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Electrophoresis of biological cells:
Charge-regulation and multivalent counterions
association model
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The electrophoresis of a biological cell is analyzed theoretically. An entity, which is of
amphoteric nature, is used to simulate its electrophoretic behavior. To reflect conditions of practical interest, we assume that the liquid phase contains mixed (a:b)1(c:b)
electrolytes, where a and c are the valences of cations, and b is the valence of anions.
We consider the case where the surface of a cell contains both bivalent acidic and
monovalent basic functional groups, the dissociation/association of them yields fixed
surface charge, and the multivalent cations in the liquid phase are allowed to combine
with dissociated acidic functional groups, which has the effect of lowering the charge
density on cell surface. The electrophoretic behaviors of a cell under various conditions
are illustrated. The results obtained can be used to identify the types of functional
groups that may be present on cell surface. On the other hand, if the surface functional
groups involved in cell electrophoresis are known, then their density and the associated dissociation/association constants can be estimated from experimental data.
Keywords: Amphoteric surface / Association of ionic species / Biological cells / Electrophoresis
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1 Introduction
Entities with a linear size in the range from 1025 to 1029 m
are called colloidal particles. Because the sizes of biological entities such as cells and microorganisms usually fall
in this range, they are called biocolloids [1, 2]. Often, the
surface properties of a biocolloid, especially its charged
conditions, are characterized by electrophoresis [3–5].
Haydon and Seaman [4] concluded that the electrophoretic behavior of blood cells is mainly controlled by pH
and ionic strength. The degree of dissociation the functional groups on cell surface is influenced by the former,
and the thickness of double layer surrounding a cell is
determined by the latter. These two factors are often
examined in subsequent analyses [4]. Seaman et al. [5]
pointed out that the attachment of Ca21 on the surface of
blood cell has the effect of lowering its surface potential.
They found that, for fixed pH and ionic strength, increasing the concentration of Ca21 in the liquid phase has the
effect of decreasing cell mobility. The same phenomenon
was observed by Mclaughlin et al. [6] for the case of lipid
bilayer. Also, it was found that the addition of drugs in
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medium during incubation has the effect of reducing the
number of functional groups on cell surface, which in turn,
influences its electrophoretic mobility. Mironov and Dolgaya [7] investigated the electrophoretic behavior of rat
neuron cells and found that it was influenced by pH,
Ca21 concentration, enzymes, and chemical modifying
agents. They concluded that it is easier for Ca21 to combine with neuron cells than divalent organic ions such as
dimethonium. Since this has the effect of reducing the
amount of negative charge on cell surface, the electrophoretic mobility of a cell decreases with the concentration of Ca21. Morita et al. [8] examined the electrophoretic
behaviors of the lymphocyte subpopulations B cell and T
cell of rat. They concluded that the density of the acidic
and the basic functional groups in the cell membrane of
these cells as well as the corresponding dissociation constants are different. Lytle et al. [9] discussed experimentally the effects of pH, ionic strength, and cations on the
electrophoretic velocity of microorganisms.
For a rigid particle remained at constant surface potential,
Smoluchowski showed that its electrophoretic velocity is
proportional to the product of its surface potential and the
applied electric field [1]. This model needs to be modified
for the case of biological cells to take its nonrigid nature
and specific surface conditions into account [10–25]. Various attempts, both experimental and theoretical, have
been made in the past few decades [10–12]. Levine and
Brooks [13] assumed that a red blood cell can be simu0173-0835/03/0905–1338 $17.501.50/0

