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On the macroscopic—-mesoscopic mixture
of a magnetorheological fluid
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This paper is concerned with the modelling of a magnetorheological (MR) fluid in the
presence of an applied magnetic field as a twofolded mixture—a macroscopic fluid
continuum and mesoscopic multi-solid continua. By assigning to each solid particle a
vectorial mesoscopic variable, which is defined as the nearest relative position vector
with respect to other particles, the solid medium of the MR, fluid is further treated as a
mixture consisting of different components, specified by these mesoscopic variables. The
treatment of multi-solid continua is similar to that in the mesoscopic theory of liquid
crystals. However, the key difference lies in the fact that the time-discontinuity of the
defined vectorial mesoscopic variable will give rise to a ‘pseudo’ chemical reaction in the
solid continuum. The equation of the phenomenological mesoscopic distribution function
of the solid continuum then has an additional production term from the pseudo chemical
reaction, analogous to the collision term appearing in the Boltzmann equation. The
mesoscopic and macroscopic balance equations are then derived and by assuming
the special constitutive relations the macroscopic equation for the second moment of the
distribution function can be obtained.

Keywords: mesoscopic theory; magnetorheological fluids; solid—fluid mixture;
balance equations; distribution function

1. Introduction

In the past two decades magnetorheological (MR) fluids or their electric
analogues, electrorheological fluids (Block & Kelly 1988; Ashour et al. 1996),
have attracted much attention in the academic and industrial areas due not only
to their potential applications in the semi-active control but also to their novel
physical phenomena, e.g. phase transition, magnetic-dependent yield stress, and
two longitudinal elastic waves (Nahmad-Molinari et al. 1999). An MR fluid is
composed of a non-magnetized carrying fluid and suspended magnetizable
particles of diamagnetic nature, the latter of which have uniform distribution in
the absence of the applied magnetic field. When one turns on a magnetic field,
the magnetic particles will almost instantaneously be magnetized and aggregate
to form a stable chain-like or column-like structure along the direction of the
field. This magnetic-dependent structure can be modified or destroyed by
changing the flowing conditions such as applying a sufficiently strong shear force.
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Hence, an MR material is a paradigm that internal structure can be formed or
destroyed by the arrangement of the particles upon the action of applied fields.

In this paper, we propose a macroscopic—mesoscopic approach to investigate
the behaviour of MR materials. Firstly, an MR material is modelled as a
macroscopic mixture composed of a solid continuum, characterized by the
arrangement of magnetizable particles, and a fluid continuum, represented as the
non-magnetized carrying fluid. In the modelling approach, we assign to each
particle of the solid continuum a vector I, the nearest relative positive vector
among particles, to delineate the arrangement of the particles. The arrangement
can be influenced by the magnitude of the magnetic field and the flow condition
of the MR fluid. The vector I can be regarded as a continuous index so that the
solid continuum can be further treated as a mesoscopic mixture of different
components with individual indices I's or mesoscopic variables I's. The concept of
a continuous index was also proposed by Faria (2001) and used by Faria &
Hutter (2002), who name it ‘continuous diversity’, to formulate the global and
local master equations and jump conditions for chemically reacting mixtures of
micro-structured media.

The concept of decomposition of a continuum into different components is
called the mesoscopic concept, which originally was proposed by Blenk et al.
(1991a,b, 1992) and Blenk & Muschik (1991) in the theory of liquid crystals,
where the liquid crystals were modelled as a mixture composed of different
continua with different microscopic orientations of the molecules. To be explicit,
instead of the macroscopic continuum level and the detailed microscopic
description, the mesoscopic concept is to enlarge the domain of the field
quantities by introducing the statistical distribution function of some specific
property of the material (Papenfuss 2000). This concept has been successfully
adopted in the modelling of liquid crystals (Muschik et al. 1995, 2000, 2004;
Muschik & Su 1997) and in materials with microcracks (Van et al. 2000;
Papenfuss et al. 2003). Potential applications definitely deserve further studies.

In the following, a preliminary framework of the macroscopic solid and fluid
mixture for the modelling of MR materials is addressed in §2. In §3, the solid
continuum is further regrouped as a mesoscopic mixture distinguished by a newly
defined vector field, which bears a similar role as that of the microscopic director in
the mesoscopic theory of liquid crystals (Papenfuss 2000). Section 4 presents the
mesoscopic balance equations for the solid continuum and also introduces a new
finding called the ‘pseudo chemical reaction’, which comes from the property of
discontinuity in time for the vector l. Section 5 gives the macroscopic field quantities
and balance equations from the summation and integration of those of individual
components of the whole mixture. The specific second moment equations for the
mesoscopic distribution are discussed in §6 by the specification of the mesoscopic
constitutive functions. Finally, general conclusions are given in §7.

2. Macroscopic solid and fluid mixture
The concept of a general mixture theory is to allow the different continua to
occupy a common physical space (Bowen 1976; Hutter & Johnk 2004). For MR
materials, Chen & Yeh (2002a) modelled them macroscopically in the presence of

a magnetic field as a mixture composed of a fluid continuum and an equivalent
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solid continuum. Let XY and X® be the material points and ' and z° denote the
motions of the fluid and solid continua,

o' =2 (X1, 25 =25(X50), (2.1)

where the superscripts F and S represent the fluid and the solid. Since at time ¢,
two material points of the different continua meet at the same point &, we have
z=a ="
The different material points of two continua will give rise to different material
time derivatives, which are the time derivatives keeping the respective material
points fixed. The velocity vectors vF and v° of the two continua at time ¢ should
be given as
d d
FoGr R 5 =08
dt dt
where the notations dp/dt¢ and dg/dt, respectively, designate the material time
derivatives with X" and X® fixed. For the mixture the mean velocity or the
velocity of the centre of mass at (x, t) is written as

