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Summary. We propose a similarity transformation to investigate the motion of inviscid gravity currents in
the similar phase. With this similarity transformation, the shallow water equations can be solved without
needing to consider the front condition Eq. (1) downstream of the gravity current, and the parameter b of
Eq. (1) becomes a part of the similarity solutions. It is shown that the resultant similarity solutions are in
good agreement with the experimental results of both the dam-break and the lock-exchange non–
Boussinesq currents, which have a density much larger than the ambient ﬂuid.

1 Introduction
The gravity current is a heavier gravity-driven ﬂow intruding beneath a lighter ambient ﬂuid, a
phenomenon widely observed in both natural and industrial situations [1], [2]. To analyze the
motion of gravity currents, a common approach is to solve the hyperbolic shallow water
equations together with the boundary conditions at both the current source upstream and the
current front downstream [3]–[9]. Under some circumstances the gravity current may become
supercritical and induce a hydraulic jump in the middle of the current, so that the jump
condition at the middle of the current should also be taken into account [10].
In spite of the hyperbolic nature of the shallow water equations, the use of the front condition downstream is a ‘‘logical reconciliation’’ [9] because the vertical accelerations are not
small at the current front, where the shallow water equations are invalid while a major part of
the resistance force from the ambient ﬂuid (or the ambient resistance) is applied, and which to
some extent can be accounted for by the front condition. But for some gravity currents, such as
the accidental release of toxic liquid gas due to the rupture of a storage tank or the currents
generated by a dam-break accident, both important concerning human safety, the density
diﬀerence between the current and the ambient ﬂuid (or the non–Boussinesq gravity current) is
so large that the ambient resistance (or the inertia resistance for inviscid currents without
surface tension) is negligible. Consequently, the consideration of the front condition may have
lost its logical reason in physical sense.
Moreover, according to the deﬁnition of the front condition
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uf ¼ bgr hf ;
ð1Þ
where uf is the front speed of the current, gr ¼ ½ðq1  q2 Þ=q1 g is the reduced gravity, q1 and q2
are the densities of ﬂuids I and II (see Fig 1), respectively, and hf is the height of the current
front, the parameter b shall be given as a prerequisite in the analysis. Accordingly, the solutions
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Fig. 1. A schematic description of the two-dimensional inviscid gravity current moving to the right. A
ﬂuid of higher density accounts for layer I and the ambient ﬂuid of lower density accounts for layer II.
The height of the gravity current is represented by h1 ðx; tÞ and the velocity by u1 ðx; tÞ, and hf and uf at
the current front, respectively

are dependent on the value of b so that the determination of b becomes an important issue of
gravity current researches [1], [11], [12]. Even if the front condition Eq. (1) has been widely
accepted, the above-mentioned approach is still mathematically ‘‘not closed’’ [5] due to the need
of b as a prerequisite for analyses.
In the present study, we propose a similarity transformation for inviscid gravity currents,
with which the shallow water equations together with the constrained condition at the current
source can be solved without needing the front condition Eq. (1), and the value of b becomes
part of the solution. The resultant similarity solutions turn out to be in good agreement with
experimental results for non–Boussinesq currents and can be reduced to those of previous
studies employing diﬀerent similarity transformations and using the front condition Eq. (1) to
solve the shallow water equations.
In the following, we derive in Sect. 2 the similarity variables and apply them to solve the
shallow water equations without considering the front condition Eq. (1). In Sect. 3, we show
that the similarity solutions are in a good agreement with the experimental results of two non–
Boussinesq gravity currents: the dam-break and the lock-exchange currents. Finally, conclusions are drawn in Sect. 4.

2 The similarity solution
Consider a two-dimensional inviscid gravity current in its self-similar phase (see Fig. 1), where
the surface tension is neglected. After applying the shallow water approximations u ¼ uðx; tÞ,
@
@
 @y
and relevant boundary conditions, the continuity and momentum equations can
u  v; @x
be reduced to the shallow water equations
@h1 @ðu1 h1 Þ
¼ 0;
þ
@x
@t