lated by a planar surface covered by an ion-penetrable
membrane bearing fixed charge. They showed that for
the case of low electrical potential the electrophoretic
mobility obtained is smaller than that calculated by
Smoluchowski’s formula. The model of Levine and
Brooks was modified by Ohshima and Kondo [14], and
an approximate analytic expression for electrophoretic
mobility was derived. The analysis was further extended
by Hsu and Kuo [15] to the case of an asymmetric electrolyte. Tseng et al. [16] considered a charge regulation model and examined the effects of pH and ionic strength on
the electrophoretic mobility of a biocolloid. Hsu and
Chang [17] discussed the effect of the distribution of the
functional groups in the membrane layer of a biocolloid on
its electrophoretic behavior. The model of Levine and
Brooks [13] was also adopted by Hsu et al. [15–17] and
Ohshima et al. [10–12] to describe the electrophoresis
of biocolloids. Hsu and Kuo [18] studied both particleparticle and particle-surface interactions by considering
the case where the functional groups in the membrane
layer of a particle carry multiple protons and the liquid
phase contains mixed electrolytes. This model can be
used to describe the adsorption of biocolloid to surface,
the aggregation between two biocolloids, and the electrophoresis of colloids [19–21]. McLaughlin et al. [6] investigated the effect of adsorption of cations on the electrophoretic behavior of lipid bilayer. A similar analysis was
conducted by Bentz [22], and Yamaguchi et al. [23] discussed the effect of the adsorption of Ca21 to a lipid emulsion on its electrophoresis in a mixed electrolyte solution.
Prieve and Ruckenstein [24] proposed a charge-regulated
model to estimate the surface properties of red blood
cells. In an analysis of the electrophoresis of a concentrated dispersion, Lee et al. [25] adopted a charge-regulated surface to simulate the behavior of biocolloids.
In the present study, the electrophoresis of a biological
cell is investigated theoretically. In particular, the effects
of the pH and the ionic strength of the liquid phase, the
types of dissociation/association functional groups on
cell surface and the associated dissociation/association
constants, and the presence of the multivalent cations in
the liquid phase on the electrophoretic behavior of a cell
are discussed.

2 Theory
Because under conditions of practical significance the
size of a cell is usually much larger than the thickness
of double layer, the local curvature of the cell can be
neglected. In this case, only a one-dimensional needed
to be considered, that is, a cell can be viewed as a planar
entity. Referring to Fig. 1, we consider a cell immersed in
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Figure 1. Schematic representation of the problem considered. An electric field E parallel to the surface of a cell
is applied, U0 is the electrophoretic velocity of the cell,
and X is the scaled distance from cell surface.

a mixed (a:b)1(c:b) electrolyte solution; a and c are, respectively, the valences of monovalent and multivalent
cations, and b is the valence of anions. An electric field E
is applied in a direction parallel to cell surface, and the cell
moves with velocity U0. Suppose that the surface of a cell
carries uniformly distributed acidic functional groups H2A,
basic functional groups B. Also, the divalent cation M21 is
allowed to bind to dissociated acidic functional groups. It
can be shown that the scaled electrical potential j can be
described by the Poisson-Boltzmann equation (Addendum 5.1)
 bj

e
1 xe aj xe cj
d2 j

(1)
a  b  c ax
dX 2
where the scaled variables are defined by j = Ff/RT,
x = cCoc /bCob , k2 = F2[a(a1b)Coa 1c(b1c)Coc ]/e0erRT, X = kr.
In these expressions, f is the electrical potential, F is the
Faraday constant, and R and T denote, respectively, the
gas constant and the absolute temperature. The electroneutrality in the bulk liquid phase requires that bCob =
aCoa 1cCoc , where x is the fraction of cations which has
valence c in the bulk liquid phase, Cob , Coa , and Coc are,
respectively the bulk concentrations of the ionic species
of valences -b, a, and c, er and e0 are respectively the relative permittivity of the liquid phase and the permittivity of
a vacuum, k and r are, respectively, the reciprocal Debye
length, and the distance from cell surface. Here, j and X
are the scaled electric potential and the scaled distance
from cell surface. The boundary conditions associated
with Eq. (1) are assumed as
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dj
 G, as X ? 0
dX

(2)

It can be shown that (Addendum 5.2)

s  FNsb

dj
? 0 and j ? 0 as X ? ?
dX

(3)

The first condition arises from Gauss’s law, where G  sF/
ere0RTk is the scaled surface charge density, s being
the surface charge density. The second condition implies
that both the electrical potential and its derivative vanish
at a point far away from cell surface.
Suppose that the functional groups H2A and B on cell surface are capable of undergoing the following surface
reactions:

