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ABSTRACT

This report presents the research achievement for the first-year NSC research project.
Eigenspace-based interference cancellers (EICs) possess the advantages of providing maximal
suppression of interference with fast convergence over conventional adaptive beamformers.
However, the performance and sensitivity to steering angle error of EICs have not been an-
alyzed due to the use of a signal blocking matrix. We first present a technique to construct
a positive definite matrix based on the signal blocking matrix and then use this matrix to
compensate the effect of the signal blocking matrix on the sensor noise received by an EIC.
Therefore, the interference subspace required for finding the optimal weight vector can be ob-
tained using conventional eigenvalue decomposition (EVD). Moreover, the performance and
sensitivity to the steering angle error of the EIC can be analyzed. Simulation examples are

provided for confirming the theoretical results.

Keywords: Adaptive Antennas, Electromagnetic Interference.
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CHAPTER ONE INTRODUCTION

Techniques for achieving the purpose of maximizing the rejection of interference re-
gardless of the interference-to-noise ratio (INR) when processing array data by using adaptive
interference cancellers have been reported in [1-6]. Notable among them is the one of [4] where
an eigenanalysis interference canceller (EIC) with fast convergence speed using a uniform lin-
ear array (ULA) was presented. The optimal weight vector is computed by maximizing the
output signal-to-background noise ratio subject to a constraint of orthogonality to the inter-
ference subspace (IS). The IS is obtained through the generalized eigenvalue decomposition
(GEVD) of the correlation matrix of the data vector at the output of an appropriately-designed
blocking processor which blocks the desired signal from the received data vector.

Due to the use of a signal blocking matrix, the noise component contained in the blocked
data vector is no longer spatially white. Therefore, finding the IS for computing the optimal
weight vector generally requires a complicated GEVD. Moreover, it is not an easy task to
analyze the performance and sensitivity to steering angle error of an EIC. In the literature,
there are thus practically no papers considering the analysis of the performance and sensitivity
of an EIC. In this research report, we present a technique to construct a positive definite matrix
from the signal blocking matrix of an EIC. The effect of the signal blocking matrix on the
spatially white noise component received by the EIC is then eliminated by adding the matrix
to the correlation matrix of the blocked data vector. This results in that the IS required for
computing the optimal weight vector of an EIC can be obtained by performing conventional
EVD instead of any complicated GEVD. Moreover, it is shown that the EIC’s performance
and sensitivity to steering angle error can be analyzed based on the proposed technique. We
present the analysis of the performance of the EIC in terms of the expectation of the output
signal-to-interference plus noise ratio (SINR). As to the analysis of sensitivity to steering angle
error, the theoretical results show that the EIC’s performance is considerably deteriorated even
if there is a small steering angle error. Increasing the order of the signal blocking matrix can

alleviate this performance degradation. Moreover, the breakdown thresholds for the EIC’s



performance in the presence of two interferers with two extreme correlation cases are derived,
respectively.

This report is organized as follows. Chapter Two briefly describes the principle of a
conventional EIC. Chapter Three presents the technique for constructing a positive definite
matrix to eliminate the effect of the signal blocking matrix on the received data vector. Based
on the proposed technique, the analysis of the EIC’s statistical performance is presented in
Chapter Four. We evaluate the EIC’s sensitivity to steering angle error in Chapter Five.
The performance breakdown thresholds are also derived for the cases of two interferers with
two extreme correlation situations. Simulation examples for illustration and confirmation are

included in Chapter Six. Finally, Chapter Seven concludes the report.



CHAPTER TWO THE PRINCIPLE OF A CONVEN-
TIONAL EIGENSPACE-BASED INTERFERENCE CANCELLER

Consider an M-sensor linear array with interelement spacing equal to d illuminated by
P narrow-band signal sources from the distinct direction angles 6;, ¢ = 1,2,..., P. Let the
response of the mth sensor to a signal with unit amplitude and a direction angle 6; be given
by exp(j(m — 1)u;), where j = /=1, u; = 2rdsin(0;)/), and A is the wavelength of the signal

sources. The received signal at the mth sensor can be expressed as
Zs, t)ed(m= 1“‘+nm(t) (1)
1=1

where s;(t) denotes the complex amplitude of the ith signal impinging on the array with
direction angle 6;, n,,(t) the spatially white sensor noise with power m, received by the mth
sensor. Both the signal and sensor noise are assumed to be independent and zero-mean

stationary Gaussian random processes. In vector form, the received data vector is given by

P
=2 a(u)si(t) + n(t) = As(t) + n(t), (2)
=1
where the response vector of the ith signal a(u;) = [1 exp(ju;) ... exp(j(M —1)u;)]7, the noise
vector n(t)=[n1(t) na(t) ... np(t)]”, the signal source vector s(t) = [s1(2) s2(t) ... sp(t)]7,
and the response matrix of the signal sources A=[a(u;) a(u;) ... a(up)]. The superscript T

denotes the transpose operation.

