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General kinematic analyses of various atomic collision processes by using the density-
matrix and helicity formulations are reviewed. The rotation, parity, and time-reversal
symmetries of the colliding systems are considered. In addition to polarization and
angular correlations in each collision process, correspondences among different collision
processes are also studied. As an example, the time-reversal symmetry between pho-
toionization  and electron-capture fluorescence are demonstrated explicitly, and there is a
&;k-to-one  correspondence between angular correlation functions for the two processes.
The symmetry study in atomic collisions provides a great deal of valuable information
about the colliding systems and enhances our knowledge on the collision dynamics.

PACS. 03.80.+r  - General theory of scattering.
PACS. 34.10.+x- General theories and models of atomic and molecular collisions and

interactions (including statistical and shifts.
PACS. 32.80.Fb  - Photoionization of atoms and ions.

I. Introduction

Atomic collisions have been the most fruitful probes of elementary interactions and
atomic structure. Besides fundamental interests, atomic collisions have also important ap-
plications in astrophysics, plasma physics, and radiation physics. Most studies on atomic
collisions are about cross sections, and not much attention has been paid to polarization and
angular correlations in the collisions. As a consequence, significant achievements in under-
standing of the collision dynamics have been elusive. Polarization and angular correlations
in atomic collisions can reveal a wealth of information about the collision dynamics and
coherence. A notable application, for example, is the observation of parity nonconservation
in inelastic scattering of longitudinal polarized electrons from unpolarized targets [l].

In this paper, we present a brief account of polarization and angular correlations in
atomic collisions. A relativistic helicity formulation is adopted such that the spin polar-
ization of the electron and fine structure of the atom are built in from the outset. This
approach is particularly suitable when colliding systems involve highly ionized ions.

Photon and electron helicity states are presented in Section II. Density matrix de-
scriptions of polarization for the photon, electron, and atom are given in Section III. Section
IV outlines the helicity formulation of atomic collisions employed in the present application.
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A general collision equation is introduced for collision processes in Section V. Photoioniza-
tion and electron-capture fluorescence are treated respectively in Sections VI and VII. Roles
played by the symmetry principle are demonstrated in Section VIII. Cc
in Section IX.

II. Relativistic helicity states

The angular-momentum helicity state (or spherical helicity state)

nclusions are made

ICX;  jm) with helic-
ity X can be constructed from the linear-momentum helicity state (or linear helicity state)
/LA), and vice versa. They are related by the following relations [2-41:

IkA;jm)  = (~)ëlZJd~D(ë!(i)ë,kh),
and

IkA) = c (F) 1í2  DEíx(R),kX;  jm),
im

(24

(24

where Dii( k) are rotation matrices [5]. Here the helicity states are normalized such that

II-1

(kXpcíXí>  = b3(?c - kí)6Xy,

(kX;jT7llkíXí;  j/772í)  = &6(k - kí)6X,f6jjf6,,1.

(2.3)

(2.4)

Photon helicity states
The linear helicity state of the photon is given as

Akq = (27~)-~/~C,eî.’  , (2.5)

where t4 denotes the spherical unit vector [5]. The spherical helicity state can be obtained

by

In terms of the normalized electric, magnetic, and longitudinal multipole potentials we get

Fl

(2.7)

_
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where Ak*r;jrn correspond respectively to the positive and negative helicity states of the
photon, and Ako;jp,, however, is not a physical state of the photon.

11-2. Electron helicity states
The linear helicity state of the electron is given by

W/4 = (274- (2.9)

where X~ is the spin eigenfunction with the quantization axis chosen in the k direction,
Sk = I_L. The spherical helicity state can be obtained as [6]

(2.10)

where (r\~m) is the usual angular-momentum eigenstate normalized on the energy scale,

In the Pauli approximation, we have

(+VL) f (T@S)j??X)

= ~(1Ms4jm)(rllM)X,,

(2.11)

(2.12)

MU

where xy is the spin eigenfunction with S, = U.

III. Density matrix description of polarization

In the description of a physical system involved in the collision, a linear superposition
of helicity states will suffice when the system is in a pure state. However, when the system
is in a mixed state, the density matrix description is necessary.

