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vortex. Its circulation is on the order of one-� fth of the circulation
of the primary (incident) vortex.

Near the leading region of the tail, the primary–secondary
(counter) vortex system is highly coherent. The instantaneous vor-
tex patternsdeviateonly slightlyfrom the time-averagedrepresenta-
tions. Furthermore, locations of peak values of velocity � uctuation
and Reynolds stress occur at the interface between the primary and
secondary vortices on the outboard side of the tail.

Evolution of this vortex pattern along the tail is associatedwith a
degenerationof coherenceof the primary–secondaryvortexsystem.
That is, the instantaneousstates deviate signi� cantly from the time-
averaged pattern of the primary–secondary vortex system.

In the trailingregionof the tail, peakvaluesof velocity� uctuation
and Reynolds stress are still detectable at the interface between the
primary and secondaryvortex on the outboard side of the tail. How-
ever, in addition, severe distortion of the primary vortex about the
tail results in additional peaks of velocity � uctuation and Reynolds
stress on the inboard side.
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Nomenclature
c = elastic stiffness constants
D = electric displacement
d = piezoelectric strain/charge constant
E = electrical � eld
e = piezoelectric stress/charge constant
G = shear modulus
k = wave number
q = surface charge
r = radius of the shaft
S = strain
T = stress
u = displacement along x direction
v = displacement along y direction
" = permittivity
µ = twisting angle
½ = density
! = frequency

Introduction

T HE original concept of spatial � lter, � rst reported in 1990,1

was based on a distributedpiezoelectricsensor that introduced
a no-phasedelay low-pass � lter to the sensor transfer function.This
spatial � lter could only be placed far from the boundariesof a free-
freeplate and was requiredto be smaller in size when comparedwith
the attached structure. The underlying reason for the spatial � lter
to be placed at locations far from the boundaries was to avoid the
effect of evanescent waves and the effect of the boundaries, that
is, only propagating waves were to be considered. Even with those
restrictions, these earlier spatial � lters did successfully introduce
a no-phase delay low-pass � lter to the sensor transfer that at � rst
glance seems to con� ict with the Bode gain-phase theorem. More
speci� cally, spatial � lters appear to offer a valid approach to intro-
ducingautonomousbehaviorinto sensor transfer functions.As a rod
can be modeledbyusinga second-orderpartialdifferentialequation,
only two propagating waves are needed to examine their dynamic
behaviors.2 A newly developedmethodologythat extends the earlier
spatial wave concept to include � nite structures or structures with
sizes comparable to that of the sensor size will be introduced.With
the capability to handle boundary effects and then utilizing the fact
that only propagating wave modes are present within a rod, a rota-
tionalaccelerationrate sensorthatusesa rodas its basestructurewas
developedto demonstrate bandwidth expansioncapabilitieswhen a
distributedsensordesignis integratedwith a traditionalpoint sensor.
The theory, experimental results, related design, and performance
implicationson this newly invented rotationalaccelerationrate sen-
sor will be detailed in this Note.

Theory of Piezoelectric Laminates
The constitutive equations of piezoelectricmaterials are3
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where i; k D 1 » 3 and p; q D 1 » 6. Equation (1) clearly shows that
piezoelectricmaterial is an electrical and mechanical fully coupled
media.Becausea 52-¹m-thickPVF2 thin � lm was used as thepiezo-
electric sensor material to verify this new concept, a plane stress
approximation was adopted to simplify the constitutive equations
of this class 6-mm piezoelectricmaterial to become4

D30 D "3030 E30 C d3010 T10 C d3020 T20 C d3060 T60 (2)

where the notation “0” represents the constants as referred to by the
material coordinate axes and d36 represents the induced electrical
displacement when a unit shear stress T60 , that is, ¾x y in normal
elasticity representations,was applied to the piezoelectricmaterial.
Using Gauss’s law to � nd the signals detectableby the surface elec-
trode S.12/, we can determine the charge signals generated by the
kth lamina4:
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where R.x; y/ is the effective surface electrode. We know that the
governing equation of a one-dimensional circular rod in torsional
motion is2