Assume the direction angle of the desired signal is §;. Based on the principle of the EIC
presented in [4], a blocking matrix B is appropriately designed and used as the block processor
in order to block the desired signal from the received data vector. Let the order of B be ¢

and a (g + 1)x1 vector b = [bg by ... by]" be defined according to the following manner

z_eJul ; qr() (g—r)u; T__Zb*’r (3)

where the superscript * denotes the complex conjugate. Construct an Mx1 vector b = [b”

oM —g-1)7, where opr_q_1 is a 1x(M — g — 1) row vector with zero elements. Thus the signal
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blocking matrix with order ¢ can be expressed as
~2 ~ ~M-q-15

B=[b Iyb I,b --- I,, " b], (4)

where Iy = [w, us ... up w,| represents a cyclic-shifting matrix with element u; given

by the ith column vector of an MxM identity matrix. Based on a(u;) = [I exp(Ju;) ...

exp(j(M — 1)w;)]” and (27), we have
B7a(u;) = via,(u;), (5)

where a,(u;) = [l exp(Jui) ... exp(J(M — ¢ — D)u;)]" and the blocking factor v; associated

with the ¢th signal source is given by
v; = zq:b:ejm‘ = (el — )7 | (6)
=0
The data vector at the output of the signal blocking matrix B is then given by
z,(t) = Bx(t) = AsDys(t) + B¥n(t) = Apsy(t) + ns(t), (7)

where Ay = [a,(u1) a4(uz) ... a,(up)] is the corresponding response matrix and Dy = diag{v,,

Vo, ..., vp}. Since v; = 0, (7) can be rewritten as
24(t) = ADia(t) + my(0), ®)

where At = [a,(uz) a4(us) -+ aq(up)], D = diag{rs, vs, ..., vp}, and si(t)=[s2(t) s3(¢) ...

sp(t)]". It follows from (8) that the ensemble correlation matrix of @(t) is given by
R = E{xy(t)zy(t)"} = AV A" + 7, B B, (9)

where Wi = E{Disi(t)s(t)" D"} = DDy with & = E{si(¢)s:1(t)”}. Equation (9) reveals
that finding the required IS from R must perform the GEVD of R due to that the noise
component 1,(t) of @;(t) is no longer spatially white and has correlation matrix.ﬂnBHB. After
performing the GEVD of (9), we have the following relationship for the resulting generalized

eigenvectors (g-vectors) g, and generalized eigenvalues (g-values) A,

Rg; = )\;B" Bg;, (10)



where Ay > Ay > ... > Ap_; > Ap = ... = Ay = m,. Using the g-vectors g;, we construct
two matrices as follows : Gt = [g,, 2y ... 5,9p_;] and Gr = [gpygp,1,-- - 9n_,)- Then, it is
easy to show that the matrix A1 and B” BGh span the same subspace which is orthogonal to
the subspace spanned by Gr, i.e., range{ Ai} = range{B* BGi} L range{Gr}.

As presented in [4], the criterion of an optimal EIC with reduced aperture size M — q is to
maximize the output signal-to-background noise ratio subject to a constraint of orthogonality

to the IS. If Aris known, the criterion is given by

[w”a,(u)?

ww

Maximize subject to w# At =0, (11)

and the optimal weight vector is given by
w, = (I — A( A" An)— A )ay(uy), (12)

where I denotes the (M —q)x(M —¢q) identity matrix. In practice, Aris unknown and w” Ar = 0
can be replaced by w” B BGr = 0 since range{ A1} = range{ B? BGi}. Accordingly, the

optimal weight vector w, becomes
w, = (I — (B BGi)[(B" BG\)"(B" BG:)]"*(B* BG\)")a,(u;). (13)

From (9), (10), and (13), we note that to evaluate the performance and sensitivity to steering
angle of the EIC is very difficult and, hence, there are practically no papers considering this

problem.



CHAPTER THREE AN EIC USING THE PROPOSED
TECHNIQUE

In this chapter, we present an EIC based on a proposed technique to alleviate the
difficulty described above. From (9), it is obvious that the difficulty is induced due to the
effect of the signal blocking matrix B on the received sensor noise. To eliminate this effect, a
technique is developed as follows. For the sake of simplicity, the notation HT{c1, ¢, ..., cn}
is used to denote an mxm Hermitian and Toeplitz matrix with its first row given by the row
vector [c1 €;...¢p). Using (27) and (28), it can be shown that B¥ B is given by

BYB = HT{e,€1,...,€m—g-1}, with ¢ = ‘IZ—:‘ b7 ,0r. (14)
Next, we construct an (M — ¢ + ¢)x1 vector as foll(;vfrs

f(di) =[1 0i-x j om—ga]", (15)
where : = 1,2,...,M — ¢ —1 and d is an integer. From (15), an (M — ¢+ 1)x(M — ¢q) matrix
1s constructed as follows

