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Elastic behaviour of a model two-phase material
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Abstract

Dense Al2O3–NiAl composites containing 0–100% NiAl were prepared in the present study, and their elastic properties are determined by a
dynamic method. Comparisons are made between the experimental data and several theoretical models. The elastic and shear moduli fall within
the Voigt–Reuss bounds and close to the lower bound of the Hashin–Shtrikman (H–S) model. Nevertheless, the bulk modulus and Poisson’s
ratio of the composites show strong dependence on their microstructural characteristics. As two phases are interconnected in the composites
to form an interpenetrating microstructure, the bulk modulus deviates considerably from the Voigt–Reuss and H–S bounds. However, the
Poisson’s ratio of the composites containing only one continuous phase differs from the model predictions.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The elastic properties of two-phase materials have been
under intensive investigation for many years.1–14 Many the-
oretical models have been developed to describe and pre-
dict the elastic properties of two-phase materials.1–11 These
models all start with the assumption that the two-phase ma-
terials are homogeneous on a scale much larger than the size
of inclusions, and that the displacements and tractions at the
interface between the two phases are continuous. Since the
dimension of the specimen considered is much larger than
the inclusion size, the shape of the inclusion would make
relatively little difference. Among these theoretical models,
a number contain one or two arbitrary variables that have to
be determined experimentally.3 Most models can predict the
elastic properties of two-phase materials simply by knowing
the elastic properties of each constituent.1,2,4–11

Many experimental studies have also been carried
out to determine the elastic properties of two phases
materials.12–14 The predictions made by the theoretical
models can always match some experimental data well.12,13

However, most of the reported experimental data cover
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only part of the composition range. For example, Doi et al.
prepared WC–Co two-phase materials and their elastic
properties were measured. However, the metal content in
the composites varied from 0 to 45 vol.%.12 This may be
due to the fact that the composites were prepared by a
liquid-phase sintering technique. Too much of liquid Co,
if present during sintering might result in serious shape
distortion. For another two-phase material, SiC–Al com-
posites, the composition varied from 0 to 40% SiC;13 for
the phosphate–alumina composites, it varied from 0 to 33%
alumina.14 To compare the experimental data that cover
only part of the composition range may lead to biased re-
sult. Therefore, there are needs for experimental data that
can cover a full composition range.

In the present study, two materials, Al2O3 and NiAl, with
their melting points both higher than 1600◦C are used. The
basic properties of Al2O3 and NiAl are shown inTable 1. The
ratios of the elastic modulus and Poisson’s ratio of Al2O3
to those of NiAl are, respectively, 2.15 and 0.77. The elastic
properties of the two materials are relatively close to each
other. Furthermore, Al2O3 and NiAl are inert to each other
during sintering.15 There is no chemical reactions between
the two materials and the mutual solubility between the two
is negligible. Therefore, the Al2O3–NiAl two-phase material
can be treated as a model system to verify the suitability of
the theoretical models.

0955-2219/$ – see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jeurceramsoc.2004.02.002



3790 C.L. Hsieh et al. / Journal of the European Ceramic Society 24 (2004) 3789–3793

Table 1
The properties of Al2O3 and NiAl

Theoretical
density
(g cm−3)

Elastic
modulus
(GPa)

Shear
modulus
(GPa)

Poisson’s
ratio

Al2O3 3.98 401 162 0.24
NiAl 5.95 186 71 0.31

The elastic properties were determined with the ultrasonic technique.

2. Experimental procedures

Detailed procedures for the preparation of the Al2O3–NiAl
composites can be found elsewhere.15 A brief descrip-
tion is given here. Alumina (TM-DAR, mean particle
size= 0.2�m, Taimei Chem. Co. Ltd., Tokyo, Japan) and
various amounts of nickel aluminide (NiAl, mean particle
size= 5.9�m, Xform Inc., New York, USA) were milled
together in ethyl alcohol with an attritor (Model 01-HD,
Union Process Inc., USA) for 12 h. The milling media was
ZrO2 balls. Sintering was performed by hot pressing at
1450◦C in a graphite die for 1 h, under an applied pressure
of 24.5 MPa. The resulting NiAl content varied from 0 to
100% with increments of 10 vol.%. The dimensions of the
hot pressed specimens were 50 mm in diameter and roughly
4.5 mm in thickness. The final density was determined by
the water displacement method. Phase identification was
performed by X-ray powder diffractometry (XRD) with Cu
K� radiation. The polished surface was prepared by grind-
ing with a diamond slurry to 6�m and followed by polish-
ing with a silica suspension to 0.05�m. The microstructure
was observed with scanning electron microscopy (SEM).
The inter-connectivity of the NiAl grains in the composites
was determined by measuring their electrical resistivity at
room temperature. An ultrasonic technique was used to
determine the elastic properties of the composites (Pulse
Receiver 5055PR and Oscilloscope 9354CM, LeCoroy Co.,
USA). A frequency of 5 MHz was applied; the longitudinal
velocity and transverse velocity within the specimens were
determined. Three to five specimens were prepared for each
composition.

