©wµ²ºc¤§

¼ÒºA®¶ÀW( mode frequencies )¡B¼ÒºAªý¥§¤ñ

( mode damping ratios )¤Î¼ÒºA®¶§Î( mode

shapes )¡A³q±¿̀ï̈ú¤§¼ÒºA¦Û¥Ñ«×»·¤ñ¹êÅé¼Ò¦¡

¤§¦Û¥Ñ«×¤Ö«Ü¦h¦ÓµLªkÂà́«¦Ü¹êÅé¼Ò¦¡¡C¦Ó¹ê

Åé¼Ò¦¡«h«üª½±µÅ²©wµ²ºc¤§½è¶q¡Bªý¥§¤Î«l«×

µ¥°Ñ¼Ǣx°}¡A¤£»Ý̧g¹L¼ÒºA¼Ò¦¡¤§¤¤¶¡̈BÆJ¡A

¦P®É¤S¥iÀò±o¼ÒºA¼Ò¦¡¡C¼ÒºA¼Ò¦¡¤§Å²©w©Ò±o

¤§¼ÒºA®¶«¬¦]µ²ºc¤§½ÆÂø©Ê̈ÏµM¡Ä Ï±ö äªý¥§

¾÷̈î©¹©¹¬°¤@«D¤ñ̈Òªý¥§( non-proportional

damping )«¬ºA¡Ä Ï±oÅ²©w©Ò±o¤§¼ÒºA®¶«¬¬°¤@

½Æ¼ÒºA( complex mode )¡A¦¹½Æ¼ÒºA¦bÀ³¥Î¦Üµ²

ºc̄ }Ãa°»́ú¡B×¥¿»P§ó·s°ÝÃD¤¤±N¾D¹J¹ï½è¶q

¤Î«l«×̄x°}¤§¥¿¥æ©Ê¦ÒÅç [1-6]¡Ä Ã±N̈ Ï¦¹Ãþ

°ÝÃD¤§À³¥ÎÅã±o§xÃø««¡CSamir R. Ibrahim [7]

§Y«ü¥X¹êÅéµ²ºc¤§®¶«¬¦]¬Û̈¤¤§́²§G©Ê̈Ï
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µM¡Ä äªý¥§¾÷̈î«Ü¤Ȫà²Å¦XRayleigh ¤§°²³]¡C