F(d,i) = [(d,1) Taoguif (d,1) Toy_puif(dii) .. TnZirl £(d,0) (16)
where Tp_o4; is the (M — g+ i)x(M — q + ¢) cyclic-shifting matrix. Using (15) and (16), we
have

I(d,i) = F(d,))"F(d,1) = HT{2, 0;-1, (—J)%, om—q-1-:}- (17)
From (44), it is obvious that I'(d,%) is positive definite, Hermitian, and Toeplitz. Moreover,
1t 1s easy to show that

|Re{e} I T (25gn(Refei}), i) + [Im{e} T (2sgn(Im{e:)) — i)

= HT{2(|Re{e:}| + [Im{ei}]), 0i1, —€i, Om—g-1-i}, (18)

fors =1,2,...,M —g—1, where Re{z} and Im{z} denote the real and imaginary parts of z,

respectively. sgn(z) = 1if ¢ > 0, and = 0, otherwise. Finally, we construct a positive definite
matrix as follows
M—g-1

= Z (|Re{e;}|T'(2sgn(Re{€;}),¢) + [Im{e;}|T'(2sgn(Im{e;}) — 1,7)) . (19)

=1



Summing (14) and (19) thus yields a diagonal matrix as follows
M—g-1
B"B + 2 = (60+2 > (IRe{ei}|+|]m{ei}|)) I=xlI, (20)
=1
where « denotes the proportional constant.

Based on (20), the effect of the signal blocking matrix on the received sensor noise can be

eliminated by taking the following matrix
R,=R+ 7,02 = AYA" + kr, 1, (21)

as a correlation matrix to replace the original correlation matrix R. Accordingly, performing

the EVD on R, yields

R.e; = v;e;, (22)
where y1 > v > -+ > vp_1 > yp = -+ = YM—g = £T,. Let the matrices Er = [e; e, -+
ep_1] and Er = [ep epy1 --- ep—y]. Then we can easily show that [Fx Er])”[Ex Er] = I and

range{Fx} = range{ A1} L range{FEr}. (23)

It follows from (54) and (23) that the optimal weight vector for the EIC based on the criterion

shown in (11) can also be written as

w, = (I — EtEx")a,(u;) = ErnEr"a,(u1). (24)



CHAPTER FOUR ANALYSIS OF THE STATISTICAL
PERFORMANCE

Consider the output SINR of an EIC with optimal weight vector w,. Following the

derivations presented in [7], it is easy to show that the output signal power is given by
py = mlwla (u)l, (25)

where 7, denotes the input power of the desired signal, the array output power due to the

interference is given by
pi = wl AP AT w,, (26)
and the corresponding output noise power is given by
P = Tawlw,. (27)
From (25) to (27), the output SINR of the EIC is thus given by
Ps “llwfaq(ul)P

SINR, = = ) 2
pi+pn  wlADA W, + T wlw, (28)

In practice, the number of signal sources P, the background noise power w,, and the
ensemble correlation matrix R required for implementing the EIC are not available and usually
estimated from the received data snapshots. Using the first K data snapshots, we obtain the
estimate P for the number of signal sources based on the AIC or MDL criterion presented
by [11]. Moreover, implementing the AIC or MDL criterion requires performing the EVD of
the corresponding data correlation matrix. Thereforé, T, can be estimated by utilizing the
eigenvalue method of [12] during the same estimation process. Let the estimated value be
denoted as 7,. Then,the next L data snapshots are used to compute the sample correlation

matrix R as follows

1

L
/Ii = Zwb(tl):cb(tl)”. (29)

=~



to replace R, where @;(¢;) is the data vector taken at the time instant ¢;. The correlation

matrix R, of (21) is then replaced by
R, =R+ 7,0 (30)

Note that 7, and R are independent in this case. Accordingly, (54) becomes

R,€; = 7;e,, (31)
where 41 > 4, > -+ > Fup_, are the eigenvalues computed based on I/iw, €1, €2, ..., EM—q,
are the corresponding eigenvectors. Next, let the matrices Fr = [ €1, €z, ...€p_1] and Eo = [
€p, €p41, ..., €p—q). Then the optimal weight vector of the EIC under the L finite samples
1s given by

W, = (I — BE")a,(u,) = ErEr"a,(uy). (32)