3. Results and discussion

XRD analysis detects no phase other than Al2O3 and
NiAl. The relative density of the Al2O3–NiAl composites
varies from 98.5 to 100% after hot-pressing.Fig. 1shows the
typical microstructures of the Al2O3–NiAl composites. The
NiAl particles were elongated during the mixing process.16

The aspect ratio of the NiAl particles in the sintered com-
posites varied from 3 to 5.4. FromFig. 1a, the NiAl particles
in the Al2O3–10%NiAl composite are separated from each
other. The Al2O3 particles are isolated particulates in the
Al2O3–90%NiAl composite (Fig. 1c). Both Al2O3 and NiAl
are continuous phases within the Al2O3–50%NiAl compos-
ite, as demonstrated inFig. 1b. The Al2O3 and NiAl are

Fig. 1. Micrographs of (a) Al2O3–10%NiAl, (b) Al2O3–50%NiAl and (c)
Al2O3–90%NiAl composites. The white particles in (a) and (b) are NiAl,
in (c) are Al2O3 particles. Some Al2O3 particles in (a) were pulled out
during microstructural preparation.

weakly bonded together,15 no reaction interphase at the in-
terface was observed.

By taking advantage of the fact that only one phase in the
Al2O3–NiAl composites is electrically conducting, the in-
terconnectivity of NiAl is determined by measuring the elec-
trical resistivity of the composites (Fig. 2). The figure fur-
ther confirms that the NiAl particles are separated from each
other in the composites containing less than 20 vol.% NiAl.
The size of the Al2O3 particles is one order smaller than
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Fig. 2. Electrical resistivity of the Al2O3–NiAl composite as function of
NiAl content.

that of the NiAl grains. The Al2O3 particles mainly locate at
the grain boundaries of the NiAl (Fig. 1c). The Al2O3 parti-
cles are isolated from each other when the Al2O3 content is
less than 10 vol.%; a continuous Al2O3 network is formed
when the Al2O3 content is higher than 20 vol.%. Therefore,
the microstructure of the composites within 30–80% NiAl
composition range forms a three-dimensional interpenetrat-
ing structure. Apart from this composition range, the mi-
crostructure of the composites is composing of one contin-
uous phase (matrix) and one isolated phase (particle).

Figs. 3 and 4show the variation of elastic modulus and
shear modulus of Al2O3–NiAl composites as a function of
NiAl content, respectively. The data show the mean value
of three to five specimens. The standard deviation of each
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Fig. 3. Elastic modulus of the Al2O3–NiAl composites as function of NiAl
content. The lines are predicted by the Voigt–Reuss and H–S models.
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Fig. 4. Shear modulus of the Al2O3–NiAl composites as function of NiAl
content. The lines are predicted by the Voigt–Reuss and H–S models.

mean value is also shown in the figure. Under an uniform
strain assumption as proposed long ago by Voigt, the elastic
modulus,E of the two-phase material can be estimated as

Eu
c = EaVa + EbVb (1)

with Va + Vb = 1, whereVa andVa are the volume fraction
of the two phases. Since the porosity amount in the com-
posites is lower than 1.5%, the effect of pores on the esti-
mated elastic constants is ignored. Under an uniform stress
assumption as proposed by Reuss, the elastic modulus of the
two-phase material can be expressed

El
c = EaEb

EaVb + EbVa
(2)

The superscript of u and l stands for upper bound and lower
bound, respectively. As pointed out by Hill5 neither assump-
tion is correct. The tractions at the interfaces are not in
equilibrium under the Voigt condition; the interface could
not remain bonded under the Reuss condition. The equal-
ity in Eq. (1) is true only when the Poisson’s ratio of the
two phases is the same. However, the values predicted by
Eqs. (1) and (2)are frequently treated as the upper bound
and lower bound of the elastic modulus of two-phase ma-
terial, respectively.17 Furthermore, the Poisson’s ratios of
Al2O3 and of NiAl are relatively close to each other. The
Voigt–Reuss bounds are thus also used in the present study
to compare the experimental data, as shown inFigs. 3 and 4.