¦¹¥~¦b°Ñ¦Ò¤åÄm [8-10] ¤¤¡Ä äÅ²©w©Ò±o¤§¼Ò

ºA¼Ò¦¡§¡°²³]¦b»ª́ý¥§±ø¥ó¤U¡A°²³]̈ ä½Æ¼ÒºA

¤§µê¼Æ³¡¥÷»P¹ê¼Æ³¡¥÷¬Û¤ñ¦Ó¥i©¿²¤¤§¡A¦]¦¹

¥LÌ©¹©¹±N½Æ¼ÒºA¤§¹ê¼Æ³¡¥÷©Î½Æ¼ÒºA¤§µ´

¹ïÈ·í§@¥¿¼ÒºA(normal mode)¨Ó̈Ï¥Î¡A¦]¦¹¦b

À³¥Î®É©¹©¹¤Þ°_§xÂZ¤Î¤£¥i¹ẃ Á¤§¿ù»~¡C¦¹

¥~¡FÀò±o¥¿¼ÒºA¤§¥t¤@¿ï¾Ü¬°ª½±µÅ²©wµ²ºc̈ t

²Î¤§¹êÅé¼Ò¦¡¡C

   °ò©ó¥H¤W½t¥Ñ»P¥Øªº¡A¥»pµeµo®i¥Ñ¶q́ ú

¦h³q¹D¿é¤J/¿é¥X̧ ê®Æª½±µÅ²©wµ²ºc̈ t²Î¹êÅé

¼Ò¦¡¤§¹Bºâµ{§Ç¡C̈ ä¤èªk¬°ª½±µ¥Ñ¶q́ ú©Ò±oªº

¿é¤J/¿é¥X̧ ê®Æ«Ø¥ßµ²ºc̈ t²Î¦bÂ÷́²ª¬ºAªÅ¶¡

¤§¼Æ¾Ç¼Ò¦¡¡A¥]¬Ä t²Î̄x°}¡B¿é¤J̄ x°}¡B¿é¥X

¯x°}¤Îª½±µ¶Ç¿é̄x°}¡C

   ¥»pµeµo®iª½±µ¥Ñ¶q́ ú©Ò±oªº¿é¤J/¿é¥X̧ ê

®Æ̈Ó«Ø¥ßÂ÷́²®É¶¡¤§ª¬ºAªÅ¶¡¼Ò¦¡¡Ä ä¹Bºâ¤è

ªkÀÀ±Ä¥Î van Overschee µ¥¤H [11-13] ©Òµo®i

¤§¦ª̧Å¶¡¹Bºâªk¡C¦b°Ñ¦Ò¤åÄm[11-16]¤¤Áö«ü¥X

¦ª̧Å¶¡¹Bºâ¦bÂø°T¤zÂZ¤U¡A¬°¤@«DÅ|¥N( non-

iterative )¹Bºâªk¡A¦]¦¹¹³¡y¤£«OÃÒ¦¬ÀÄ¡z¡B¡y¦¬

ÀÄ¦Ü¥Ø¼Ð̈ç¼Æ¤§§½³¡³Ì¤p¡z»P¡y±Ó·P©óªì©l°Ñ

¼Æ²q́ ú¡zµ¥̈ä¥L¹Bºâªk©Ò́§¤§¤£¥hªº¹ÚÅâ§¡¥i

¤@¤@Á×§K¡C·íÀò±oÂ÷́²®É¶¡¤§ª¬ºAªÅ¶¡̈t²Î̄x

°}«á¥iÂà́«¦Ü³sÄò®É¶¡¤§ª¬ºAªÅ¶¡̈t²Î̄x

°}¡Ä Ã¥i¦P®É±ÀºâFRF ¯x°}¡Ä ä«á§Q¥Î³Ì¤p¥

¤è¦±½ú O¦X§Þ³NµÑ̈ú¥Xµ²ºc̈ t²Î̄x°}¡C

¤T¡BÂ÷́²ª¬ºAªÅ¶¡¼Ò«¬¤§¦ª̧Å¶¡¹Bºâ

   ¤@µL¦Û¥Ñ«×¤§µ²ºc¥i¥R¤Àªñ¦üªºªí¬°¤U

¦Cªº¦³¦]¦ª̧ºÂ÷́²ª¬ºAªÅ¶¡¼Ò«¬

kkkkdk

kkdkdk

vuDxCy
wuBxAx

++=
++=+1

¨ä¤¤kw »P kv §¡¬°¹s¥§¡¥Õ¦âÂø°T,¤À§O¥Nªí¤F

¹Lµ{Âø°T»P¶q́ úÂø°T¡C nn
d RA ×∈ ¬°Â÷́²ª¬ºÄ t

²Î̄x°}; mn
d RB ×∈ ¬°Â÷́²¿é¤J̄ x°}; nl

d RC ×∈ ¬°Â÷

´²¿é¥X̄ x°}; ml
d RD ×∈ ¬°Â÷́²ª½±µ¶Ç¿é̄x°}¡C¦¹

Â÷́²ª¬ºAªÅ¶¡¼Ò«¬¤§Å²©w°ÝÃD§Y¬O:¦Û¤@µ²ºc

¨t²Î¤§¿é¥X¤J̧ ê°T¤¤Å²©w¥X¦¹Â÷́²ª¬ºAªÅ¶¡

¨t²Î¤§¦]¦ ņ ¤Îª¬ºÄ t²Î̄x°}¡B¿é¥X̄ x°}¡B¿é

¤J̄ x°}¤Îª½±µ¶Ç¿é̄x°}¡C

   §Q¥Î¦ª̧Å¶¡¹Bºâ¤wÀò±oÂ÷́²ª¬ºAªÅ¶¡¼Ò«¬

¥i·§²¤ªº¤À¬°¤U¦Ć XÓ̈BÆJ:

(¤@) pºâ̈âÓ¬n±×§ë¼v(oblique projection)

pUfi WYO
f

/= ¡A ↓+↓−
+ −= pUfi WYO

f
/1

¨ä¤¤;
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¤À§O¬°¥Ñ¹L¥h¤Î¥¼̈Ó¤§¿é¥X̧ ê®Æ©Òºc¦¤̈§̄x

