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Pattern Formation in Martensitic Thin Films
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Institute of Applied Mechanics, National Taiwan University, Taipei 106, Taiwan, ROC
(Dated: May 28, 2007)

Pattern formation in martensitic materials refers to the accommodation problem of how to mix
martensitic variants coherently to minimize the strain energy. A framework based on the ideas
of energy minimizing multi-rank laminated microstructure is proposed to study this problem in
trigonal martensitic films. It is found that the interfaces between the variants of martensite can be
quite different in thin films than in bulk materials and typically have a relatively simple structure.
Various intriguing and fascinating self-accommodation patterns are predicted for martensitic thin
films with different orientations. The results are in good agreement with the Bhattacharya-James
thin-film theory as well as available experimental observations.

Martensitic materials undergo a first-order diffusion-
less phase transformation during which there is a sud-
den change in the crystal structure at a certain temper-
ature. Crystals undergoing a thermoelastic martensitic
transformation often exhibit the shape-memory effect - a
phenomenon where deformation suffered below a critical
temperature can be recovered on heating. This unique
property has made these alloys used for a variety of appli-
cations and attracted as promising candidates for smart
materials since they function as actuators as well as sen-
sors [1-3].

A number of recent investigations have suggested that
the characteristic distortions of martensite can be ex-
ploited to create tiny machines [4]. The key, then, to
achieving such an exceptional potential of these materi-
als is to design devices that can take fully advantage of
the inherent martensitic microstructure. However, much
work has been addressed the problem of pattern forma-
tion in martensitic bulk crystals for decades, little has
considered it in martensitic thin films except for a variety
of experimental examinations. The theoretical study of
it has not been proposed until recently by Bhattacharya
and James [5] in single crystal films and Shu [6, 7] in
polycrystal films. They have found that the interfaces
between the variants of martensite can be quite different
in thin films than in bulk materials and typically have
a relatively simple structure. This prediction enables a
novel strategy for the design of micromachines. Exam-
ples include tent and tunnel based micropumps obtained
by utilizing compatible interfaces between phases to se-
lect a unique puzzle with a useful distortion [8]. Such a
strategy, on the other hand, requires a detailed under-
standing of microstructure and its evolution under stress
in martensitic films. This in turn calls for a suitable
model that can capture the spirit of Bhattacharya-James
theory as well as and can be used as a convenient tool to
evaluate various conditions in design.

The key feature of a martensitic phase transformation
is the microstructure it generates. The high tempera-
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ture austenite phase is cubic while the low temperature
martensite phase has smaller symmetry. This gives rise
to symmetry-related variants which are identical crystal
lattices of martensite with different orientations. The
transformation from the austenite to the it" variant of
martensite is described by the transformation strain (¥,
and i = 1--- N where N is the number of martensitic
variants. It can be determined from the change of sym-
metry and lattice parameters. In the case of cubic to
trigonal transformation, N = 4 and
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where a, § are material parameters. Let €* be a macro-
scopically homogeneous strain. It is recoverable if it can
be obtained by a coherent mixture of martensitic vari-
ants. Indeed, any recoverable strain in this case can be
achieved by a rank-3 laminate of variants [9]; i.e.,

4
e* = Z’Yie(l)a (2)
i=1

where

"= M, 3 = (1= pa)(1 — p2) a3, (3)
o = (1= p)pa, va=(1—p)(1—p2)(1 — ps),

where p; is the local volume fraction of some martensitic
variants in the i*® rank of laminate, and «; is the global
volume fraction of the j*" variant. Notice that Zf\il Vi =
1. This idea of using an energy minimizing multi-rank
laminated microstructure has recently been applied to
the study of domain switching in ferroelectric crystals
under combined electromechanical loadings (see Fig. 1
therein [10]).

Next, if e* is interpreted as the locally inhomogeneous
strain, Eq. (2) still holds if y; = v;(x) = 1ifx € Q; where
€ is the domain occupied by the jt" variant of marten-
site, and v;(x) = 0 otherwise. These can be achieved if
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FIG. 1: The LHS and RHS are domain patterns in {100} and
{111} films.