ð2Þ

@u1
@u1
@h1
þ u1
þ gr
¼ 0;
@t
@x
@x

ð3Þ

where u1 ðx; tÞ is the velocity in the x-direction and is uniform over the current depth and
h1 ðx; tÞ is the height of the gravity current. Equations (2) and (3) are coupled nonlinear partial
diﬀerential equations, which can be solved by similarity transformation. To obtain the similarity variables, we consider the following forms:
~ ðgÞ;
u1 ðx; tÞ  U u

~
h1 ðx; tÞ  H hðgÞ;

gm

x
:
tn

ð4Þ
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The parameters U; H; m; n are determined by the dimensional analysis of Eqs. (2) and (3) after
Eq. (4) is applied, yielding
1

4a
m ¼ ðQa g2a
r Þ ;

n ¼ 1;

1

4a
U ¼ ðQa g2a
r Þ ;

1

4a
H ¼ ðQ2a ga
r Þ ;

ð5Þ

where Qa is given in the so-called constrained condition [13]
Zxf

h1 ðx; tÞdx ¼ Qa ta ;

ð6Þ

0

where xf is the position of the current front. This condition presents the conservation of current
volume and Qa ta accounts for the volume of gravity current per unit width. Accordingly, a ¼ 0
corresponds to the ‘‘constant volume’’ current and a ¼ 1 to the ‘‘constant ﬂux’’ current [6].
The similarity transformation (4) and (5) is applied to transform the shallow water equations
(2) and (3) into ordinary diﬀerential equations as follows:
ð~
u  gÞ

~
dh
u
~ d~
þh
¼ 0;
dg
dg

ð7Þ

ð~
u  gÞ

~
d~
u dh
þ
¼ 0:
dg dg

ð8Þ

Equation (7) can be rewritten into
~ u=dgÞ
~
hðd~
dh
;
¼
ð~
u  gÞ
dg

ð9Þ

~ ¼ 0, so that we shall have u
~ ¼ g is a trivial solution leading to h
~ 6¼ g. We then
in which u
substitute Eq. (7) into Eq. (8), yielding
~
½ð~
u  gÞ2  h

d~
u
¼ 0:
dg

ð10Þ

~ will be constant (or a gravity current of uniform height [6]), which is also a
If d~
u=dg ¼ 0, h
trivial solution and is physically not true. Accordingly we shall have d~
u=dg 6¼ 0 and
~ ¼ ð~
~ 6¼ g, we get
h
u  gÞ2 , and then ð~
u  gÞ2 ½3ðd~
u=dgÞ  2 ¼ 0 as Eq. (7) is considered. Since u
2
~ ¼ g þ C;
u
3

g
~
hðgÞ
¼ ðC  Þ2 :
3

ð11Þ

By applying Eq. (4), this can be written as
2 x
~ ðgÞ ¼ U½ m þ C;
u1 ðx; tÞ ¼ U u
3 t

ð12Þ

m
~
¼ HðC  xÞ2 ;
h1 ðx; tÞ ¼ H hðgÞ
3t

ð13Þ

where C is an integral constant to be determined by the constrained condition Eq. (6). To do
this, we substitute Eq. (13) into Eq. (6) and obtain
xf ¼ 3

1
t
½C þ ðDta1  C3 Þ3 :
m

ð14Þ

1

2a2 4a
Þ . By applying Eqs. (12) and (14) on the relation
where D ¼ ðQ1a
a gr

uf ðtÞ ¼

dxf
dt

ð15Þ
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and by assuming that uf ðtÞ ¼ u1 ðxf ; tÞ, we obtain ðDta1  C3 Þ þ Dða  1Þta1 ¼ 0, from which
the constant C is obtained as
1

C ¼ ðata1 DÞ3 :

ð16Þ

Note that since C is an integral constant and shall not be a function of time, which can be
satisﬁed only when a ¼ 0 (yielding C ¼ 0) and a ¼ 1 (yielding C ¼ 1). After some further
mathematical arrangements, we summarize the ﬁnal results in the following:
u1 ðx; tÞ ¼

2x C
þ ;
3t m

1
1
x2
4a
h1 ðx; tÞ ¼ ðQ2a ga
r Þ ð3C  m Þ ;
9
t

uf ¼

1
1
2
C
2a2 4a
½C þ ððQ1a
Þ ta1  C3 Þ3  þ ;
a gr
m
m

ð17Þ
ð18Þ
ð19Þ

where m is given in Eq. (5) and C is given in Eq. (16). Equations (17) to (19) consist of the
similarity solution for inviscid gravity currents without surface tension, while they are valid
only when a ¼ 0 or a ¼ 1.