"
 FNsa


CH

CH  K b
CH K a1 K m1 CM2

(13a)
CH K a1

#

2K a1 K a2

C2H  CH K a1 K a2  CH K a1 K m1 CM2  K a1 K a2 K m2 CM2

Suppose that the flow field can be described by the
Navier-Stokes equation [26]
d2 U
ebj
1 xe aj xe
L
2
a  b  c ax
dX

cj

(14)

H2A ↔ H1 1 HA2

(4)

HA2 ↔ H1 1 A22

(5)

HA2 1 M21 ↔ HAM1

(6)

A22 1 M21 ↔ MA

(7)

where the scaled variables are defined by U  u/U0 and
L  e0erRTE/ZFU0, u and U0 being, respectively, the velocities of the liquid phase near and far away from the particle, and U and E being, respectively, the magnitude of the
scaled velocity and the strength of the applied electric
field; Z is the viscosity of the liquid phase. For convenience, the cell is held fixed at steady state, and the liquid
moves in the inverse direction as that of U0. Therefore, the
boundary conditions associated with Eq. (14) are

BH1 ↔ H1 1 B

(8)

U  0 as X ? 0

(15)

U ? 21 as X ? ?

(16)

Let Ka1 and Ka2 be the equilibrium dissociation constants
of acidic functional groups, Ka1  CH CHA /CH2A, Ka2 
CH CA2 =CHA , CHA , CA2 , and CH being, respectively,
the surface concentration of HA2, A22, and H1, and Kb
be the equilibrium dissociation constant of basic functional groups, Kb  CH CB =CBH , CBH and CB being, respectively, the surface concentration of BH1 and B. Suppose that the spatial variation of H1 concentration follows
Boltzmann distribution
CH  C0H exp

j

2j

(10)

If we let Nsa and Nsb be the surface concentrations of
acidic and basic dissociation functional groups, then
Nsa  CH2 A  CHA  CHAM  CMA

(11)

Nsb  CBH  CB

(12)

The surface charge density can be expressed as
s F  CBH  CHAM

3 Results and discussion

(9)

where C0H is the bulk concentration of H1. For illustration, we assume that c  2. Let Km1 and Km2 be the binding constants of the divalent cations M21, with Km1 
CHAM = CHA CM2 ), Km2  CMA = CA2 CM2 , CHAM and
CMA being, respectively, the surface concentration of
HAM1 and MA. Suppose that the spatial variation of
the concentration of M21 follow the Boltzmann distribution
CM2  C0M2 exp

The electric field and the flow field are determined by
solving Eqs. (1) and (14) simultaneously subject to boundary conditions, Eqs. (2), (3), (15), and (16), and the results
obtained can be used to calculate the electrophoretic
mobility of a cell, m  U0/E.

CHA

2CA2 

(13)

The governing equations are solved by a finite difference
method based on central difference [27]. For illustration, we consider the case a  1, b  1, c  2, T  298 K,
er  78.5, and E  1000 V/m. The level of ionic strength
assumed is based on the experimental work of Mironov
and Dolgaya [7]. The surface potential can be evaluated
based on an iterative procedure (Addendum 5.3). Also,
in the numerical simulations presented below, some of
the dissociation/association constants are inferred from
Mironov and Dolgaya [7], and we assume others. Similarly, the values of Nsa and Nsb are inferred from our previous results for cerelellar granule neurons [29].
Figure 2 illustrates the variation of cell mobility m as a
function of pH under various conditions. Curves 1, 3, and
5 are the results based on the present model, and curves
2 and 4 are those based on a monovalent acidic functional groups without basic functional groups. For the
case of curves 2 and 4, umu increases with the increase in
pH, and it vanishes if pH is sufficiently low. This is because in curves 2 and 4, cell surface contains monovalent
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Figure 2. Variation of cell mobility m as a function of
pH for the case of ionic strength = 8.5 mM and x =
0.615. Curve 1, Nsa = 1.061027 mol/m2; 3, Nsa =
5.061028 mol/m2; 5, Nsa = 2.561028 mol/m2. Parameters used are Nsb = 5.061028 mol/m2, Ka1 = 1.061025 M,
Ka2 = 1.061029 M, Km1 = 50 M21, Km2 = 0 M21, Kb =
3.061023 M. Curve 2, Nsa = 1.061027 mol/m2; 4, Nsa =
5.061028 mol/m2. Parameters used: Nsb = 0 mol/m2,
Ka1 = 1.061025 M, Ka2 = 0 M, Km1 = 50 M21, Km2 = 0 M21,
K b = 0 M.