_d
dt

in which p¥, p° and p(ZpF—i-,oS) denote the densities of the fluid, of the solid and
of the mixture. We can further define the diffusion velocities for each continuum
and the relative velocity vector of the fluid with respect to the solid as

=0 v, B =0"—v, =" (2.4)

v (2.2)

1
v x=—(p"v" +p°0%), (2.3)
p

By using equation (2.4), one can transform the material time derivatives, dp/dt
and dg/df, to a more useful material time derivative d/d¢ following the
barycentric motion as

dp  d 5 d pPot
—=—+7 V=—+ v 2.5
atdi dt p ’ (2:5)
ds d g d pfot
== V=—- V. 2.6
atar ai  p (2:6)

With no chemical reaction between the solid and the fluid, we recapitulate the
macroscopic balance equations for the fluid and solid continua of MR materials
as follows.

(i) Balances of mass:

dp"

—— 4V (p'v") =0, —+V-(p°0°) =0. 2.7
a1 (p7v7) =0, — (°v) (2.7)
(ii) Balances of linear momentum:

d F

F dpv = VA' + PP 4 ) fF

dt (2.8)
dgv® '
S—Z;’ = V£S5 + MS-VBS + PS + 55,
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(iii) Balances of energy:

d
a—t(pFeF) +V-(p" ") =t vt —v-¢" + o' + QF, (2.9)

d dgB®
a—t(pses) —I—V-(psesvs) =t2: VoS —V-¢° — M5 Sdt + 0578 + @°.

(2.10)

In the above equations, P¥ and P® are the momentum productions of the fluid
and of the solid, f and f°, the external non-magnetic body forces of the fluid
and the solid, and QF and Q°, the energy productions of the fluid and of the
solid. M® and B represent the magnetization and magnetic flux of the solid, so
that M®-VB® in equation (2.8) is the magnetic body force of the solid and
—M?®-(dgB%/dt) in equation (2.10) is the energy supply due to the magnetic field
(Hutter & van de Ven 1978; Eringen & Maugin 1990). In equations (2.9) and
(2.10), ¢ and € denote the internal energy densities of the fluid and the solid,
and 7% and 7° represent the external heat source of the fluid and solid. In order to
ensure that the conservations of linear momentum and energy of the mixture as a
whole hold true, the productions P¥, PS, QF and Q° shall be constrained by the
following conditions (Bowen 1976; Miiller 1985):

P" + P5 =y, (2.11)
Q" +o"-P"+ Q@+ 0P =0. (2.12)
With the specifications
pe = P& + 058, pr = pFrF + 555,
q=q +¢ +p"' " + 58, (2.13)

and with the conditions (2.11) and (2.12), the energy balance equations of the
fluid and the solid can be combined to be

S

d d¢B
a(pe) + V- (pev) =t v +85: VoS —v.q— M5 iit + pr + P5- o,

(2.14)

This is the macroscopic energy equation (3.6) used in the previous article (Chen
& Yeh 2002a). It should be noted that no effect of spin s is addressed in the above
discussion. While the spin effect is included, an additional power, ¢: V(0™ -s),
contributed by couple stress ¢ will be inserted in the energy equations (2.9),
(2.10) and (2.14). Here, the symbol O represents the tensor of moment of inertia,
which will be used in the following discussion.

3. Distribution function of solid continuum
In the mesoscopic theory of liquid crystals, the orientation of a molecule n*Cisa
mesoscopic variable to distinguish the different components of the mixture and

hence all field quantities and field equations can be defined on the nematic space
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R2 X S?XR,, where S? stands for the unit sphere (Ehrentraut et al. 1997,
Muschik et al. 2000, 2004; Papenfuss 2000). Two mesoscopic velocities associated
with the liquid crystals can be defined as

LC
iwza—w ., u inLC:an , (3.1)
dt 0t |x dt at |x
where X and d/dt indicate the material point and the material time derivative,
and v and u are the material velocity and the orientation change velocity.

The concept of the mesoscopic variable nC cannot be directly applied to the
modelling of MR materials, in which the spherical particles are uniformly
suspended in the non-magnetic fluid so that no particular geometric property of
particles survives. However, in the presence of a magnetic field the particles will
be magnetized and aggregate to form an orderly geometric structure. This
phenomenon arises from the arrangement of particles rather than the intrinsic
geometry of the particles as in liquid crystals. Yeh & Chen (1997) and Chen &
Yeh (2002b) proposed a macroscopic internal variable with twofold average of
microscopic distance among particles to model the behaviour of MR materials.
Now in this paper we use a vector I as a measure of orientation and distance
among particles to characterize the aggregation of magnetized particles. The
vector lis assigned to each particle and is a relative distance vector ryp between
two nearest particles A and B. The length of lis the norm of rxp, i.e. |Tap|, and
the orientation of [ is defined such that the angle between ra and the direction
of an applied magnetic field H should not be greater than 90°. Since the
constraint condition cos(l, H) >0 limits the range of I in the half space with
coordinates (I, b, l3), for analytic convenience we enlarge the space of I and
specify the symmetric condition as that used for the orientation n™“ in liquid
crystals. In this way the reverse direction, — I, has the same significance as [ and
the distributions of —1 and [ are identical. Moreover, it should be noticed that
the vector ! will vanish when the applied magnetic field is turned off since the
vector [ is a measure of the magnetic-induced structure which survives only in
the presence of a magnetic field. Besides, the orientation of I depends on the
direction of the applied magnetic field.