The Voigt and Reuss bounds are relatively wide apart,
and modifications have accordingly been proposed by many
researchers.1–11 Among these modifications, the Hashin
and Shtrikman model (H–S model) has received wide
attention.11–14 Hashin and Shtrikman treated the system
containing one particulate phase and one continuous matrix
phase. They employed the “minimum energy” principle
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and introduced bounds on the bulk modulus,K and shear
modulus,G as

Kl
c = Km + Vp

(1/Kp − Km) + (3Vm/3Km + 4Gm)
(3)

Ku
c = Kp + Vm

(1/Km − Kp) + (3Vp/3Kp + 4Gm)
(4)

Gl
c = Gm

+ Vp

(1/Gp−Gm)+(6(Km + 2Gm)Vm/5Gm(3Km + 4Gm))

(5)

Gu
c = Gp

+ Vm

(1/Gm − Gp) + (6(Kp + 2Gp)Vp/5Gp(3Kp + 4Gp))

(6)

The subscripts m and p denote, matrix and particle, respec-
tively. The lower and upper bounds on the elastic modulus
can be estimated by using the following equations as

El
c = 9Kl

cG
l
c

3Kl
c + Gl

c
(7)

Eu
c = 9Ku

cG
u
c

3Ku
c + Gu

c
(8)

The bounds on the Poisson’s ratio as modified by Zimmer-
man are18

νl
c = 3Kl

c − 2Gu
c

6Kl
c + 2Gu

c
(9)

νu
c = 3Kl

c − 2Gu
c

6Ku
c + 2Gl

c
(10)

The upper and lower bounds proposed by the H–S model
are relatively closer to each other, as demonstrated inFigs. 3
and 4. Therefore, the H–S model provides a more precise
expression for the elastic and shear moduli of a two-phase
material. The elastic and shear moduli of the NiAl-rich com-
posites are close to the lower bound of the H–S predictions.
However, the values of the Al2O3-rich composite are closer
to the Reuss bound,Eq. (2), which is also the lowest bound
for all the theoretical predictions.

Though the values of elastic and shear moduli fall well
within the Voigt and Reuss bounds, the values of bulk mod-
ulus deviate considerably from the bounds (Fig. 5). The the-
oretical predictions also fail to describe the Poisson’s ratio
of the Al2O3–NiAl composites (Fig. 6). Nevertheless, the
fluctuation of the bulk modulus and Poisson’s ratio seems
to correspond closely to the interconnectivity of microstruc-
ture. For example, the bulk modulus remains more of less
the same when the two phases are both continuous phases.
It suggests that the bulk modulus of the composites with
interpenetrating microstructure is no longer sensitive to the
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Fig. 5. Bulk modulus of the Al2O3–NiAl composites as function of NiAl
content. The lines are predicted by the Voigt–Reuss and H–S models.

amount of each phase. The Poisson’s ratio decreases with
the increase of NiAl content until the NiAl particles are in-
terconnected. The Poisson’s ratio then moves closer to the
H–S bound while both Al2O3 and NiAl are all intercon-
nected. Then, the Poisson’s ratio deviates again from the the-
oretical predictions when the Al2O3 particles are no longer
interconnected.

The formation of a continuous skeleton of one phase is
essential for the phase to transfer an external load to another
direction. The displacement of one continuous phase is also
constrained by another continuous phase in an interpenetrat-
ing composite.

The dispersed particle can relatively do little to trans-
fer the load from one direction to another direction. The
isolated particles can also impose relatively little constraint
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Fig. 6. Poisson’s ratio of the Al2O3–NiAl composites as function of NiAl
content. The lines are predicted by the H–S models.
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on the displacement in another direction. Therefore, the
interconnectivity of one or two phases in the composite
is crucial to its elastic properties. The results also demon-
strate that bulk modulus and Poisson’s ratio are sensitive
parameters to change of microstructure.

It should be noted that the composites prepared in the
previous experimental studies12–14 are mainly composing
of only one continuous phase. Most these experimental data
fit well with the predictions made by H–S model, which is
constructed to describe the two-material containing only one
continuous phase. If there was a deviation occurred between
the theoretical prediction and previous experimental data, it
was attributed frequently to the microstructural complexity
of the real composite.9,10 For example, finite element analy-
sis has been employed to estimate the shape effect.10 How-
ever, to the best knowledge of the present authors, the elastic
constants of the composite with interpenetrating microstruc-
ture have received little attention. It may be has something
to do with the fact that a data set across the entire span of
composition is not previously available.

4. Conclusions

The elastic properties of dense Al2O3–NiAl composite
are measured by using an ultrasonic technique. Comparisons
are made between experimental data and theoretical models.
The elastic and shear moduli fall within the Voigt and Reuss
bounds. The bulk modulus and Poisson’s ratio deviate con-
siderably from the theoretical predictions. There is thus a
need to derive more stringent bounds for the bulk modulus
and Poisson’s ratio terms. In doing that, the interconnectiv-
ity of each phase should be taken into account.
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