acidic functional groups only. The dissociation of these
functional groups leads to a negatively charged surface,
and the higher the pH, the more complete the degree of
dissociation. If pH is sufficiently low, cell surface becomes
essentially uncharged. For the case of curves 1, 3, and 5,
if m is negative, umu increases with the increase in pH, and if
m is positive, umu increases with the decrease in pH. This is
because in curves 1, 3, and 5, cell surface contains both
acidic and basic functional groups. If pH is low, cell surface becomes positively charged, and the lower the pH
the higher the charge density on cell surface. Figure 2
also shows that if pH exceeds about 7, curves 1, 3, and
5 have an inflection point at about pH 7, which is not
observed for the case of curves 2 and 4. Apparently, the
inflection point arises from the dissociation of the second
H1 in the acidic functional group of the present model.
The experimental results of Haydon and Seaman [4] for
blood cells showed that m is constant if pH exceeded
pH 7, which implies that the surface property of blood
cells is governed by mono-valent acidic functional groups.
On the other hand, the electrophoretic results of Mironov
and Dolgaya [7] for isolated rat dorsal root ganglion neurons revealed that m keeps on increasing even if pH is
higher than 7, suggesting the presence of multivalent
acidic functional groups. Similar behavior was also observed by Lytle et al. [9] for the case of microorganism.
The effect of dissociation constant Ka1 and association
constant Km1 on cell mobility m is examined in Fig. 3 where
its variation as a function of pH is plotted. Curves 1–3 of
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Figure 3. Variation of cell mobility m as a function of
pH for the case of ionic strength = 8.5 mM, x = 0.615,
Nsa = 5.061028 mol/m2, Nsb = 5.061028 mol/m2, Ka2 =
1.061029 M, Kb = 3.061023 M, and Km2 = 0 M21. Curve 1,
Ka1 = 1.061024 M, 2; Ka1 = 1.061025 M; 3, Ka1 =
1.061026 M. Km1 = 50 M21 in these curves. Curve 4,
Km1 = 25 M21; 5, Km1 = 0 M21. Ka1 = 1.061025 M in these
curves.

this figure suggest that for a fixed pH, if m is negative, the
larger the Ka1, the greater the umu, which is expected, since
the larger Ka1 the more complete the dissociation of the
first H1 of an acidic functional group on cell surface.
Note that if pH is sufficiently high, because the surface
charge of a cell is dominated by Ka2, all three curves
lead to the same m. The effect of the association of Ca21
with dissociated acidic functional groups can be seen in
curves 2, 4, and 5. Here, the larger the Km1, the smaller the
umu if m is negative, and the reverse is true if m is positive.
This is because the larger the Km1, the more significant the
association of Ca21 with dissociated acidic functional
group, therefore, the smaller the charge density on cell
surface. Note that if pH is sufficiently low curves 2, 4,
and 5 degenerate to the same value. This is because if
pH is low, the dissociation of acidic functional groups
becomes negligible. The association of Ca21 to cell surface was observed by Seaman et al. [5] and Mclaughlin
et al. [6]. Mironov and Dolgaya [7] pointed out that for
the case of neuron cells the increase of Ca21 in the liquid
phase increases its shielding ability and its association
to cell surface. Both of these effects yield a smaller mobility.
The effects of Ka2 and Nb on cell mobility is illustrated in
Fig. 4 where m is plotted as a function of pH. Curves 1, 3,
and 5 of this figure reveal that the larger Ka2, the larger the
umu. This is expected because a larger Ka2 leads to a higher
negative charge density on cell surface. Note that because Ka2 = 0 in curve 3 of Fig. 4 m behaves the same as
that for the case of monovalent acidic functional groups
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Figure 4. Variation of cell mobility m as a function of pH
for the case of ionic strength = 8.5 mM, x = 0.615, Nsa =
5.061028 mol/m2, Km1 = 50 M21, Km2 = 0 M21, Kb =
1.0610212 M. Curve 1, Ka2 = 1.061028 M; 2, Ka2 =
1.061029 M; 3, Ka2 = 0 M. Ka1 = 1.061025 M and Nsb =
5.061028 mol/m2 in these curves. Curve 4, Nsb =
2.561028 mol/m2; 5, Nsb = 1.061027 mol/m2. Ka2 = 0 M
in these curves.