I I I - l .  Pho ton
One convenient description of the photon polarization is the density matrix of the

form [6]

P = (Pq~q>  = ( Pll Pl-1
P - 1 1  P - l - l 1

I 1 +psin20 -Pe -i2Y cos 2a
= -

2 ( -pe i2r cos 2a )l-psin2o  ’
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where we have

I : intensity,

P :  O<pIl, degree of polarization,

cy : --K/4  < Ly 5 K/4, type of polarization,

Y : 0 5 y < 27r, orientation of polarization.

An equivalent description of the photon polarization is provided by Stokes parameters
S = (Sr, SZ, Ss) which are related to (p, (Y, 7) as

sr = -p cos 2a cos 27, (3.2)

S2 = -p cos 2cu sin 2-y, (3.3)

Sa = psin2cr. (3.4)

Mathematically, we may expand the density matrix p in the complete basis set for 2 x 2
matrices: the 2 x 2 identity matrix together with the Pauli matrices aí. The expansion is
written as

p = ;I[1 + s. (71,

where the intensity I and Stokes vector S are thus defined as

1 = W/G,

(3.5)

(3.6)

(3.7)

For later convenience, we shall define a four-component tensor S, and a 1 x 4 matrix S as

111-2. Electron
The density matrix for the electron polarization is given by

In terms of the intensity 1, and the polarization vector P, we have [7]

(3.8)

(3.9)

- .-.
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(3.13)

PZ

111-3. Atom
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pe = ;1,[1 + P. Z],

where

VOL. 35

(3.10)

1, = t+>,

p = t+@)
tT{P,)  ’

Here we also define a four-component tensor Pp and a 1 x 4 matrix P as

(3.11)

(3.12)

The density matrix for the atom polarization may be expressed in the basis of total
angular momentum eigenstates IJM) as

PA f (/?YM',JM) = ((J'M'k'AIJM))  . (3.14)

It takes, in general, 45(5 + 1) independent measurements to specify the polarization of
s ta te  PA with J’ = i. Define the spherical matrices, which may be considered as the
generalization of Pauli matrices, as

Tl,(JíMí,  JM) = d?i? (is ëI” Y). (3.15)

- j coefficient in the covariant notation, called the 3 - jm
coefficient [4, 81. By expanding the density matrix for the atom polarization in terms of
spherical matrices, we obtain

pJJMl,JM = C Qlm( JíJ)T~  JíMí,  JM), (3.16)
1777

where the expansion coefficients Qlm( JíJ) are called the state multipole (tensor) of the
atom [9].

IV. Helicity  formulation of atomic collisions

The helicity formulation of collision processes [2,3]  has the merits of being elegant in
form for collisions involving spin, applicable as well to particles of zero mass, such as photon,
and having simple transformation properties under Lorentz transformations. Consequently
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in the formulation of atomic collision processes, we shall describe physical systems generally
by density matrices with relativistic helicity states as the basis.

Consider the general collision process where we have initially two colliding systems
A and B, each of which may be either an elementary particle or a composite particle, like
atom or ion. After the collision, we have finally two departing systems C and II, each of
which may also be either an elementary particle or a composite particle. An elementary
collision process, in which all systems involved are in linear helicity states in the laboratory
(LAB) frame, is shown in Fig. 1. The scattering matrix (S-matrix) of this elementary
collision process is expressed as

(P~XC;P~XDISIPAXA;PBX~), (4.1)

where p, and X, are the momentum and helicity, respectively, of system QI. Define the
total 4-momenta of the colliding and departing systems as P and Pí,  respectively,

p = PA +PB, (4.2)

0A

0B

LAB Frame

0C

0D

/

P C  4

\
PD 47

CM Frame

FIG. 1. The schematic diagram for the reaction: A + B -+ C+ D. Here p, and X, are respectively

the momentum and helicity of system (Y in the LAB frame, and (00, cpo) and (0, ëp)  are

respectively scattering angles before and after the collision in the CM frame.