While comparing the vector [ in MR materials with the vector n"C in liquid
crystals, it should be emphasized that the vector n"C is a true vector associated
with the molecules, and its evolution in time is continuous, whereas the vector 1
is defined as a vector attached to the magnetized particles and its evolution in
time might be discontinuous. Discontinuity occurs, for example, when another
particle is also enlisted as the nearest neighbour to a considered particle since at
this time the vector I becomes the average of both of the relative distance
vectors. An illustration is given in figure 1, where, in addition to B, C becomes
the particle that is of equal distance to A. So the vector [ becomes the average of
both of the relative distance vectors. The property of the discontinuity of I
resembles that of the discontinuity of the velocity ¢ of a particle in the kinetic
theory of gases when a collision occurs. Similar to the conservation of linear
momentum before and after a collision, there is an analogous conservation while
the discontinuity of I happens. Since the vector I is a mesoscopic variable that
was used to distinguish the different components of the solid continuum mixture,
the analogous conservation amounts to the conservation of the mass productions
among these components of the solid mixture. However, it has been well known

v
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» time

t=t-At =t t=t+At

Figure 1. In the presence of the applied magnetic field H, the vector [ attached to the considered
particle A is defined as the relative position vector from the particle A to its nearest particle B. At
time ¢t = ¢ the movement of the particles yields an equal distance between A and C to that between
A and B, which instantaneously makes the vector I become the average of the two relative position
vectors. Then at time t= ¢+ At a further change occurs when the particle C replaces B as the
nearest particle to A. The three configurations at t=t—At, t=1¢, and t= {4+ At manifest the time-
discontinuity of the vector L

that there is a production term in the mass balance equations in the theory of
mixture with chemical reactions. Therefore, it is reasonable to treat the process
of discontinuity of I as ‘a pseudo chemical reaction’ in the mesoscopic theory of
MR materials.

Moreover, the vector I=In can be expressed by its length [ and its orientation
n, where n is a unit vector. The velocity [ of the change in length and the
orientation velocity n = u are defined as

I(t + A — (D) n(t + At) —n(t)

N T
so that the material time rate of change of [ is yielded by
d .
v} = d_Stl = lu + In. (3.3)

Since m is a unit vector, the orientation velocity u must be perpendicular to n
and be a vector tangent to the surface of a unit sphere, i.e. n-u=0. With the
introduction of the unit vector m, one can express the differential operator V,, by
the azimuthal part of the spherical coordinates (6, ¢),

0 1 4
t

V, =50t 3.4
"= %90 " sing dgp’ (34)
where
s = cos 0 cos ¢e, + cos 0 sin pe, —sin fe,, (3.5)
t = —sin ¢e, + cos ge,, (3.6)

with the unit base vectors (e,, e,, e,) in a Cartesian coordinate System With the
help of V,,, we arrive at the definitions of the operators V; and Vi as

1= Vatngy VimViVisg az(l az>+l2 (8.7)
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and some useful derivable identities

1 ad
Vil = <7Vn+ng>(ln) =nn+l—nn=I, (3.8)
1 ad
Vil = (an+n(%)-(ln)=Vn-n+1=3, (3.9)
1 d T
v, (i) = TVn—l-nW () =1+ nin+sls+tlt =11+ ()", (3.10)
Vie(lly ==V, +n—|-(ll) =n-—(I'nn) +=V,-(I"'nn) = 41, (3.11)
l al al l
Vi () =2, (3.12)
which will be used in §6. Here, |=mnn+ ss+ tt and the notation of tensor

product ab= a®b for two arbitrary vectors a and b is used. The superscript ‘T’
in equation (3.10) indicates the transpose of the last two indices, i.e.

(I =[(nn + ss +1tt)]" = (nin + sls + tit).

For the solid continuum of MR materials we extend the six-dimensional nematic
space R2 X S? X R, to the seven-dimensional mesoscopic space R X M X R,
where M is the manifold of the vector I. The length of [ is limited to the range
[lnins bnax), where h,;, is the diameter of the magnetized particle and [, is
constrained by the size of the materials. In the mesoscopic theory, the domain of
field quantities is the set of the mesoscopic space (z, [ t). The mesoscopic
mass density in this seven-dimensional space is denoted by [)S(a:, l,t). The
macroscopic mass density ps(w, t) then can be obtained by the integration of the
mesoscopic mass density over the manifold M,

l

‘max

p°(x,t) = J J P (x, 1, )P dndl = J p°(, 1, t)dvy. (3.13)
52

M

]'min

The mesoscopic distribution function, which is the probability density to find a
solid particle in space-time (a, t) with the variable I, can be defined as the
mesoscopic mass density divided by the macroscopic mass density (Blenk &
Muschik 1991),

~S
A p°(z, 1, t)
flz, lt) = —F—"——. (3.14)
p(z, 1)
From equation (3.14) there follows the normalization condition,
J fla, 1 t)dvy, = 1. (3.15)
M

As soon as the distribution function f has been defined, we can further give
the macroscopic solid material velocity vS(:I:, t) as the average of the mesoscopic
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solid material velocity #°(e) over the manifold M:

W(e.t) = [ J(&)0()du, o
(3.16)

oS (e, 105w, 1) = JM[)S(')@S(')de,

where the abbreviation (e)=(x, [, t) has been used. To dlstmgulsh the symbols
used in the macroscopic and mesoscopic space, e.g. p (m ) and p°(e),
the quantities with ~ indicate the associated functions used in the mesoscopic
space. By means of the corresponding mesoscopic averaging similar to or the
same as equation (3.16), we will introduce other macroscopic quantities in later
sections.