Based on the first-order perturbation technique presented in [8] for analysis, it is shown
in Appendix that the expectation of the EIC’s output SINR using finite data snapshots is

approximately given by

w” BY Bw,

H
w’w,

E{SINR,} ~ SINR,(1 — %T?‘{Gﬁ!f/x“} ) (33)

if the input INR is high enough. Assume that the P — 1 interferers are uncorrelated. Then,
&1 = diag{my, 72, ..., 7p} and Wi = diag{|va|*ma, |v3|*7s, ..., |vp|*7p}, where m; = E{|s;(1)|?}

denotes the input power of the :th signal source. Hence, (33) becomes

wwo

w” BY Bw,
E{SINR,} ~ SINR,( (Z |1/1|—2> Do = Ty (34)
Equation (33) reveals that the expectation of the output SINR is bounded in the range of
(SINR, (1 - %Tr{dﬁ![lr‘})\max{BHB}) SINR, (1 - —Ll-Tr{@WI‘l }/\mm{B”B}>] (35)

since (w” B” Bw,)/(ww,) is bounded by the minimal eigenvalue A;,{ B¥ B} and the max-
imal eigenvalue A, { B¥ B} of B¥ B. It follows from (20) that A,,,.{B* B} < k. Moreover,
we note from (35) that the lower bound becomes SINR,(1 — k(P —1)/L) if the (P — 1) inter-

ferers are uncorrelated and |u; — u;| are not less than /3 for ¢ = 2,3,..., P. For example,

9



the value of & is equal to 4 for u; = 0 and ¢ = 1. Thus, the expectation of the output SINR
of the EIC converges with a rate at least equal to 1 —4(P —1)/L when |u;| are not less than
m/3 for 1 = 2,3,..., P. In the following, we consider two special cases to further simplify the
result of (34) under the assumption of M > 2g4.

4.1 Single Interferer

Here, let u;=0 and ¢ = 1. Define the function

sin((M — 1)u/2)

- = . 3
gm-1(v) (M — 1)sin(u/2) (36)
After performing some necessary algebraic manipulations, we can obtain
wiw, = (M —1)(1 — g3y, (u2)), (37)
M -2
w?B"Bw, = 2 + ¢%_,(us) [2 4 4(M —2) sinz(%)] — g (w2) cos(———wr), (39)

and

g2 = (4sm (“22)>_1. (39)

4.2 Multiple Interferers

In this case, we assume that the interferers and the desired signal are located so that
a,(uy)"a,(u;) is approximately equal to zero for ¢ = 2,3,..., P. Then, the optimal weight
vector given by (24) is approximately equal to a,(u1). Hence, we have from (27) and (28)

that
wiw, & ag(u1)ag(u) = M —g (40)

and

g—1 ]
w! B" Bw, ~ a,(u1)" B Ba,(u) = Y (I Yo b 4 Iqu peim |2) (41)

=0 r=0

Further, substituting the b, of (27) into (41) yields

w? B" Bw, ~ a,(u;)” B Ba,(u;) = qu [ij(—n’ (")} . (42)

=0 Lr=0

10



CHAPTER FIVE ANALYSIS OF SENSITIVITY TO S-
TEERING ANGLE ERROR

In practice, the signal blocking matrix is designed according to a steering angle 6y, i.e.,
uy in (27) and (6) is replaced by ug = 2rdsin(6p)/\. For the case of correct steering, we have
6o = 0; and v; = 0. Now consider that there is a small mismatch between 6y and 6,. Using

the first-order approximation, the blocking factor |v;| is then approximately given by
1] = 7™ — 7™ |7 & |uy — ugl’. (43)
Equation (43) reveals that |v;| can not be zero since |u; — up| is not equal to zero. Hence,

there will be a leakage due to the desired signal in the blocked data vector. The correlation
matrix of (7) is then given by

R= Ab‘pbAé{ + 7, BB, (44)
where W, = E{s;(t)s,(t)”}. Therefore, using the proposed technique to construct R, =
R + 7,82 and performing the EVD of this matrix as shown in (54) produces the first P
principal eigenvalues which are greater than xm,. Moreover, the subspace spanned by the

eigenvectors corresponding to these P eigenvalues is the same as that spanned by A, if ¥,

has full rank.

When the number of interferers is overestimated, the matrix Fx will contain more than
P — 1 principal eigenvectors and hence range{A;} C range{Ex}. From (24), the resulting

optimal weight vector w, is given by
w, = (I — BEB")a,(uo) (45)

which is orthogonal to the response vector a,(u;), i.e., wZa,(u;) = 0 regardless of the input
SNR and the value of ¢q. As a result, tlfe desired signal will be completely eliminated and,

hence, the EIC will completely fail in this case.
Next , consider the situation where the number of interferers is exactly known and the

desired signal is uncorrelated with the P — 1 interferers. Based on (54) and (44), we have
Rw = Wblaq(ul)aq(ul)H + R + I‘J’/TnI, (46)