336 SYMMETRIES IN ATOMIC COLLISIONS VOL. 35

pí=PC+PD, (4.3)
where p, denotes the 4-momentum of system o, and o = A, B, C, D. The same collision
process in the center-of-momentum (CM) frame is also shown in Fig. 1, where (&,pn)
and (0, p) are scattering angles before and after the collision, respectively. The S-matrix
(B~XCXDIS(P)JBO~OXAXB) in the CM frame is related to the S-matrix in the LAB frame
as

(PcXC;PDXDISIPAXA;PBXB)

= (2r)ì-$Gíaí(P  - Pí)(B~X~XDIS(P)~~O~OXAXB).
(44

Here p and w are the relative momentum and velocity, respectively, for the colliding systems,
and p’ and v’ for the departing systems, defined as

P= /%ëA  -PBt, u= /"A-VI?/, (4.5)

Pí=  b'C -PO\, V'= IVC - VDI, (4.6)

All the information about the collision dynamics is contained in the S-matrix in the CM
frame, or equivalently in the transition matrix (T-matrix), which are related to the S-matrix
as

S,i = 65; - 2niS(PA - Po)Tfi. (4.7)

where PA and PO denote the zeroth components of the 4-momenta Pí and P, respectively.

V. The collision equation

Denote symbolically the density matrices of the initial and final states of the colliding
systems as pi and pf, respectively. We have therefore the collision equation [6],

Pf = s_fiPisji, (54

where Sfi represents the appropriate S-matrix.
As a simple illustration, we consider photoemission from an excited atom. The

elementary collision amplitude is given by [lo]

(5.2)

where JfMf are the angular momentum quantum numbers of the de-excited atom, N is the
number of electrons in the atom, Gi are the Dirac matrices, and i, and k are respectively
the polarization vector and wavenumber vector of the emitted photon.

If the excited atom is initially described by the density matrix pJ:M;,J,M,,  then the
density matrix of the final state of the colliding systems, i.e., the departing systems, is
given by
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Pqíq,J;M;JfMf  = (5.3)
J'M'
J: M;

Kinematic and dynamic effects are entangled together in the S-matrix, especially when the
collision processes involve composite particles, such as atoms or ions. The complexities in
angular momentum couplings may be dealt with by a graphical approach [8].

The angular distribution and polarization of the photon, which leaves the atom in a
definite angular momentum Jf state, would be described by

Pq'q  = c Pqíq,J+f;  JfMj.
Mf

(5.4)

Other atomic collision processes may be treated in a similar manner, and we will give only
a few examples in the subsequent sections.

VI. Photoionization

Consider the photoionization process in which initially a polarized photon with linear
momentum q is incident on an unpolarized target atom with total angular momentum J,.
After the collision, an electron with linear momentum k is emitted, and the residual ion
is left with total angular momentum Jp. Two coordiante frames XYZ and zyz, shown in
Fig. 2, are employed for the initial and final states, respectively, with unit vectors defined
as

PHOTOIONIZATION

Y? s
Photon Atom Ion Electron

i

I

I PX
PY
PZ

I P

f Corre la t ion \

1 I matrix=
for I

i (photoionizatiorV

= A

AP”  = ;h{(op 0 P)7(0, 0 1*)7+}

FIG. 2. The schematic diagram of the photoionization processes.
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qxk qx,~,i=Pxi,- -
Iq x kl’  d (6.1)

i,y,; = ?j x 2,
qxk k

IqíIclík’ (6.2)

where q = IqI and k = Ikl. When the polarization of the residual ion is not observed, the
density matrix p ce) of the emerging electron is related to the density matrix pcy)  of the
incident photon by the collision equation as

p(e) = Lir
2 p {WY) @ v+}  7 (64

where

IEIfiEV*+Vf l xv;,
E-H$i& (64

is the transition operator with i and f denoting, respectively, the entrance and exit channels
of photoionization, 1î = 1(s~,+l)x(2~,+1) is the identity matrix in the subspace  of the target
atom, trp{} denotes the trace of the quantity within the curly brackets taken in the subspace
of the residual ion.

In terms of the polarization vector of the emitted electron and the Stokes parameters
of the incident photon, we may rewrite the collision equation as

(6.5)

where we have defined the 4 x 4 correlation matrix Ap’ E
( >

ALL of photoionization by

(6.6)

Here the trace is now taken both in the spin space of the emitted electron and in the
subspace  of the residual ion. Explicit formulas have been given previously [6].