4. Mesoscopic balance equations for the solid particles

In this modelling of MR fluids, the solid continuum is a mixture of different
components with indices I. Under the assumption that the fluid continuum is
spinless and shall be considered macroscopically, there is no fluid component at
the meso-continuum. In this mesoscopic approach the general mesoscopic
balance equations of the solid continuum read (Blenk et al. 1991q)

U [ deydvduy = [ (-v-8" (o) =V, ® & ())dv duy, (4.1
S| e(e)avaoy = | (-8 (0) V-0 (o) + &7(0) + & (2))dvduy, (1)

where Q represents a region in R X R, X M. @’ ‘(e) and " (®) are the non-
convective ﬂuxes through the surface in the configuration space R? and on the
manifold M. @"(e) and @°(e) denote the production and the supply of D(e).
The total time derivative (ds/d?) in the first term of equation (4.1) can be moved
inside the integral by use of the generalized Reynolds transport theorem (Blenk
& Muschik 1991),

%L)(ﬁ(o)dvde J [ai () + V- (0°(0)D(0)) + V- (17 () D(e))|dv duvy,.
(4.2)

Supposing the field quantities are sufficiently smooth, we have the general
expression of mesoscopic balance equations in local form,

2 (o) + V(0% (0)(w) + 6 () + V(85 (#)(o) + 8 (0)) = B7(o) + B().
(4.3)

For the mesoscopic balance of mass, we have
d=p5(e), ¢ =0, ¢"=0, " =7(e), & =0, (4.4)
SR V()05 () + V(5 ()i (0)) = (o), (45)
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where 7 () represents the mass production which arises from the mechanism that
other components I instantaneously change to the component I at time ¢ In
other words, it comes from the contribution of the time-discontinuity of I as has
been shown in figure 1. Notice that the analogous term of mass production
appears in the theory of mixture when the effect of chemical reaction is taken
into account. Since the conservation of total mass of the solid medium holds true,
the constraint condition,

[ #(o)dup = 0, (4.6)
M

must be obeyed.
Moreover, for the mesoscopic balance of linear momentum, we have

b=p5()i%(s), " =—1(e), " =—f(e), (4.7)
6" =1il(0) +7(0)0°(s) + P(s), (4.8)
& = M (o) VB (z. t) + p°(0)f (o), (4.9)

(4.10)

where fS(O) and flS(O) are, respectively, the solid mesoscopic stress tensor on the
configuration space and the solid momentum flux on the mar}igold M. The supply
is composed of the contribution from the magnetic effect M (e)-VB%(x, t) and
from the non-magnetic force p°(e)f (o). The production is the combination
of the three momentum productions 7!(e), 7(e)9°(e), and PS(O). The
first production 7m'(e) comes from other components of the solid mixture to
the solid component with mesoscopic varizal%le I, the second one 7()v°(e) is due
to the mass production, and the last one P () is from the carrying fluid to the
solid component with mesoscopic variable l. Different from the conservation of
mass for the solid continuum, the conservation of linear momentum for the solid
continuum cannot be held since there exists an exchange of linear momentum
between the solid and the fluid continua.
Third, with the specifications

b =p%(0)8(e) = p* (o) (@ X (o) + 5°(e)), (4.11)

" =—(zx (o))" =& (), (4.12)

" =—(@x (i ()" —ei(e), (4.13)

" =g X (1hl(e) + 7()i (o) + P°(0)) + (o), (4.14)
5

& =a X (M (0)- VB (2, 1)) + p5(e)z X F (o) + M’ (o) X BS(z, 1),  (4.15)
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the mesoscopic balance of angular momentum may be written in the form

§§<ﬁ3<->3<->>+—v-<ﬁ8<->ﬁS< )§(e)— (@ X (E(e)")T —&(e))
+ V(55 ()85 (0) 8 (o) — (2 X (§ (o))" — & (o)) (4.16)
=& X (M (s)-VBS(, 1) + p°(o)a X (o) + M (o) X B (, 1)

(
+ @ X (1h!(s) +7(2)8(e) + P°(o)) + 10’ (o),

where 55(e), ¢°(e), and ¢}(e) are, respectively, the spin density, the mesoscopic
couple stress tensor, and the angular momentum flux of the solid on the manifold
M. S(e) is the total angular momentum. The production of spin from other
components of the solid continuum is assumed to be m°(e), which is constrained
by the condition

J (o) dun = 0. (4.17)
M

This condition originates from the assumption that the carrying fluid is spinless
and then the production of spin from the fluid to the solid is zero. By introducing
the balance equation of linear momentum into the balance equation of angular
momentum, the balance equation of spin can be expressed as

;t(ﬁs( 0)8(#)) + V- (p°(0)0°(0)8° () —&°()) + V- (°(#) 0] (#)3°(¢) — &} (®))
—c:t(0) + M (o) X BS(z, 1) + m’(e),

. S . A . .
where the index form for e : t is ei]-ktlsj with € the permutation symbol.
Fourth, if we consider

b= 55(0)& (o) = p(o) (L85 (0) (o) +18%(0) 07 8 (0) + (), (4.19)

6" == (e) 5°(e) = &(0)-07 5 (o) + 4°(o), (4.20)
¢ =—1(0)-5%(0) =& (0)-07 -8 (o) + gi(e), (4.21)

O" = (o) + P(e))-8(s) + ()07 -5(e) + Q(s)
wi(0) (5 90090 #5070 ), (422)
(0)-V)BS (1) + 55(¢)f (#))-8°(o)

+ (e () + N(0) X Bz, 1)- 67+ 85(o) = M(o) S B (e 1),
(4.23)
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for the mesoscopic balance equation of total energy of the solid in MR fluids, then
we have

+Vz'(ﬁs(°)@?(°)és(°)—fzs(')'f’s(°)—é?(')'@_l'AS(‘)+fIS(°))