°}¡C¥Ñ¹L¥h¤Î¥¼̈Ó¿é¤J̧ ê®Æ¥ç¥i¥H¬Û¦P¤è¦¡ºc

¦¨ pU »P fU ¨â̄ x°}¡C [ ]ppp YUW ;= ¡A

[ ]↓+↓+↓+ = ppp YUW ; ¡C ↓−
fY ªí¥Ü¦Û̄x°} fY ¤¤°£¥h³Ì«á

¤@Ó°Ï¶ô¦C(block row)©Ò±ö ìªº¤@¤l̄ x°}¡A ↓+
pY

ªí¥Ü±N fY ¤§²Ä¤@°Ï¶ô¦C¼W¥[¦Ǖx°} pY ¤§³Ì«á

¤@¦C©Ò±ö ìªº̄x°}¡C¦]¦¹¥¼̈Óªº¿é¥X fY ¤§¬n±×

§ë¼v̄ x°} iO §Y¬°±N fY ¤§¦CªÅ¶¡(row space)ªuµÛ

¥¼̈Óªº¿é¤J fU ¤§¦CªÅ¶¡¤è¦V¬n±×§ë¼v¦Ü¥Ñ¹L

¥h¿é¥X¤J̧ ê®Æºc¦¤̈§̄x°} pW ªº¦CªÅ¶¡¤W¡C

(¤G) pºâiO ¤§©_È¤À̧Ñ
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¨ä¤¤¤W¼Ð+ªíMoore-Penrose ¼ş q¤Ï¦¡¡C

(¥|) ¸Ñ¤U¦C½u©Ê̄x°}¤èµ{¦¡²Õ§Y¥i±oÂ÷́²ªÅ

¶¡¤§̈t²Î¡B¿é¤J¡B¿é¥X¡B¤Îª½±µ¶Ç¿é̄x°}¡C
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³ö ÇÃö«Y¬OÂ²³æªº½u©Ê̄x°}¤èµ{¦¡¡A¶È»ÝªuµÛ

ÀW²v¶b±Ä¼Ë¦X²zªºÂI¼Æ¡AÄ¦́p»¡qÂI¡A«h½è¶q¡B

ªý¥§¤Î«l«×̄x°}¥i¤À§Oªí¬°

[ ]
[ ]
[ ] 


