11



where 7y = |v1|*7; denotes the power of the desired signal leakage contained in the blocked
data vector and Ri the correlation matrix due to the interferers. Let the P — 1 nonzero
eigenvalues and the corresponding eigenvectors of Ri are given by oy > a; > ... > ap_,
>0 and v;, 72 =1,2,..., P — 1, respectively. Consider the situation in which the interferers
are located far away from the desired signal so that a,(u;)?a,(u;) ~ 0. The eigenvalues =
which greater than k7, and the corresponding eigenvectors e; of R, in this case can thus be
approximately given by v; & a;+km, and e; & vy, fori =1,2,..., P—1,yp = (M —q)mp + K7,
and ep = a,(u;)/v/M — g, respectively. Thus, the matrix Er will contain the first P — 1
principal eigenvectors v;, ¢ = 1,2,...,P — 1, when (M — ¢)my < ap_;. Consequently,
range{ Ei} ~ range{A:} and hence the EIC will work normally. On the other hand, Ex will
contain the normalized response vector ep if (M — ¢)my; > ap_;. From the optimal weight
vector given by (45), we can see that the desired signal will be suppressed due to the fact
that w}Ei = 0. As shown by (43) and the fact that m; is proportional to |v;|?, this difficulty
could be alleviated by increasing the order ¢ of the signal blocking matrix B if |u; — ug| < 1.
To look into the effect of (M — ¢)my1 > ap_1, we proceed to investigate the performance of

the EIC in the presence of two interferers for the following two cases.

A. Two Highly-Correlated and Widely-Separated Interferers

In this case, we assume that two interferers are widely separated so that a,(us)a,(us)
~ 0 and highly correlated so that the magnitude of their correlation coefficient |py3| &~ 1. As

shown in [10, p.52-p.55], the eigenvalues of R are given by

M — q)myom
o0 = (M = q)(mia +7a) and oy = L= DTy 1 2y (47)
T2 + Tp3
where 7y, = |1|?m; and T3 = lvs|?73 denote the powers of the two interference compo-

nents contained in the blocked data vector. Hence, (M — ¢)my; > a results in the following

performance breakdown threshold for the EIC

|p2al® > 1 — myr () + 7). (48)

12



B. Two Lowly-Correlated and Closely-Separated Interferers

Here, we assume that two interferers are closely separated so that a,(uz)?a,(us) =~ M —
q and lowly correlated so that their correlation coefficient p,3 & 0. Again, following the
derivation similar to Section 5.1, we obtain the eigenvalues of R: as follows

(M — q)ﬂbzﬂbs(

1 — lgpe - Y, 49
e — lgm—g(us — u2)|%) (49)

ar = (M — q)(mp + ™3) and ay =
Hence, (M — g)mp < a3 results in the following performance breakdown threshold for the EIC
lgm—g(us — wa)|* > 1 = mor (7 + 73). (50)

Furthermore, if |us — uy| is small enough, it is also shown in [10, p.52-p.55] that

(M —q)? -1

51 (us — uz)*. (51)

lgrr—q(us —u2)| = 1 —

From (51), the breakdown threshold of (50) becomes

12

'(TW-T)?_—IWM(W;; -+ 7!'1;31). (52)

(U3 ot UQ)2 <

13



CHAPTER SIX SIMULATION EXAMPLES AND COM-
PARISON

In this chapter, several simulation examples for confirmation and comparison are pre-
sented. The adaptive array considered for all simulations is an M-element ULA with interele-
ment spacing equal to half of the signal wavelength.

Ezample 1: Here, we illustrate the statistical performance of the EIC using an array with
M = 10 sensor elements and a signal blocking matrix B with ¢ = 1. The desired signal
with input SNR = 0 dB is impinging on the array from the broadside, i.e., §; = 0. The first
K = 50 data snapshots are used to estimate the source number P and the noise power T,
by the procedure described in Section III. Figure 1(a) showé the expectation of the output
SINR versus the number L of snapshots without steering angle error. Three groups of curves
from top to the bottom show the simulation results for the three cases, namely one 20 dB
interferer with direction angle 6; = 50°, two uncorrelated 20 dB interferers with direction
angles 0, = 50° and 65 = 55°, and three uncorrelated 20 dB interferers with direction angles
0, = 50°, 03 = 55°, and 05 = —60°, respectively. For each case, the solid line represents
the result computed based on (34), while the dash line represents the result computed based
on the approximations shown by (40) and (42). In contrast, the curve with ’x’ represents
the result using the proposed EIC, whereas the curve with ’o’ represents the result using the
EIC of [4] based on the average of 100 independent runs. Comparing the results, we observe
that the proposed EIC and the EIC of [4] have almost the same performance for this case.
Moreover, these simulations confirm the statistical analysis for the proposed EIC presented
in Section IV,

Next, we investigate the effect of ¢ on the EIC’s performance. Figure 1(b) shows the
expectation of the output SINR versus the number L of snapshots. The desired signal with
SNR = 0 dB is impinging on the array from the broadside, while two uncorrelated interferers
with INR = 20 dB are impinging on the array from 50° and —60°, respectively. To make
the effective aperture size (which is given by M — ¢) and thus the ideal output SINR the
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same for comparison, we consider three cases with (M,q) = (12,3), (M,q¢) = (11,2), and
(M,q) = (10,1), respectively. Three groups of curves from top to the bottom show the
simulation results for the three cases. For each cases, the solid line represents the result
computed based on (34), while the dash line represents the result computed based on the
approximations shown by (40) and (42). In contrast, the curve with ’x’ represents the result
using the proposed EIC, whereas the curve with ’o’ represents the result using the EIC of [4]
based on the average of 100 independent runs. Comparing the results, we observe that the
approximations shown by (40) and (42) are quite appropriate. Again, the proposed EIC and
the EIC of [4] have almost the same performance for this case. Moreover, these simulations
confirm the statistical analysis for the proposed EIC presented in Section IV.