(curve 2 or 4 in Fig. 2) when pH is high. However, due to
the presence of basic functional groups (i.e., Nsb m ? 0) m
does not approach zero when pH is low. Curves 4 and 5 of
Fig. 4 suggest that for a fixed Ka2, umu increases with the
increase in Nsb if pH is low, and it is almost independent
of Nsb if pH is high. This is because the larger the Nsb the
higher the positive surface charge density, and therefore,
for a fixed pH, the lower the negative surface charge density. In general, an increase in either Ka1 or Ka2, leads to a
greater negative mobility, and an increase in Nsb leads to
a greater positive mobility.
The variations of cell mobility m as a function of ionic
strength at various pH and x are presented in Fig. 5. As
can be seen in this figure if pH is high, the surface of a
cell is positively charged, and the higher the pH, the
higher the surface charge density, and therefore, the
larger the umu. On the other hand, if pH is low, the surface
of a cell becomes positively charged. In both cases umu
decreases with an increase in ionic strength, and approaches to the same constant value. This is because
the higher the ionic strength, the thinner the double layer
surrounding a cell, and the stronger the shielding effect
of counterions. The qualitative behaviors of the electrophoretic data reported by Morita et al. [8] are consistent
with that predicted by curve 4 of Fig. 5a. That is, at low pH
and low ionic strength m is positive, and as ionic strength
is increased at a fixed pH, m approaches zero. The effect
of the types of electrolyte on the electrophoretic behavior
of a cell is illustrated in Fig. 5b. Here, curves 1 and 3 represent, respectively, the case where the liquid phase con-

Figure 5. Variation of cell mobility m as a function of ionic
strength for the case of Nsa = 5.061028 mol/m2, Nsb =
5.061028 mol/m2, Ka1 = 1.061025 M, Ka2 = 1.061029 M,
Km1 = 50 M21, Km2 = 0 M21, Kb = 3.0610212 M. (a) x = 0.615,
curve 1, pH 9; 2, pH 7; 3, pH 5; 4, pH 3. (b) pH 7, curve 1,
x = 0; 2, x = 0.615; 3, x = 1.

tains only 1:1 and 2:1 electrolyte, and the liquid phase
contains a mixed 1:1 and 2:1 electrolytes for the case of
curve 2. Figure 5b indicates that for the same pH and
ionic strength, the greater the fraction of divalent cations
in the liquid phase, the smaller the umu. This is because
divalent cations are capable of combining with dissociated acidic functional groups on cell surface, which
has the effect of reducing the charge density. Figure 5b
also indicates that umu may decrease with the increase in
ka even when divalent cations are absent. This behavior
is different from that for the case when particle surface
is remained at a constant potential, and is typical to the
present charge-regulated surface [8, 10]. The decrease
in umu as ka increases can be explained by that the space
available for the distribution of dissociated ionic species