= p5(0)75(8) + (M (9)-V)BS(m, t) + 5°(0)f (o) + 1ial(e) + P (0))- (o)
+(e: (o) + M (0) X BS(x, t) + 1i’(0))-071- 55(0)
(o) S B, ) + Qo) + 7o) (87w (o) + L ()67 55()),

(4.24)

where p5#°, ¢°, and le are the non-magnetic solid supply, the mesoscopic solid
energy flux on the configuration space, and that on the manifold M, respectively.
O is the tensor of moment of inertia. The total energy density of the solid
continuum es( e) is composed of kmetlc energy, rotational energy and internal
energy é°(e). The energy production Q (@) is included to account for the energy
exchange from the fluid and other components of the solid mixture to the solid
component with mesoscopic variable I. With the help of balance equations of
mass, linear momentum, and spin, the balance of total energy can be further
simplified to the balance of internal energy as

57 (P (9)E%(9)) + V- (5 (0)0°(0)&%(9) + () + Vi (5°(*) 07 (#)°(#) + G (#))

=7 (0)i%(e) =M (')-jiBS(m 1)+ (o) : V+E(e): vS(o)
+(S(0) : T+ E(0): V(O 8(0)) + Q(o).
(4.25)

In addition, the balance of entropy is represented as the second law of
thermodynamics, which demands that the entropy of an isolated system never be
decreased. Since this law only seems to be valid in the macroscopic scale, no
mesoscopic balance equations of entropy are required.

5. Macroscopic field quantities and balance equations

In the literature, there exist a lot of research works on bridging the gap between
two different scales of space. The theory of electrodynamics is the first successful
paradigm to correlate the macroscopic EM fields with their microscopic
counterparts by the spatial average with respect to a continuous and smooth
test function, whose scale is large compared to the atomic dimension (de Groot &
Suttorp 1972; Jackson 1975). However, it should be noted that not all the EM
quantities can be achieved in this way. For example, polarization and
magnetization, which have their significance only on the macroscopic scale, are
brought out in the process of average of charge and current over space. Another
paradigm is the theory of extended thermodynamics, in which the macroscopic
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hydrodynamic theory and the microscopic kinetic theory of gases are linked
(Miiller & Ruggeri 1998). Still another paradigm is the study of micromechanics
or statistical theory of granular mechanics, in which the microscopic forces
among particles are associated with the macroscopic stress tensor (Edwards &
Grinev 2001).

The macroscopic physical quantities of a mixture are the macroscopic averages
of individual quantities, and the macroscopic physical quantities in the
mesoscopic theory are the mesoscopic averages over the mesoscopic manifold.
For the macroscopic—mesoscopic mixture of MR fluids we combine both averages
to obtain the macroscopic quantities.

Now we consider the balance equation of mass. In view of equations (3.13) and
(3.16), we take the first step to integrate the mesoscopic balance of mass for the
solid continuum (4.5) over the manifold M and then have

%ps(m, t) + V- (05 (z, t)0°(x, 1)) =0, (5.1)

which is the same expression as the second equation in (2.7) if the condition

J'wm%qﬁv»mM=o (5.2)
M

is satisfied. This condition can be extended to a more general case, in which

jvxﬁomwﬂ+gxﬂmW4=o (5.3)
M

holds true for any continuous function ¢, and the flux g,. Condition (5.3) can be
easily proved by considering n- =0 and the fact that the boundary of M is null,
0M =0, giving no rise of a flux on M. The second step is to add the mass
balance of the fluid and solid continua in equation (2.7) to yield the macroscopic
balance equation of mass,

& (@ 1)+ V- (p(a, Dol 1) =0, (5.4)

where

pla.t) = " (@.0) + (2. 0) = o (.0) + | p5(e)duue (5.5)

p(x, t)v(x, t) = p (x, )0 (x, t) + p°(, t)v°(, t)

=f@@$@@+hﬁ@WomW. (5.6)

Furthermore, for handling the balance of linear momentum we integrate the
mesoscopic balance of linear momentum (4.10) over the manifold M and then
arrive at

%(ps(m, D5 (x, 1) + V- (o°(, )0 (x, )05 (x, t) — 15 (, 1))

= M5 (x,t)-VBS(z, t) + P5(x, t) + p°(z, t)f>(x, t), (5.7)
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which is the same as the second equation in (2.8) if we require condition (5.3)
and set

ﬂ%®=J[ﬁﬂ-f@XﬁP%WW%M@%ﬁ—ﬁ@ﬂﬁww (5-8)

M
_M%%@=IMM%qu, (5.9)
Pl = HoF (oo (510)
.Pscat)=:jM(ﬁﬁ(.)+~ﬂ-)@ﬁ@)-r1ﬁ(-»duM, (5.11)

where P5(z, t) is the momentum production of the solid by the fluid continuum
at the point (z, ). The combination of the linear momentum balance equations
for the fluid and solid continua in equation (2.8) will give rise to

%(p(m, tv(xe, t) + V- (p(x, t)v(z, t)v(x, t) —t(x, )

= Ms(mv t)'VBS(.’B, t) +p(fl3, t)f(.’l:, t)a (512)
where
t(x,t) =t (x, ) +(x, t) — (0" 0" T + p°°°)

= (e ) = (0" + 50 + || ()= ()8 ()
— o, 6)(55(s) — 0 (@, )} (5.13)

Mawww=fwwﬂmo+bfvﬁvmW. (5.14)

As for the macroscopic balance of angular momentum, one usually considers the
balance of spin instead of the balance of total angular momentum. By the
mesoscopic average of (4.18) over the manifold M, the macroscopic balance of
spin for the solid continuum of MR materials can be written as

-%@%%w§@¢»+V(ﬁ@¢w%%w§@¢y1%@w)
(5.15)