Fzample 2: This example illustrates the effect of the angle separation between the desired
signal and interference on the EIC’s performance. For simplicity, we consider only one in-
terferer with INR = 30 dB impinging on the array of 10 elements from direction angle 8,.
The desired signal with input SNR = 0 dB is impinging on the array from the broadside.
The signal blocking matrix B has order ¢ = 1. The first K = 50 data snapshots are used
to estimate P and 7,. Figure 2(a) depicts the expectation of the output SINR versus the
number L of snapshots. Four groups of curves from top to the bottom show the simulation
results for 6, = 10°, 9°, 8°, and 7°, respectively. For each case, the solid line represents the
result computed based on the approximations shown by (37), (38), and (39). In contrast,
the curve with 'x’ represents the result using the proposed EIC, whereas the curve with o’
represents the result using the EIC of [4] based on the average of 100 independent runs. We
note that the EIC’s performance deteriorates as 6, decreases. Figure 2(b) plots the value of
v (w? B Bw,)/(w”w,) computed from (37)-(39) versus #,. The curves from top to the
bottom show the simulation results for the effective aperture size M — 1 varying from 10 to 17.
It is clear that the value of |v3|™*(w? B” Bw,)/(w”w,) is a monotone decreasing function of
6, and, hence, the EIC’s performance degrades as 6, decreases.

Fzample 3 The sensitivity to steering angle error is investigated. We use an array with

10 sensor elements and a signal blocking matrix B with order g=1. To avoid the finite sample
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effect, the ensemble correlation matrix R = E{x,(¢t)x,(¢)"} is used, where x,(t) = BYx(t)
and B is designed based on the steering angle §; which is not equal to ¢;. To measure the
sensitivity of the EIC designed by using the proposed technique to the steering angle error, a
robustness index (RI) is introduced as follows:

Output SINR using (24) with a,(u1) replaced by a,(uo)

= 53
Output SINR using (12) with a,(u,) replaced by a,(uo) (53)

RL

where Er in (24) is obtained by performing the EVD of(54) as shown by (54). In contrast,
the RI is defined as

_ Output SINR using (13) with a,(u;) replaced by a,(uo)
~ Output SINR using (12) with a,(u;) replaced by a,(uo)

RI, (54)

for measuring the corresponding sensitivity of the EIC designed by using the technique of [4].

First, we consider the case of highly correlated interferers. The desired signal with SNR
= 10 dB is impinging on the array from §; = 2°. There are two interferers with INR = 0
dB and direction angles §, = 43° and 03 = —56°, respectively. The steering angle 6, = 0.
Figure 3(a) depicts the RI versus the magnitude of the correlation coefficient |p, 3| of these
two interferers. The vertical line shows the breakdown threshold computed from (48). For
comparison, the results using the EIC of [4] are also plotted. From this figure, we can see that
the proposed EIC is very effective for dealing with the situation where steering angle error is
encountered.

Next, we consider the case of closely separated interferers. Two uncorrelated interferers
with INR = 0 dB are impinging on the array from §; = 55° and 03 = 55° + Ad, respectively.
The desired signal with SNR = 7 dB is impinging on the array from 6; = 2°. The steering
angle is still 6 = 0°. Figure 3(b) shows the RI versus Af. Here, the vertical line shows
the breakdown threshold computed from (52). Again, the results using the EIC of [4] are
plotted for comparison. We observe that the proposed EIC is more effective than the EIC

of [4] against steering angle error. Moreover, it is confirmed by Figure 3 that the breakdown

thresholds shown by (48) and (52) are appropriate theoretical results.
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CHAPTER SEVEN CONCLUSION

Conventional eigenspace-based interference cancellers (EICs) like the one of [4] suffer
with the lack of performance and sensitivity analyses due to the fact that the noise at the
output of its signal blocking matrix is nonwhite. This report has proposed an EIC and
presented the analyses of its performance and sensitivity to steering angle error. We first
present a technique to construct a positive definite matrix based on the signal blocking matrix
and then use this matrix to compensate the effect of the signal blocking matrix on the sensor
noise received by the EIC. Therefore, the interference subspace required for finding the optimal
weight vector can be obtained using conventional EVD. This leads to that the performance
and sensitivity to steering angle error of the EIC can be analyzed. Computer simulations
have confirmed the theoretical results. Moreover, it has been shown by simulations that the
performance of the proposed EIC is almost the same as that of [4] in the situations without
steering angle error. However, the proposed EIC demonstrates the advantage of possessing

robust capabilities against steering angle error over the EIC of [4].
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APPENDIX