Electrophoresis 2003, 24, 1338–1346
becomes small as double layer is thin, and therefore, the
degree of dissociation of the functional groups on particle
surface is low [28].
Figure 6 shows the variation of cell mobility m as a function of the concentration of M21 at various Km1. The ionic
strength is fixed in Fig. 6b. The ionic strength in Fig. 6a
for the case the concentration of M21 is lower than
2.0 mM is lower than that in Fig. 6b, and therefore, umu of
the former is larger than umu of the latter. As can be seen
in Fig. 6, umu decreases with the increase in Km1 which is
expected because the larger the Km1 the more significant
the combination of M21 with dissociated acidic functional
groups. Figure 6a reveals that umu decreases with the
increase in the concentration of M21. The decrease in umu
is the result of two factors: the shielding effect due to

Figure 6. Variation of cell mobility m as a function of M21
concentration at various Km1 for the case of Nsa =
5.061028 mol/m2, Nsb = 5.061028 mol/m2, Ka1 =
1.061025 M, Ka2 = 1.061029 M, Km2 = 0 M21, Kb =
3.061023 M, pH 7. (a) Curve 1, Km1 = 0 M21; 2, Km1 =
25 M21; 3, Km1 = 50 M21. (b) Ionic strength = 8.5 mM,
curve 1, Km1 = 0 M21; 2, Km1 = 25 M21; 3, Km1 = 50 M21.
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the increase in ionic strength, and the combination of M21
with dissociated acidic functional groups. Figure 6b indicates that, for a fixed ionic strength, umu decreases with the
increase in the concentration of M21. This is consistent
with the results shown in Fig. 5b. The qualitative behavior
of the curves shown in Fig. 6b is consistent with the
experimental observation of Seaman et al. [5], for red
blood cells, that is, if ionic strength is fixed, the mobility
of a cell decreases with the increase in Ca21 concentration.
It should be pointed out that the specific behavior of cell
mobility at high pH, such as that of curve 1 of Fig. 2, might
also arise from other mechanism. For instance, there may
have several types of monovalent acidic functional group
on cell surface with different equilibrium dissociation
constants [24]. Figure 7 shows the simulated variation in
the mobility of a cell as a function of pH for the case when
cell surface contains two types of acidic functional group
and one type of basic functional group. Here, the association of multivalent cations with dissociated functional
groups is neglected. The derivation of surface charge
density is presented in Addendum 5.4. Note that the
qualitative behavior of the curve in Fig. 7 is similar to
that of Fig. 2 for the case when the cell surface contains
both divalent acidic functional groups and basic functional groups.

Figure 7. Simulated variation of cell mobility m as a function of pH for the case cell surface contains two types of
monovalent acidic functional group and one type of basic
functional group. Parameters used are ionic strength =
8.5 mM, x = 0.615. Nsa1 = 5.061028 mol/m2, Nsa2 =
5.061028 mol/m2, Nsb = 5.061028 mol/m2, Ksa1 =
1.061025 M, Ksa2 = 1.061029 M, Kb = 3.061023 M.
This work is supported by the National Science Council of
the Republic of China.
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5 Addendum

d2 j
bC0 F 2  bj
 2 b
e
2
k er e0 RT
dX

5.1


bC0b
i ebj
h
0
0
a a bCa  c c bCc

The liquid phase contains mixed (a:b)1(c:b) electrolytes.
Assuming Boltzmann distribution for each ionic species,
the Poisson equation becomes
d2 f
1

dr 2
er e0



1 xe aj xe
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(A-3)

5.2
(A-1)

The electroneutrality in the liquid phase requires that
bC0b  aC0a 1 cC0c . Because j  Ff/RT, x  cC0c /bC0b ,
Eq. (A-1) becomes
2



 bj
e

xe

1

From Eqs. (4)–(8) we have
CHA 

CH2 A K a1
CH

CA2 

CH2 A K a1 K a2
C2H

(A-2)

Because X  kr, k  (2F2I/ere0RT)1/2, and I  (a2C0a 1 b2C0b
1 c2C0c )/2  [a(a1b)C0a 1 c(b1c)C0c ]/2, Eq. (A-2) becomes