=e:5(x, t) + M5(x, t) X B3 (z, 1),

with the following identifications:

f@@§@w=hfow«mW, (5.16)

6%%0=J[ﬁbrﬁ%ﬂ@%ﬁ—ﬁwﬁﬁWW&w- (5.17)
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Since we have assumed that the fluid continuum is spinless, the macroscopic
balance of spin for MR materials becomes

2 (ol ys(a, 1)) + V- (ol )(a, )s(a, 1) — e(a, 1)
(5.18)
=e:t(x, t) + M5 (x, t) X B3 (z, 1),

where

plw, t)s(x, 1) = p(w, 1) (, 1) = jMﬁS<->§S<->de, (5.19)

c(z, ) = —p°0"s® + JM[?JSO)—ﬁs(°)(ﬁs(°)—'vs(% )8 (0)ldup.  (5.20)

The macroscopic balance equation of internal energy for the solid continuum of
MR materials can be obtained by integration of the corresponding mesoscopic
equation (4.25) over the manifold M as

2 0@ e 1) + 9 (5 0, 0@, ) + 0 1)

— ps(-’B, Zf)rs(:c7 t) —MS(;):’ t). dga.?s (a:7 t) n ts(il:, t) : V’US(:I:, t) (5.21)

+ S (x, ) V(O S (x, ) + QO 1),

with the specifications of the relations of the macroscopic and mesoscopic
quantities:

P 0 (wt) = [ 55(0)(0) +100%(e) 05 ()

M
+108%(0)-07"-65° (o)]dupy, (5.22)
g (z,t) = JM[QS(-) + (%(0)8% (o) +1p°(0)59°(e)- 69" (o)
— ([ (o)) -66%(s) + (1p°()08°(0)-07"-68°(0))59" (o)
—(&(e)T-07165(e)|duyy, (5.23)

+75(0)F7(#))-60° (o) + (M () X BS(z, 1)
teit(0)-07 65 (e)duy, (5.24)
@l t) =P 00w 0) + | [0°(0) + (o) + P(0))-5°()
+1(0)-07 - 55(e) + 7(e)(L°(e) 17 (o)
+18%(0)-07" -8 (o))]dupy, (5.25)
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where 6 indicates deviation from the mean value,
00°(e) = (o) =0 (w,1), 08°(e) =5 (o) — 5 (x,1).

Then, by the same manipulation for solid—fluid mixture as in §2, the energy
equation for the solid continuum in equation (5.21) can be combined with that
for the fluid continuum, (2.9), to obtain the macroscopic energy equation, (2.14),
for the MR materials. For those details we refer to §2. Note that the energy
equations for the solid, fluid, and the whole mixture will be used if one engages in
the discussion of constitutive modelling and the physics related to energy change,
such as thermal conduction and a variational approach.

From the above derivation, it becomes clear that the macroscopic quantities
are derived from the mesoscopic average of their corresponding mesoscopic
quantities plus other related mesoscopic quantities. We have also achieved a
clear picture of the finer composition of the various macroscopic balance
equations for the macroscopic—mesoscopic MR mixture.

For the whole system, especially for the mesoscopic system, to be complete, we
should both study the role played by the mesoscopic distribution function and
consider the constitutive equations characterizing the response of materials. In
this work, we primarily focus on the discussion of the mesoscopic distribution
function. The latter issue, that is a complete development of constitutive
modelling, is not treated here for the following reason. From a theoretical
viewpoint, one requires the knowledge of energy function and dissipative
mechanism of the system when the constitutive modelling in the mesoscopic
space is considered. In addition to the theoretical consideration such as the
restriction of the second law of thermodynamics and the principle of material
frame indifference, more experimental works are required for the development. In
the literature, Blenk et al. (1992) have derived the macroscopic constitutive
equations for liquid crystals induced by their mesoscopic orientation distribution.
Papenfuss & Muschik (1995) have considered the constitutive relations for two-
dimensional liquid crystals. Up to now, even though several researchers have
devoted effects to the discussion of mesoscopic constitutive relations, a complete
mesoscopic constitutive theory has still not been well developed (Muschik et al.
2004). The major problem lies in the fact that the constitutive modelling involves
not only macroscopic variables, but also mesoscopic variables in the higher-
dimensional mesoscopic space. For MR materials, the set of constitutive variables
could be specified by (I, 55(e),Vp(e),V,5°(e), pF (z, 1), 8(x, t), B3 (z, t)) or other
alternatives. It is obvious that the diversity of the set definitely gives rise to a much
more complicated analysis, which deserves a forthcoming paper to deal with in a
systematic way and is thus beyond the scope of the current paper.

6. Second moment equations for the mesoscopic distribution function

The mesoscopic distribution f(e) in equation (3.14) embraces all the information
of the arrangement of solid particles in MR materials. This is similar to the fact
that in liquid crystals the orientation distribution function contains the
information of the orientation of microscopic molecules. It is also similar to
the fact that in the kinetic theory of gases the phase density f3(z, ¢, t), which is
the number density of atoms at point @ and time ¢ with velocity ¢, provides the
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microscopic basis of macroscopic rational extended thermodynamics (Truesdell
1984; Miiller & Ruggeri 1998; Liu 2002). The phase density in the kinetic theory
of gases obeys the Boltzmann equation,

gtB + e Vfy+ F-V, f3 = J(féfé' —fofs)rgsin 6 df de d¢', (6.1)
where F stands for the sum of the specific external body force and inertial
acceleration of a particle, and the right-hand side of equation (6.1) comes from
the contribution of collisions. By means of the phase density most macroscopic
thermodynamic quantities can be obtained by taking the moments with respect
to the velocity ¢ or the peculiar velocity C=c—wv as

Fil'b'z"‘iN = [ mcil Ciz s C,L‘NdeC, or Giliz.“if\] = Jmcil C’Lz C,L'NdeC. (62)
In particular the mass density p, linear momentum density pwv;, internal energy
density pe, and heat flux ¢; are related to the different orders of moments by

p= Fa pY; = Fz’a pe = Gzz: lejj (63)

The multiplication of the Boltzmann equation by me; ¢;, -+ ¢; and then
integration over all ¢ leads to

anlb; iy + aFiliz'“iN] — NF.