[ {110} Film |
Variants |1,2o0r 1,3|1,4|2,40r 3,4
(100) type| (1,00 [(0, )] (1,0
(110) type| (1,v/2) [(1,0)] (—=1,v?2)

TABLE I: Compatible interfacial normals in a {110} film.

each local volume fraction p;(x) is enforced to be either
equal to 0 or 1 at each point x. Thus, when v;(x) =1 at
some point x, v, (x) = 0 if j # k. We now use this idea
to study the morphology of martensitic microstructure.

Let p;(x) be relaxed to continuously vary across the
sharp interfaces at the boundaries of martensitic variants.
The free energy of a martensite at some fixed tempera-
ture below the critical temperature is then described in
terms of the field variables u; by

=Aﬂwwm+wmnHWana,

W () = A[Vul®, W (p KZM 1— 1), (4)

Welas(u) — %[E _ 5*(“)] . C [5 - 5*(1‘14)]’

subject to the constraint

V-0=0,

o =Cle - ()],

—~~
ot
~

1 [2(3),
4| o ?\ o
> n,
w 2(3)
>/ _>n,
2 n, ng
(3)
—>n,
2(3
. 1 ®)
>/ —n,
Ny
4 —>n, m
2(3) 4

FIG. 2: A domain pattern in {110} films.
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FIG. 3: Another possible domain pattern in {110} films.

where p = (u1, 2, u3), and C is the elastic modulus and
is approximated to be same for all phases.

Each of the terms in Eq. (4) has a physical interpre-
tation. The first term, called the interfacial energy, pe-
nalizes changes in the field, and thus is interpreted as
the energy of forming a martensitic interface. The pa-
rameter A > 0 is related to the length scale of the sharp
interface. The second and third terms, W & W€e5 are
the anisotropy and elastic energies. The sum of these
two are the energetic cost that the crystal must pay if
the field variables and strain deviate from the preferred
states; thus this builds in the information that the crystal
prefers certain spontaneous strain. The parameter K > 0
is related to the strength of anisotropy. Note that the ze-
ros of (W + Wela3) define the the tensorial directions
along which the crystal is deformed most easily.

We postulate that the martensitic microstructure is
obtained by minimizing the total free energy Eq. (4).
However, it is not an easy task. Alternatively, the energy
is decreasing if it follows the path

on 0T
o = L5 =P (6)

where L > 0 is the mobility, and F is the thermody-
namic driving force defined by the variational derivative
of the free energy. It is equal to F" + F? 4 F¢l%5 where
Fint = 2AV?p the driving force due to the formation of
interfaces, F¢ = —w the driving force to set each
field variable p as much close to either O or 1 as possible,
and F¢%* = Cle —e*(pn)] - %ﬂ“ the driving force to
align the strain as close on the lowest energy well points
as possible.

The present method is similar to the conventional
phase field model developed by Khachaturyan, Roytburd,
Lookman and their collaborators for martensitic mi-
crostructure evolution [11-13]. Their approaches choose
a suitable set of order parameters and the specifical poly-
nomial expansions of them at high orders for each specific
transformation. Instead, we choose a set of field vari-
ables motivated by the hierarchical structure of multi-
rank laminates as in Eq. (3). As a result, there is no
need to alter the form of the anisotropy energy density



| {111} Film |
Variants 1,2 1,3 14 | 2,3 2,4 3,4
(100) type|(v/3, D[(=V3, D [(0,) [ (0,1) [(=V3, 1) | (v/3,1)
(110) type|(v3, D[(=V3, D[(0,) [(1,0)] (1,V3) [(1,~/3)

TABLE II: Compatible interfacial normals in a {111} film.

FIG. 4: A domain pattern in {111} film under biaxial tension.

We(u) in Eq. (4) if other martensitic transformations are
considered.