3 Validation of the present solution
There are two experimental studies with which the present results can be compared: one about
dam-break currents conducted by Stansby, Chegini and Barnes [14], and one about lockexchange currents by Groebelbauer, Fannelop and Britter [15]. Both experiments were
implemented under the constant ﬂux condition (a ¼ 1), with which the similarity solution can
be converted from Eqs. (14) and (16)–(19), yielding
C ¼ 1;

ð20Þ

u1 ðx; tÞ ¼

1
2x
þ ðQ1 gr Þ3 ;
3t

ð21Þ

h1 ðx; tÞ ¼

1
1
1x
½ðQ1 gr Þ3  2 ;
gr
3t

ð22Þ

1

xf ¼ 3ðQ1 gr Þ3 t;
1

uf ¼ 3ðQ1 gr Þ3 :

ð23Þ
ð24Þ

In the following two subsections, we will show that the present similarity solutions are in a good
agreement with these experimental results.

3.1 The dam-break current
Stansby et al. [14] conducted a series of experiments to investigate the motion of dam-break
currents and applied the shallow water equations (2) and (3) to simulate the current motion.
They ended up with theoretical results ﬁtting nicely with their experimental data, see, for
example, their Fig. 8a, and their theoretical solutions turn out to be identical to the present
similarity solution for a ¼ 1 when an appropriate coordinate transformation is applied. To
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show this, we start from Eq. (22) and consider the solution at x ¼ 0, yielding
2
1
h1 ð0; tÞ ¼ Q31 gr 3 ¼ h0 , so that
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q1 ¼ gr h30 ;
ð25Þ
where h0 is the height at the source x ¼ 0. By substituting Q1 into Eqs. (21)–(24), we obtain the
solutions in terms of h0 as follows:
u1 ðx; tÞ ¼

2 x pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ g r h0 ;
3t

ð26Þ

h1 ðx; tÞ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
½  3 gr h0 2 ;
9gr t

ð27Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xf ¼ 3 gr h0 t;

ð28Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u f ¼ 3 g r h0 :

ð29Þ

From Eq. (26), the current speed at x ¼ 0 is found to be
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u1 ð0; tÞ ¼ gr h0  c:

ð30Þ

In the dam-break case, see Fig 2, Eq. (30) accounts for the backward-wave speed c [4], [9], [14].
When the coordinate is ﬁxed on this backward-wave, or equivalently, the coordinate transformation n ¼ x  ct is applied to Eqs. (28) and (29), we obtain
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð31Þ
nf ¼ 2 gr h0 t;
uf ðnf ; tÞ ¼ 2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g r h0 :

ð32Þ

The above solutions (31) and (32) are the same as Eqs. (15) and (16) of Stansby et al. [14].

3.2 Lock-exchange gravity currents
Groebelbauer et al. [15] conducted a series of experiments for lock-exchange ﬂows of diﬀerent
densities in a closed channel of square cross-section. They used diﬀerent gases, such as air,
argon, carbon dioxide, Freon 22 and helium, to produce the gravity currents of density ratios c
varying from 0.9 (carbon dioxide in argon) to 0.05 (Freon 22 in helium), where c ¼ q2 =q1 . They
also considered the inﬂuence of the depth ratio between the current and the channel, represented by the parameter U ¼ h1 =H varying from 1/2 to 1/6. Since the gases were supplied by
very large tanks, their cases shall be equivalent to the constant ﬂux case a ¼ 1. To make the
c = gr h0

(x)

uf =2 gr h0
x=0

x=0

Fig. 2. A schematic description for the analogy between the gravity current and the forward-wave
caused by dam-break. The dam was originally
standing
at the position n ¼ 0. As the dampbreaks,
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ it
creates a forward-wave with a speed uf ¼ 2 gr h0 and a backward-wave with a speed c ¼ gr h0 . As
the coordinate is attached to the backward-wave, the analogy between forward-wave and gravity
current persists
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Fig. 3. The rearranged experimental
data from Groebelbauer et al. [15]
and the curve calculated from Eq.
(35) of [15]. As c ! 0, all cases show
that b ! 1 as obtained by the present
approach

comparison easier, we convert their experimental data of their ﬁgs. 7, 8 and 10, accounting for
the results of three diﬀerent U, into the values accounted for by the present parameters related
to the parameters they used by the relations
c¼