F, —2NF;

bl iy Ty by iy

WLN]C = S’.

Ll'b'z"‘iﬂl’ (6.4)
where S; ; ., represents the collision production and Wj; is the matrix of angular
velocity of the frame with respect to an inertial frame. In equation (6.4) the zero
and first-order moment equations read

%—I—V (pv) =0, and %+V~FE,;Z—,0F—2/)W-'U=O, (6.5)
which represent the balance equations of mass and linear momentum.

The above approach can analogously be applied to the mesoscopic theory of
the solid continuum of MR materials, if the role of the phase density is replaced
by the mesoscopic distribution function f(e). Analogous to that the phase
density satisfies the Boltzmann equation, then by use of the definition of f(e) in
equation (3.14), the distribution function is governed by the equation (Blenk
et al. 1991q)

0G50 + 9o + ) 5+ () .

0t

- =#(s), (6.6)

p(z, 1)
or else
I 1 3, 1)W (o) + 90 ((o)i8(4))
+V-(69°(0)f(0))+](#)09°(#)-Vin p’(, 1) = 7(e), (6.7)
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which is exactly the mesoscopic balance equation of mass (4.5) in terms of the
distribution function f(e). 7(e), appearing on the right-hand side of equation
(6.6) or (6.7), represents the production from the pseudo-chemical reaction. Then
one can follow a similar procedure used in extended thermodynamics, which has
been mentioned in equation (6.2), to associate the distribution function with the
related macroscopic quantities by taking the moments with respect to the vector
l over the manifold M as

Ao (2, 1) = J o)l by, 1 duy, (6.8)
M

where Ay g,..o, 18 @ tensor of order m. Since the distribution function f(O) is
endowed with the symmetry condition

f(wv l> t) = f(wa _l7 t)a

the tensors of odd orders must vanish. Then, multiplication of (6.7) by l, I, -1,
and integration over the manifold M will lead to the general evolution
equation for the macroscopic internal variable A, 4,..o, (Z,t) as (Muschik et al.
2000, 2004)

d R
_SAa Ay (mv t) +J loz la ”'la Vl(f(.),ﬁ?(.))dvj\/l + VJ 6ﬁs(.)la la
dt 142 m M 1 2 m M 1 2

mﬂ>mm+jlm%~hjowﬁuyvmeJmW4
M

= JM by by, Ly, () dupy, (6.9)

where equation (6.8) has been used. Equation (6.9) shows that the macroscopic
evolution equation for A, ..o, (%, t) is derived from the mesoscopic distribution
function. In order to get a more simplified form of equation (6.9), we require a
further assumption and more constitutive information on the mesoscopic
background such as explicit expressions for the functions ¢°(e), oy (e), and 7(e).

For simplicity we concentrate on the discussion of the second moment of the
distribution function and from equation (6.9) we have

dg 5

Sl )+ | 19 (oo

M

- V-JMéi;S(o)llf(o)de +JMuf(-)5@S(-) -V In p°(x, t)duy, = JMu%(-)dv,
(6.10)

where Ay(z, t) = [ f )ll dvy,. The reduced macroscopic form of equat1on (6.10)
can be achleved only 1f the mesoscopic constitutive expressions for o°(e), 97(e),
and 7(e) have been established. For the explicit specification of these
three functions, we propose first that the composition of the state space Z is
composed of the four mesoscopic variables: 1, p°(e), Vp5(e) and Vlf) (e), and
the four macroscopic variables: temperature 0, magnetlc flux B® (z, t), rate
of deformation tensor DS(zx, t)(——(Vv +(Vv) )), and second moment of
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the distribution function As(wx, 1), i.e.
Z = {Lp°(0),VP*(2),Vip*(9), 0(x, 1), B (z, £), D (. 1), Au(x, 1)}

The macroscopic variables 6, B®, and D are used to account for the influences of
temperature, magnetic field and flow on the mesoscopic functions. The variable
A, is included to serve as internal variable in the constitutive consideration.
Second, from the definition of ¥} (e) in equation (3.3) and by requiring that the
distributions of I and — I be equal, the mesoscopic functions °(e) and 7(e) are
then constrained by the symmetry conditions

(=) =30, (Y =—9/(), (6.11)

which manifest that ©°(e) is an even function of and #}(e) is an odd one. Hence,
equation (6.11) will serve as a guiding rule to determine the expressions for the
constitutive functions, 4°(e) and @} (). Two special cases of the second moment
equation are now considered.

Case (i): for analytic convenience, we only take into account the linear relation
in [ by assuming that the constitutive functions, which satisfy the symmetry
conditions in equation (6.11), are in the form of

d} (o) = a;VyIn p5(e) + I- (A, + a3 B3 B® + , D)

= a,VIn p°(e) + I- C(z, 1), (6.12)
() = 6V 1n p°(e), (6.13)
7(e) =0. (6.14)

In equation (6.12) we have set C= CT=a,A,+ a;B B+ a,D°. The
parameters «;, o9, a3, oy and § are assumed to be functions of the temperature
6. By inserting the constitutive functions (6.12), (6.13) and (6.14) into (6.10), it
follows that

%AQ(:E, t) + JMuvl- @, Vif (o) + f(#)1- Clduy + V-(BVA, + BV In p°(x, )A,)
+ B(VIn p°(z, t)- VA, + AV In p°(z, 1)V In p°(x, 1))
= V- (v°(z, )Ay) + Ay’ (x,1)-V In p°(x, t).