VII. Electron-capture fluorescence

Electron-capture fluorescence is the time-reversed process of photoionization. Con-
sider initially an electron with linear momentum k is incident upon an unpolarized ion with
total angular momentum Jp and is captured by the ion. After the collision, a photon with
linear momentum q is emitted while the atom system is left with total angular momentum
J,. Two coordiante frames zíyíz’  and XíYíZí, shown in Fig. 3, are employed for the initial
and final states, respectively, with unit vectors defined as

k x q  kií,  fjí,  2’  = $’  x g, ~ -

Ik x ql’  k'

L.---  - _ ,.
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ELECTRON-CAPTURE FLUORESCENCE

Electron Ion Atom Photon

1’  S’  II A’ P'

fqv = ;f,((,,  0 lî)~ë(O,  0 lP)Yî}

FIG. 3. The schematic diagram of the electron-capture fluorescence.

kxq q (7.2)

Here a similar convention is adopted as the unprimed coordinate systems for photoioniza-
tion. When the polarization of the final atomic state is not observed, we can derive the
collision equation as

$Y) = ëtr,
2

{qp lg lî)f+}  ) (7.3)

where 7’  denotes the transition operator of the electron-capture fluorescence process, simi-
larly defined as in the photoionization case. Again, this collision equation may be rewritten
as

where we have defined the 4 x 4 correlation matrix hECF = AfzF of electron-capture( >
fluorescence by

Similar processes have been studied previously [ll-131.

(7.5)
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VIII. Rotation, space inversion, and time-reversal symmetries

By symmetry consideration, we may reduce the correlation matrix to a simpler form.
We shall assume all interactions involved in the collision processes are invariant under
rotation, space-inversion, and time-reversal transformations.

The time-reversal symmetry between photoabsorption and photoemission processes,
as shown in Fig. 4, is one of the simple cases studied previously. A more interesting case is
provided by the symmetry between photoionization and electron-capture fluorescence. We
can show that the rotation plus space-inversion invariance implies

API = j@)Aq&) ,

AECF = M(Y)AECFM~),

(84

(8.2)

where the transformation matrices MCî)  and M(?) are

(8.3)

Photoabsorption

Photoemission

FIG. 4. The absorption and emission of a photon by an atom making a transition between states

P& and $b.
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Consequently, the correlation matrices have the following simpler forms

(8.5)

(8.6)

The rotation plus time-reversal invariance implies the symmetry between photoion-
ization and electron-capture fluorescence,

or, equivalently

where the tilt above a matrix denotes the transpose of that matrix, and the transformation
matrices NCî)  and IV(ë)  are

N(ì)  = (8.9)

(8.10)

We have explicitly the relation between the correlation matrices ApI and AECF,

ApI

0 0

AfrCF

-

AfrCFz r AfXc  F Afzc  F
(8.11)

0 0 ’

A&’ F AFec F 0 0

0 0 _AEC”
23

AECF’
33 1

--. .-.
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(8.12)

IX. Conclusions

We have considered four atomic collision processes to illustrate applications of the
symmetry principle and the relativistic helicity formulation of atomic collisions. A detailed
kinematic analysis has been presented previously for each process. Polarization and angular
correlations are given in concise parametrized forms in terms of known functions of angles.
Angle-independent dynamic parameters in the formulas are expressible as sums of reduced
matrix elements which reflect the interactions and target structure. Photoionization of po-
larized targets [14], coherent fluorescence radiation [15] and Auger transition [16]  following
photoexcitation and photoionization as well as other collision processes can also be treated
similarly. These analyses bring to light the coherence and overall symmetry of the processes
and facilitate comparison between theory and experiment.

The unraveling of all polarization and angular correlations in atomic collision pro-
cesses would provide critical tests of many-body dynamic theories. The symmetry principle
facilitates a comparison study of different collision processes. Because of difficulties in ob-
taining polarized electron beams and in detecting the polarization of outgoing electrons,
only a limited number of experiments concern the polarization. Both theoretical and ex-
perimental efforts in this respect are needed toward a better understanding of the collision
dynamics.
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