G
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Consideringonly a time harmonicmotion, that is, µ.x; t/ D µ.x/ei!t

and j D .¡1/.1=2/, Eq. (4) then becomes
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where
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is thedispersionrelationshipbetweenfrequency! andwavenumber
k. The general solution of an one-dimensional rod thus becomes
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where wlp and wrp are the wave mode amplitudes of the left and the
right propagating waves. These wave mode amplitudes are deter-
mined by the boundary conditions of the rod and the origin of the
coordinate axis chosen, that is, the characteristics of the structure
and the local information of the origin are embedded in these wave
mode amplitudes. The chosen origin is named as the targeted ori-
gin to signify its in� uence to the spatial � lter performance herein.
As the piezoelectric thin � lm was attached to the surface of this
one-dimensionalrod, it experiencedpure shear strain "µ z D r dµ=dx
only. Substituting Eq. (7) into Eq. (3) leads to the sensor equation
where

qs.k/ D jke36r
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The sensor transfer function can be tailored by choosing a proper
effective surface electrode R.x/. More speci� cally, R.x/ serves as a
weightingfunctionapplied to the measuredstraindistribution.It can
be shown that propagating wave modes within an one-dimensional
shaft can be expanded into in� nite domain by introducing the con-
cept of the methodof imaging.5 With the introductionof the method
of imaging, spatial � lters represented by Eq. (8) can be evaluated
by using a two-sided Laplace transform6 as was done previously.1

Implementing a Rotational Acceleration Rate Sensor
Figure 1 shows the schematic adopted to expand a wave mode

of an one-dimensional clamp-free rod to the in� nite domain by
the method of imaging.7 Note that wave modes are odd and even
functions with respect to the � xed and the free ends, respectively.
For the spatial � lter shown in Fig. 1 with a targeted origin placed

Fig. 1 Schematic of extending a propagatingwave into in� nite domain
with a spatial � lter by using the method of imaging.

Fig. 2 Schematic of a spatial � lter on an one-dimensional rod.

at the � xed end, it has an odd function with respect to the origin
when examined from the in� nite domain. Because the spatial � lter
is antisymmetric with respect to the origin in the in� nite domain,
the sensor equation can be further reduced to

qs.k/ D jke36r
2.wlp ¡ wrp/

Z 1

¡1
Ro.x/e¡ j kx dx (9)

where subscript o represents the spatial � lter as an odd function in
the in� nite domain. Choosing an effective surface electrode Ro.x/
as e¡®x ¡ e¡¯x ¡ C sin.° x/ from 0 to a like the one shown in Fig. 2
and then substituting the dispersion relationshipEq. (6) into Eq. (9)
leads to
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which is that of an ¡60-dB/decade low-pass � lter in the frequency
domain. The two second-orderpoles in the denominator do not in-
troduceany phase lag into the sensor transfer function,and a 90-deg
phase lead was introduced by the � rst-order zero from the numer-
ator. The odd function spatial � lter in in� nite domain induced this
� rst-order zero, which equals a differentiationin frequencydomain
mathematically.5 Physically, measuring the charge output of a spa-
tial � lter with the targeted origin placed at a � xed end established a
rotational acceleration rate sensor.

Experimental Results
To verify theeffectof the newlydevelopedspatial � lter that canbe

placedona � nite structure,a 50-mm-longsilicagelone-dimensional
rod with a 10-mm diameter was chosen as the sensor structure.The
corner frequency° of the sine functionof the effective surface elec-
trode Ro.x/ was chosen to be 95 Hz, and the corner frequency® and
¯ were chosen to be 200 and 250 Hz, respectively. Figure 3 com-
pares the rotationalaccelerometertransfer function for the designed
spatial � lter to that of an uniform sensor. It is clear from Fig. 3 that
introducinga ¡60-dB/decade low-pass � lter by using the newly de-
veloped spatial � lter � attens the bandwidth of the rotational sensor,
and a 90-deg phase lead was also introduced by the induced zero.
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Fig. 3 Transfer function of a rotational accelerometer based on a
spatial � lter ( ) and uniform sensor (——) design.