(6.15)

For more detailed manipulation of equation (6.15), we have the following
reformulations:

d ) dln p°

d—iAQ —V:(0A) A’ VInp¥ = A, +A2%, (6.16)
J (V2F ()l duy, =J F(&)\Villduy, = 2, (6.17)
M M

[ G opdu, = je-c-vimdu,

M M (6.18)

__¢ ;J FOIL+ (1) vy, = —(C-Ay + Ay-©),
M
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where | is the identity tensor and condition (5.3) that the boundary of M is null
has been used. In addition, by the mesoscopic average of ©°(e) and from
equations (3.16) and (6.13), we obtain

v® =V inp°, (6.19)
dnp® B
0t pS

Then, in view of equations (6.16)—(6.20), equation (6.15) can be further
simplified to

V2p® = —B(V’In p° + Vin p°-Vin p°). (6.20)

%Ag + 2011 — (C-Ay + Ay C) + B(V2A, + 2V In pS-AQ) =0, (6.21)
which is an evolution equation for the second-order internal variable A, on the
base of the mesoscopic constitutive requirements (6.12), (6.13) and (6.14). This is
different from the evolution equation of internal variable obtained from the
macroscopic internal variable theory (Maugin & Muschik 1994a,b), in which,
besides the macroscopic constitutive requirements, the major restriction on this
equation is the second law of thermodynamics.

Case (ii): if the higher-order terms involving I, VVp°(e) and VVA, are also
considered, we assume constitutive functions, which still satisfy the symmetry
conditions in equation (6.11), are in the form of

55(s) = a,Vyln (o)

~S

\AY
+ l <0(2A2 + (X3BSBS + 0[4DS + 0[5Asp(().) + (XGllZAQAQ + 0[7llZVVA2>,
p [ ]

(6.22)
(o) =0’ (x,1), (6.23)
7(e)=0. (6.24)

Then by inserting equations (6.22), (6.23) and (6.24) into (6.10) and after a
simple calculation, we have

dS sym 2“5 S\\sym
(@) =201=2(C-Ay)” " S @) (VV-(Agp”))™
—20(A3 - (Ay: AY))Y™ — 207 (A 1 - VYA, (6.25)

where the superscript sym represents the symmetric part and the operator ‘-’

in A;:-VVA, means (A4)Z-]-klé% a%(Az)km- In equation (6.25) it can be seen
that the higher-order terms with Ul will induce the higher-order moment
A,= [f(e)llildvy, in the second moment equation of the mesoscopic distribution
function. For this second moment equation including higher-order moment, a
cut-off procedure or a closure relation will be required for the solvability of this
equation (Papenfuss 2004).
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7. Conclusions

The macroscopic—mesoscopic concept is presented in this paper to study the
response of MR materials. This twofold mixture represents a macroscopic solid—
fluid continuum, where the solid continuum, which is endowed with the internal
structure due to the arrangement of particles, is a delicate mesoscopic mixture
composed of different components with different mesoscopic variables I's. Since
these variables perform jumps in orientation with time, this introduces a
production of orientational mass that affects the balance of evolution equation
for the orientation mass function in the solid micro-continuum. The mesoscopic
mass balance gives rise to an equation of the distribution function f(e), and the
role of the production term in this equation is analogous to that of the collision
term in the Boltzmann equation. With the multiplication of this equation by
ly, -1, and then with the integration over the manifold M, one immediately
obtains the macroscopic mth moment equation for the mesoscopic distribution
function. Two special cases are briefly studied by adequately specifying the
expressions of the mesoscopic constitutive functions #7(e), ©°(e) and 7(e).

The mesoscopic concept used in this paper mainly follows the one proposed by
Blenk et al. (1991a) and their subsequent works on liquid crystals. However, four
extensions are made compared with Blenk et al.’s works. First, we have applied
the mesoscopic concept to the modelling of MR fluids. Once the mesoscopic
variable I was defined, the procedure to derive the balance equations of liquid
crystals made by the above research group could be adopted to establish the
balance equations of the solid continuum of MR materials. The other three
extensions then follow: (i) the mesoscopic variable I adopted in this paper is a
man-made vector and it could be discontinuous in time, which does not occur for
the director of liquid crystals; (ii) the concept of macroscopic-mesoscopic
mixture is introduced so that the mesoscopic mixture becomes merely the solid
component of the MR material and (iii) the magnetic field is not only included as
a parameter in the derivation, but it also plays the key role to create the
mesoscopic [ field.

The mesoscopic approach provides more fundamental knowledge of the
behaviour of materials with 1nternal structure. For MR materials with magnetic-
based structures, the stress t°(z, t) in equation (5.13) expressed by this approach
is implicitly relevant to the magnetic field since, according to the definition of in
§3, no such vector I could be defined while the magnetic field is turned off. As for
the determination of the magnitude of magnetic dependence of stress, more
systematic mesoscopic constitutive information about p°(e), ©(e) and t( ) is
definitely required.

The role played by the vector lis similar to that played by the velocity vector
c in the Boltzmann equation. Since the appearance of ¢ in the phase density of
the Boltzmann equation gives an evolution of the particle distribution,
consideration of I in the mesoscopic distribution provides information of the
arrangement of the solid particles of MR fluids. Moreover, even through the
originality of the mesoscopic equation for the distribution function (6.6) is
different from that of the Boltzmann equation, the similarity of both equations
such as [—c¢ correspondence and production—collision analogy provides an
extension of the study of this mesoscopic theory to an unexplored realm that
deserves future study.
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