ωω

ωω
ωω

















ωω

ωω
ωω

=
−

−

−+

1

1
22

1
11

3

2
3
2

1
3
1

)()(

)()(
)()(

)(

)(
)(

q
C
Rq

C
I

C
R

C
I

C
R

C
I

q
N

q

N

N

jHjH

jHjH
jHjH

jH

jH
jH

E
ΜΜ

































ωωωω−

ωωωω−
ωωωω−

=





+

I

I
I

jHjH

jHjH
jHjH

M
K

q
N

qq
N

q

NN

NN

ΜΜ
)()(

)()(
)()(

42

2
4
22

2
2

1
4
11

2
1

¤¡B¥±¿û¬[µ²ºcpºâ̈Ò

   ¬°¤FÅçÃÒ¥»p¹º©Ò́£¤èªkªº¥i¦æ©Ê¤Î¹ê¥Î

©Ê¡A¥H¤@¥±¿û¬[µ²ºc(¹Ï¤@)°µ¤@½d̈ Ò»¡©ú

¤§¡C¦¹¥±¿û¬[¤§§÷®Æ¤Î́X¦ó°Ñ¼Æ¦C©óªí¤@¡A

¤¸̄À¤Î¦Û¥Ñ«×½ş ¹®i¥Ü¦b¹Ï¤@¡C¦¹20 ¦Û¥Ñ«×

¤§½è¶q¤Î«l«×̄x°}¥Î¦³¤¸̄ÀªkÀò±o«á¡Aªý¥§

¯x°}°²³]¬°¤ñ̈Òªý¥§̄x°}·í¦p¤U

( )KME 1.010 4 += −

¹ê»Ú¤W;¦]¶q́ ú»ö¾¹¤Î¬Ÿ ÇµLªk¶q́ ú¦Û¥Ñ«×ªº

¥ý¤Ñ̈î,¤@̄ ë¤@Ó°ª¶¥¦³¤¸̄À¼Ò«¬¤§©Ò¦³

¦Û¥Ñ«×̈Ã«D³£¥iÀò±ö ä¿é¥XÅTÀ³̧ê®Æ¡A¦]¦¹§Ú

Ì¶È¿ï̈ú²Ä1,4,7,14,¤Î17 ªº¦Û¥Ñ«×§@¬°¶q́ ú

ÂI¡C§ÚÌ¥H¤@¥§¡È¬°¹s¥BÅÜ²§¼Æ¬°¤@¤§¥Õ¦â

Âø°TÀH¾÷¿EÀú¤O¦P®É¿E®¶³o¤Ó¶q́ úÂI¡A¥B¦P

®É¶q́ ú³o¤ÂI¤§¥[³t«×ÅTÀ³¡C±Ä¼Ë®É¶¡¬°
3102772.1 −× ¬í¡A±Ä¼Ë¼Æ¬°̈C³q¹D2048 ÂI¡C¦ª̧Å

¶¡¹Bºâ©Ò±o¤§µ²ºc̈ t²Îµ¥®Ä¾®ÁYÂX¼W¹Lµ{

(system equivalent reduction expansion process,

SEREP)[17]¾®ÁY¼Ò«¬»P20 ¦Û¥Ñ«×¦³¤¸̄À¼Ò

«¬¤§SEREP ¾®ÁY¼Ò«¬¤§¤ņ̃û¦C©óªí¤G¡C¦]½g

´T̈î¡A¶È®i¥Ü¦Ü¤p¼Æ²Ä¤G¦ì¡A¹ê»Ú¤Ẅ âªÌ§¡

ºë½T¦Ü¤Ö¦Ü¤p¼Æ²Ä¤K¦ì¡Cªí¤T¤Îªí¥|¤À§Oì©l

¦³¤¸̄À¼Ò«¬»PÅ²©w©Ò±o¤§SEREP ¼Ò«¬ªº¦Û

µM®¶ÀW¡Bªý¥§¤ñ¤Î½è¶q̄ x°}¥¿³W¤Æ¼ÒºA®¶§Î¤§

¤ņ̃ûªí¡C¹Ï¤G¤Î¹Ï¤T¤À§O®i¥Üì©l¦³¤¸̄À¼Ò

«¬¤ÎÅ²©w©Ò±oªºSEREP ¼Ò«¬¤§¥[³t©ÊÀW²vÅT

À³̈ç¼Æ¤§¤ņ̃û¡C
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¤»¡Bµ²ªG»P°Q½×

¥Ñ¥±¿û¬[µ²ºc̈ ÒÅã¥Ü¡A¥»p¹º©Òµo®iÀ³¥Î¤§

¦ª̧Å¶¡¹Bºâªk¤Î¥Ñ¤wÅ²©w¤§ª¬ºAªÅ¶¡©Òºc¦¨

¤§AFRF ¤¤µÑ̈úµ²ºc̈ t²Î̄x°}¤§¥i§i«×¤Î¥iÀ³

¥Î©Ê¬Û·í°ª¡C¹ï§ÜÂø°T¤§²Îp̄ S©Ê¦³¥²n¦b¥¼

¨Ó§ó¶i¤@̈ Bªº¤ÀªR¡A¦p¦¹¤è̄à²¤̀J¤F̧ Ñ³ö Ç¹B

ºâªº̈î¡Ā S§O¬O©_È¤À̧Ñ̈M©wª¬ºAªÅ¶¡¶¥¼Æ

¤§¾÷ºc¹ï§ÜÂø°T¤§̄à¤O¡C
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¹Ï¤@  ¥±è¬[µ²ºc

ªí¤@  ¥±¿û¬[µ²ºc¤§§÷®Æ¤Î́X¦ó°Ñ¼Æ¡C

°Ñ¼Æ ««ª½¼Ù ¤ô¥¼Ù

Young's modulus (N/m2)
Cross section area (m2)
Moment of inertia (m4)
Density (kg/m3)

3e10
0.1030e-2
0.1710e-5

2500

3e10
0.0764e-2
0.0801e-5

2500

ªí¤G  ì©l¦³¤¸̄ÀSEREP ¼Ò«¬»P̧ g¦ª̧Å¶¡¹BºâÅ²©w¤§SEREP ¼Ò«¬½è¶q( 10× )¡Bªý¥§( 10× )¤Î«l