1  ðq Þ2
1 þ ðq Þ2

;

uf
uf
Fr
b  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
1c
gr hf
ð1  cÞghf

where, according to [15],

1
q2  q1 2
uf
; Fr  pﬃﬃﬃﬃﬃﬃﬃﬃ :
q ¼
q2 þ q1
ghf

ð33Þ

ð34Þ

The converted data are shown in Fig 3, from which one can see that for all of the three diﬀerent
U considered the value of b invariably increases exponentially with decreasing c. Extrapolation
of these data leads to a result that as c ! 0 the value of b approaches inﬁnity, as predicted by
the present solutions (20)–(24). Groebelbauer et al. [15], based on their experimental data,
proposed an empirical relation for b as a function of c and U such that
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ð2  UÞð1  UÞ
b¼
;
ð35Þ
c
1þU
which also leads to b ! 1 as c ! 0. Note that Eq. (35) is in fact a modiﬁcation of the formula
proposed by Benjamin [1].

3.3 The limit of the present solution
The present solution (20)–(24) for a ¼ 1 results in an inﬁnite b because the height of the
current head vanishes (i.e., hf ¼ 0), see Fig. 2 as well as Eq. (33). This kind of elongated
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wedge-like head has been observed by experiments, see for example, the spreading of oil
over the sea surface (Simpson [2], pp. 106–111) or the lower-density current of the lockexchange ﬂows (Groebelbauer et al. [15], p. 672). Theoretical results of the dam-break ﬂow
also give this wedge-like current (see ﬁg. 8a of Stansby et al. [14]). The inﬁnite b leads to an
important conclusion that the present similarity solution accounted for by Eqs. (14) and
(16)–(19) is valid for the gravity current having a c  0, or for non–Boussinesq gravity
currents. Klemp et al. [9] indicated that, when the ambient resistance imposed on the
current front is taken into account by considering the front condition Eq. (1), the height of
the current head becomes nonzero (see ﬁg. 1b of Klemp et al. [9]) or b becomes ﬁnite.
Accordingly, it is inferred that the elongated wedge-like current head is a result of the
negligible resistance force from the ambient ﬂuid. Due to the neglect of the ambient
resistance, the present solution can be valid for the gravity currents moving in an ambient
ﬂuid of arbitrary height, as shown by the experimental data of [15] in Fig. 3 that, for all the
depth ratios U considered, b ! 1 as c ! 0. In brief, the present similarity solution is valid
for non–Boussinesq gravity currents moving in an ambient ﬂuid of arbitrary height.

4 Conclusions
We have proposed a similarity transformation in Eqs. (4) and (5) to solve the shallow water
equations (2) and (3) without needing to consider the front condition Eq. (1). We ended up
with the similarity solutions valid for the inviscid non–Boussinesq gravity currents of both
constant-volume (a ¼ 0) and constant-ﬂux cases (a ¼ 1), and the results of the latter case
were shown to be in a good agreement with the experimental results of the dam-break
current [14] and the lock-exchange current of a much higher density than the ambient ﬂuid
[15]. We have also shown that the present similarity solutions can be reduced to those
derived by Grundy and Rottman [7], and Gratton and Vigo [10] when appropriate conditions are imposed, although these two studies applied a diﬀerent similarity transformation
and had to use the front condition Eq. (1) to develop their solutions.
The major and possibly the most signiﬁcant advantage of the present approach could be
that, due to the absence of the front condition Eq. (1), we do not need to determine the
parameter b to develop our similarity solutions, and in fact b becomes part of the present
solution. The major disadvantage of the present approach is that the solution is only valid
for non–Boussinesq gravity currents where the ambient resistance is negligible. This disadvantage is inevitable because, ﬁrstly, the shallow water equations (2) and (3) cannot govern
the ﬂow near the current head where most of the ambient resistance occurs, and secondly,
the front condition Eq. (1) is not used so that the ambient resistance can not be taken into
account by adjusting the value of b, which is usually determined according to varying
physical situations. To investigate Boussinesq gravity currents where the ambient resistance
is not negligible, the consideration of Eq. (1) may be a necessity.
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