We now apply Eq. (6) to study the pattern formation in
martensitic thin films undergoing cubic to trigonal trans-
formation at temperature below the critical one. We
consider a martensitic single crystal film released from
the substrate, but constrained on its lateral boundaries.
Suppose the thickness of the film is much smaller than
the lateral extent. In this situation, Bhattacharya and
James [5] have shown that the out-of-plane of strain in-
compatibility can be neglected. Therefore, we only need
to consider the in-pane components of the transforma-
tion strains (¥ in Eq. (1). Others such as Eq. (2)-Eq. (6)
remain unchanged except that the elastic moduli are re-
placed by the plane-stress moduli in Eq. (5) and the filed
variable p = p(x1,22,t). Notice that Chen and his col-
laborators [14, 15] have considered 3D strain compatibil-
ity to study domain patterns in tetragonal ferroelectric
thin films attached to the substrate.

Depending on the processing techniques and the in-
herent material properties, the common film normals
are {100}, {110} and {111}. Let Ryi00), R(110), and
Ry111) be the proper rotations which map {100}(110),
{110}(110), and {111}(110) back to the identity. There-
fore, the transformation transformations in the refer-
ence basis become R(Tmo)s(") R (100, R(THO)E(")R(HO), and
R(Tm)e@)R(m) for i = 1,---,4. Notice that the thin-
film compatibility requires only the in-plane components

of the strain to be compatible.
We use Ti-Ni in R-phase as the representative mate-

rial. This gives @ = 0 and § = 0.0047 in Eq. (1) [16].
The elastic moduli of Ti-Ni single crystals are not avail-
able, therefore, we take C1; = 80GPa, Ci» = 20GPa,
Cyy = 80GPa, and Ci3 = Ca3 = 0 (Voigt notation)
which are typical parameters for Ti-Ni polycrystals. The
evolution equation in Eq. (6) can be written in the non-
dimensionless form. Therefore, the length scale for in-
terfacial boundaries is related to D = AI{ZK where L is
the size of simulation. We take D = 0.0001. The con-
stant K is chosen such that W¢%* to W is of the same
order. The periodic boundary conditions are taken for
simulations and the Fast Fourier Transform is employed
to enhance the speed of computation. As the nucleation
problem is not considered in the present study, we take
the random initial conditions [17].

{100} films. In this case, variants 1 & 4 and variants 2
& 3 are indistinguishable since the in-plane components
of them coincide. Therefore, there are only two distinct
variants and the self-accommodation pattern is the lamel-
lar domain as shown in the LHS of Fig. 1. This pattern
is also commonly observed in (100) trigonal film [18].

{110} films. In this case, variants 2 & 3 are indis-
tinguishable since the in-plane components of them co-
incide. Therefore, there are three distinct variants. In
a bulk trigonal martensite, there are two typical walls:
one is (100) type and the other is (110) type. The
corresponding interfacial normals are listed in Table I.
The simulation results give two different kinds of self-
accommodation patterns as shown in Fig. 2 and Fig. 3.
It is interesting to see that Fig. 2 is similar to the com-
monly observed “herring-bone” type if variants 2 & 3
appear simultaneously in Fig. 2 [1]. Notice that the inter-
facial normals in Fig. 2 agree well with those listed in Ta-
ble I. Moreover, another much simpler pattern is shown
in Fig. 3. It is not an allowable self-accommodation pat-
tern in bulk martensites since the third components in
the interfacial normals are different. However, it is a le-
gitimate pattern in thin films.

{111} films. All the in-plane transformation strains are
different in this case. As a result, the self-accommodation
pattern contains all of the 4 martensitic variants as shown
in the RHS of Fig. 1. Moreover, as the shape-memory
film is typically stressed under pressure when used as
a micropump, we can model it by applying a bi-axial
tension in the plane of the film. The simulation result
is shown in Fig. 4. Notice that the variant 1 disappear
due to the energetic argument. In addition, the final
morphology is also a compatible pattern by comparing
the RHS of Fig. 4 to Table II.
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