Here, we show the derivation of the result given by (33). Performing the eigen-

decomposition for R,,, we obtain
R, = FEAEY + ERARERH, (A—l)

where A = diag{v1,72,...,vp-1} and Ar = diag{vp,¥P+1,--.,701—¢} = &7,I. Similarly, for

ﬁw, we obtain
ﬁw = EI;‘IEIH + E\R;‘.RERH, (A-2)

where A = diag{31,32, .. .,9p_1} and Ar = diag{3p,3p41, . .., 3m—e}. The deviation between

R, and R, due to finite sample effect is given by
AR,=R, - R,=AR+ Ar, 0, (A-3)

where AR = R — R and Ar, = T, — m,. Following the first-order perturbation analysis

presented in (8], we can show that

AEn = En — Frn & —R* AR, Fxr, (A-4)
where

R* = E(f— s D) B (A-5)
Rt possesses the following properties

Rt = B(A"E)" W (A E) Y BY (A-6)
and

R*RR* = R*. (A-7)

By substituting (4) into (32), the optimal weight vector under finite samples can be ap-

proximated by
w, ¥ w, + (ERAER" + AERFEr")a,(uy). (A-8)
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It follows from (8) that the output power of the desired signal, the background noise, and the

interference are given by

ps = m|wia,(u,)|® ~ ps + X3, Apsx + the first order term
Pn = MW W, ~ p, + Y i—; Apnk + the first order term ; (A-9)
pi = w? AdAw, ~ p; + Ap; + the first order term

respectively, where p,, p,, and p; denote the corresponding output powers without finite

sample effect. Moreover,

Asz = AP:Q = W](aq(ul)HAERERHaq(Ul))Z

3 (A-]'O)
Ap373 = 27r1(aq(ul)”ERAERHaq(ul))(aq(ul)HAERERHaq(m))
Aan = Wnaq(ul)HAERAERHaq(ul) (A 11)
Appo = mrag(ur)" ErRAERY AEREr" ay(uy) ,
and
Ap; = aq(ul)HERAERHAI@AJHAERERHQQ(ul) (A—l?)

denote the second-order perturbation terms, respectively. It is appropriate to neglect the
output power due to the interference when the EIC works normally. Accordingly, the output

SINR of the EIC can be written as

ps(l + (ﬁs - Ps)/Ps) )
pr(1+ (Pr — Pn)/Pn + Pi/pPn) (A-13)

It is expected that all of the deviation terms ps; — ps, pn — pn, and p; — p; approach zero as the

SINR, =

number of data snapshots increases. Using the first-order approximation when the number of

data snapshots is large enough, (13) can be approximated by
SINR, = SINRo(1 + (Bs = ps) /s = (Bn = pu)[Pn = Bi/Pn)- (A-14)

Since the expectation for each of the first order terms in (9) is zero, the expectation of the

output SINR can be approximately given by
E{SINR,} ~ SINR,(1 + E{Aps/ps} — E{Dpu/pn} ~ E{Dpi/pu}), (A-15)
where Ap, = S3_ Ap,y and Ap, = Si_, Apns.
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In the following, we compute each of the expectation terms E{Ap,/p,}, E{Ap,/p.}, and
E{Ap;/p.} in (15). As shown in (3), the deviation AR, is composed of two independent
terms, i.e., Am, and AR. Based on the eigenvalue method of [12] to estimate the noise power,
it has been shown that

7('2

BIaml} = 2ar—p (A-16)

if K data snapshots are used. Next, let R, = E{a(t)z(t)"} and R, = L™ SELa(t)x(t)".
Then we have

R = B“R,B and AR = B"AR,B, (A-17)

where AR, = Ex - R,. Using the result presented in [9], it can be shown that AR, has the

following statistical properties
F{AR,} = OandE{Qf’ARxQQQ;’ARxQ4} = L"‘TT{Q;"RxQ2}(Qf’RrQ4), (A-18)

where Q;,¢ = 1,2,3,4, are matrices with appropriate sizes. Substituting (4) and (3) into

(10)-(12), and using the properties of (16) and (18), we can obtain the following expectations

E{Api}/pn = E{Apia}/pn + E{Apis}/pn + E{Ap;.}/pn
E{Api.}/p. = (wawo)‘lTr{Wl“qh}wfBHBwO

E{Apip}/pn = (Lwlw,)(Tr{r, Rt A® A" Rt B" B})w® B” Bw,
E{Apic}/pn = (K(M - P)wfw,)™ (r,w? 2Rt A A" Rt Qw,),