This experimentalresult clearlyveri� es the possibilityof enhancing
the bandwidth of a rotational accelerationrate sensor by adopting a
concept of spatial � lters.

Conclusions
The concept and design freedom introduced by adopting spa-

tial � lters to second-orderpartial differential equationsystems have
been successfully veri� ed by an one-dimensional clamped-free
shaft-based rotational acceleration rate sensor. It was shown that
spatial � lters can introduce a no-phase delay low-pass � lter by of-
fering a weighting function with the prechosen surface electrode,
and the introduction of this odd function brings a differentiation
to the transfer function. The method of imaging was introduced to
extend the spatial � lter application area from a � nite structure to
an in� nite domain, that is, spatial � lters can now be placed near or
even at the boundaries.Bene� ts associatedwith adoptingspatial � l-
ters to point sensors successfully demonstrate theoretically as well
as experimentally the advantagesof the newly developed rotational
acceleration rate sensor. In summary, expanding the bandwidth of
rotational accelerationrate sensors by using newly developed � nite
domain spatial � lters has been successfully veri� ed both theoreti-
cally and experimentally.
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Introduction

S TRUCTURAL ef� ciency is an importantaspect in the designof
weight-consciousand cost-effectiveaerospace structures. This

can be accomplished in many instances as in the case of stiffness-
based design by increasing the stiffness through the use of stringers
in the form of hat stiffeners.Ef� cient use of such composite panels
requires that the panels be designed to operate at loads several times
their initial buckling load. The composite stiffened panels are nor-
mally fabricatedby cocuring the skin and stiffeneror by bondingthe
precured stiffener to the skin. Under compressive loading it might
fail either by delamination of stringer from the base panel, buck-
ling, or delamination followed by buckling once its compression
strength is higher than critical buckling load. The most common
failure mode reported in the literature is separation of the stiffener
from base panel as a delaminationmode of failure.1¡6 However, the
effect of this delamination on the failure load of the structure re-
quires major research,and few reports are available in the literature.

In the present work failure is de� ned as an onset of delamination
fracture resulting in separation of the stringer from the panel. One
can conclude that for a stringer stiffened panel the most commonly
observed failure mode under compressive loading is the delamina-
tion fracture. Once a delamination is present, the state of the art is
to assess strain energy release rate G and compare it with its critical
value Gc to evaluate the margin of safety. So it is essential to assess
� rst the critical buckling load and then the possible damage caused
by delamination,and only then can one estimate the marginof safety
of the structure accurately. But as of today the aspect of “when a
delamination analysis is to be considered” is not fully established
in the literature.

The aim of the present study is � rst to predict the delamination
fracture load of a compressivelyloaded stringer stiffenedcomposite
panel based on the strain energy release rate approach and then
compare the fracture load thus obtained with both the test data for
the failure load and the critical buckling load to assess the integrity
of the structure. Finite element analyses are carried out to compare
the strains determined from the geometric nonlinear analysis with
test data to determinethe criticalbucklingload and the delamination
fracture load.

Description of the Test Panel
A composite panel of size 400 £ 750 mm with four hat-type

stringer stiffeners cocured with the skin (panel) on one side of the
panel is shown in Fig. 1. The top and bottom part of the panel are
locally reinforcedover length of 50 mm and bolted to an aluminum
T-channel section as shown in Fig. 1, which can go through the slit
provided in the test setup. The top of the panel is immovable with
the test � xture, whereas the bottom is movable in the vertical direc-
tion. The structure is made up of M55J/M18 carbon-epoxyprepreg.
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