CHAM 

CMA 

CH2 A CM2 K a1 K m1
CH

CH2 A CM2 K a1 K a2 K m2
C2H

(B-1)

(B-2)

(B-3)

(B-4)
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Substituting these expressions into Eq. (11) yields
CHA 
CA2 

CH K a1 Nsa
C2H

 CH K a1  K a1 K a2  CH K a1 K m1 CM2  K a1 K a2 K m2 CM2

C2H

 C K a1  K a1 K a2  CH K a1 K m1 CM2  K a1 K a2 K m2 CM2

(B-5)

K a1 K a2 K sa

(B-6)

H

The surface concentrations of positively charged species are
CHAM 

CH K a1 K m1 CM2 Nsa
C2H

CBH  Nsb

(B-7)

 CH K a1  K a1 K a2  CH K a1 K m1 CM2  K a1 K a2 K m2 CM2

CH
CH K b

(B-8)

Substituting these expressions into Eq. (13) leads to Eq. (13a) in the text.
For the case the surface of a cell carriers only acidic functional groups, Nsb, Km1, and Km2 all vanish,
and Eq. (13a) becomes
"
#
CH K a1  2K a1 K a2
s  FNsa 2
CH  CH K a1  K a1 K a2

(B-9)

5.3
Equation (1) can be rewritten as
  




d dj 2
2
d 1 bj
1 x
e 
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dX dX
a  b  c ax dX b
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aj

x
 e
c


cj

D

(C-1)

where D is a constant. Integrating this expression with respect to X gives
Z dj=dX2
d dj=dX2 
0




2
a  b  c

Z
ax
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b

1 bj
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1 x
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1 x
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Letting X  0 in this expression gives

1=2 


dj
2
1 bj0
1 x


e
e
j
dX 0
a  b  c ax
b
a
For the case a  1, b  1, c  2, we have
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e  1 xe c0  e 2j0

dX
2x
2




dj
2 1=2
x 1=2
e j0 1 ej0 

dX
2x
2


2

aj0

x
 e
c

cj0

aj

x
 e
c

1
b

1
a


cj



1
c

D

 1=2
1
x
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x 1=2
2

Combining Eqs. (2) and (C-5), and considering the case that Nsb, Km1, and Km2 all vanish, we obtain
"
#




2 1=2
x 1=2
F 2 Nsa
K a1 C0H e j0  2K a1 K 2
j0
j0
e
1 e 

er e0 RTk C0H 2 e 2j0  K a1 C0H e j0  K a1 K a2
2x
2
This equation can be solved iteratively to obtain the surface potential.

(C-2)

(C-3)

(C-4)
(C-5)

(C-6)
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5.4
Consider the case where cell surface contains two types
of monovalent acidic functional groups, HA1, and HA2,
and one type of basic functional groups, BH. The dissociation reactions of these functional groups can be
expressed as
HA1 ↔ H1 1 A12

(D-1)

HA2 ↔ H1 1 A22

(D-2)

BH1 ↔ H1 1 B

(D-3)

If we let Nsa1, Nsa2, and Nsb be the surface concentrations
of functional groups, HA1, HA2, and BH1, respectively,
then
Nsa1  CHA1  CA1

(D-4)

Nsa2  CHA2  CA2

(D-5)

Nsb  CBH  CB

(D-6)

The surface charge density can be expressed as

Let Ksa1 and Ksa2 be the equilibrium dissociation constants of acidic functional groups HA1 and HA2, respectively, Ksa1  CH CA1 =CHA1 , Ksa2  CH CA2 =CHA2 , and Kb
be the equilibrium dissociation constant of basic functional groups, Kb  CH CB =CBH . Suppose that the spatial variation of H1 concentration follows Boltzmann distribution.

s  F CBH

CA1

Therefore,
2

3

6 Nsb 7
7
s  F6
4
Kb 5
1
CH

CA2 

2

(D-7)

3

6 Nsa1
Nsa2 7
7
F6

4
CH
CH 5
1
1
K sa1
K sa2

(D-8)