«×( 610× )¯x°}¤§¤ņ̃û¡C

¦³¤¸̄ÀSEREP ¼Ò«¬¤§½è¶qªý¥§¤Î«l«×̄x°}
8.75

-8.62
6.56

-1.43
0.65

-8.62
9.01

-6.65
1.45

-0.66

6.56
-6.65
5.30

-1.09
0.50

-1.43
1.45

-1.09
0.42

-0.10

0.65
-0.66
0.50

-0.10
0.23

2.89
-2.13
0.73
0.06
0.05

-2.13
1.85

-0.70
-0.10
-0.03

0.73
-0.70
0.29
0.07
0.00

0.06
-0.10
0.07
0.31

-0.23

0.05
-0.03
0.00

-0.23
0.25

2.89
-2.12
0.73
0.06
0.05

-2.12
1.85

-0.70
-0.10
-0.03

0.73
-0.70
0.29
0.07
0.00

0.06
-0.10
0.07
0.31

-0.23

0.05
-0.03
0.00

-0.23
0.25

¦ª̧Å¶¡¹BºâÅ²©w¤§SEREP ¼Ò«¬¤§½è¶qªý¥§¤Î«l«×̄x°}
8.75

-8.62
6.56

-1.43
0.65

-8.62
9.01

-6.65
1.45

-0.66

6.56
-6.65
5.30

-1.09
0.50

-1.43
1.45

-1.09
0.42

-0.10

0.65
-0.66
0.50

-0.10
0.23

2.89
-2.13
0.73
0.06
0.05

-2.13
1.85

-0.70
-0.10
-0.03

0.73
-0.70
0.29
0.07
0.00

0.06
-0.10
0.07
0.31

-0.23

0.05
-0.03
0.00

-0.23
0.25

2.89
-2.12
0.73
0.06
0.05

-2.12
1.85

-0.70
-0.10
-0.03

0.73
-0.70
0.29
0.07
0.00

0.06
-0.10
0.07
0.31

-0.23

0.05
-0.03
0.00

-0.23
0.25

ªí¤T  ì©l¦³¤¸̄À»PÅ²©w©Ò±oSEREP ¼Ò«¬¤§¦ÛµM®¶ÀW¤Îªý¥§¤ñ¡C

¦ÛµM®¶ÀW (Hz) ªý¥§¤ñ (%)
ì©lFEM Å²©wSEREP ¼Ò«¬ ì©lFEM Å²©wSEREP ¼Ò«¬

®¶¼Ò¼Æ
1
2
3
4
5

3.7110
21.7055
32.5570
74.5090
96.6593

3.7110
21.7055
32.5570
74.5090
96.6593

0.0119
0.0682
0.1023
0.2341
0.3037

0.0119
0.0682
0.1023
0.2341
0.3037
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ªí¥|  ì©l¦³¤¸̄À»PÅ²©w©Ò±oSEREP ¼Ò«¬¤§½è¶q¥¿³W¤Æ¼ÒºA®¶§Î¡C

¦Û¥Ñ«×¼Æ ì©l¦³¤¸̄À¼Ò«¬
1
4
7
14
17

0.0387
0.1307
0.2412
-0.0464
-0.0375

0.1356
0.2945
0.2235
0.3725
0.3929

-0.1990
-0.3500
-0.1444
0.2531
0.4086

0.3723
0.1196
-0.3793
-0.2346
0.2715

0.2425
-0.0459
-0.1994
0.5472
-0.3784

¦Û¥Ñ«×¼Æ Å²©w©Ò±o¤§SEREP ¼Ò«¬
1
4
7
14
17

0.0387
0.1307
0.2412
-0.0464
-0.0375

0.1356
0.2945
0.2235
0.3725
0.3929

-0.1990
-0.3500
-0.1444
0.2531
0.4086

0.3723
0.1196
-0.3793
-0.2346
0.2715

0.2425
-0.0459
-0.1994
0.5472
-0.3784

¹Ï¤G ¥[³t©ÊÀW²v¤ÏÀ³̈ç¼Æ¡]²Ä¤C¦Û¥Ñ«×¡¡̂Aì©l¦³¤¸̄À¡]¹ê½u¡¡̂AÅ²©wSEREP(ÂI½u)¡C

¹Ï¤T ¥[³t©ÊÀW²v¤ÏÀ³̈ç¼Æ¡]²Ä¤Q¥|¦Û¥Ñ«×¡¡̂Aì©l¦³¤¸̄À¡]¹ê½u¡¡̂AÅ²©wSEREP(ÂI½u)¡C
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