(A-19)

E{Apn,l}/pn ~ E{Apn,la}/pn + E{Apnylb}/pn + E{Apn.lc}/pn
) E{Apni1a}/pn = (wawo)‘lTr{EnEn”B”B}(Wnaq(ul)HRx*'aq(ul)) (A-20)
E{Apn,lb}/pn = (L’lv;lwo)-lTT{ERERHBHB}(’ﬂ'gaq(ul)HR+BHB.RI+aq(U1))

E{Apuic}/pn = (K(M — P)w¥w,)™ (r2a,(u1)” Rt R En Ex" Q Ri*a,(u;)),

E{Apu2}/pn = E{Apn3a}/pn + E{Apn2b}/pr + E{Apn2c}/pn
E{Apnsa}/pn = (LwZw,) ' Tr{r,R* }w” B” Bw,
E{Apn2}/pn = (Lwlw,) ' Tr{r2R* B* BR*}w" BY Bw,
E{Apnac}/pn = (K(M — P)wfw,)™ (r2w? QR+ Rt Qw,),

(A-21)
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E{Aps,l}/ps ~ E{Aps,la}/ps + E{Aps,lb}/Ps
E{Apsia}/ps = (L(w;’wo)z)‘l(anfB”BR‘Laq(ul))2 (A-22)
E{Aps 1} /ps = (K(M — P)(w]w,)*) 7 (mawf 2Rt a,(u))?,

and

E{Aps3}/ps & E{Apsza}/ps + E{Apsas}/ps + E{Aps3c}/ps
E{Apsa.}/ps = 2(L(wlw,)?) " (Tnay(u1) ¥ Rt ay(uy))w? B¥ Bw,
E{Apsan}/ps = 2(L(w) w,)?) 7 (r2a,(v1)” Rt B BRi* a,(w,))w?” B* Bw,
E{Aps3sc}/ps = 2(K (M — P)(wFw,)?) |m,w? 2Rt a,(u,)

(A-23)

Without loss of generality, let @1 = ¢ @, for some positive number ¢ and positive definite
matrix @,. According to (6), it can be seen that Ri* is proportional to ¢™'. Moreover, it can

be shown from (19)-(23) that each of the following terms

{ {E{Api.b}/pmE{Api,c}/pnaE{Apn,la}/pmE{Apn,2a}/pmand E{APS,BG}/ps} (A'24)

1

is proportional to ¢™' and each of the following terms

{ {E{Apn,lb}/pnv E{Apn,lc}/pnv E{Apn,Zb}/an E{Apn,%}/pn) E{Aps,la}/psa (A—25)

E{Aps10}/ps, E{Apszv}/ps, and E{Ap,z:}/ps}
is proportional to ¢~2, while only the term E{Ap; ,}/p. is fixed and independent of ¢. To get
a further simplification, consider the case that c is large enough, i.e., the input INR is high
enough such that these terms in (24) and (A.25) are negligible as compared to E{Ap; ,}/p..
Accordingly, the expectation of the output SINR given by (A.15) can be approximated by

H H
E{SINR,} ~ SINR, (1 - %Tr{%@:”}%%) . (A-26)
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PART 2 : RESEARCH ON EIGENSPACE-BASED ADAP-
TIVE INTERFERENCE CANCELLATION (2/2)



ABSTRACT

This report presents the research achievement for the second-year NSC research project.
This project deals with the problem of eigenspace-based interference cancellation using a
two-dimensional (2-D) rectangular array. An efficient 2-D signal blocking technique is pre-
sented to remove the desired signal from the received array data. In conjunction with the
2-D signal blocking technique, a positive definite matrix is further constructed and used to
compensate the effect of the signal blocking operation on the sensor noise received by a 2-D
eigenspace-based interference canceller (EIC). Therefore, the interference subspace required
for computing the optimal weight vector of the designed 2-D EIC can be obtained by simply
‘using conventional eigenvalue decomposition methods instead of any complicated generalized
eigenvalue decomposition methods. The performances of the designed 2-D EIC under finite
samples and steering angle error are also evaluated. The developed theoretical results are

confirmed by several simulation examples.
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CHAPTER ONE INTRODUCTION

Adaptive interference cancellation can be used for maximizing the rejection of inter-
ference regardless of the interference-to-noise ratio (INR) when processiﬁg array data. This
goal can be efficiently achieved by utilizing eigenspace-based interference cancellers (EIC) as
presented in the literature [1-6]. A common feature for these EICs is that the interference
subspace (IS) spanned by the interferers must be first computed. Then, the optimal weight
vector is computed by maximizing the output signal-to-noise power ratio (SNR) subject to a
constraint of orthogonality to the IS.

Notable among these EIC is the one presented by [4] due to its several advantages over
the others. Using a one-dimensional (1-D) uniformly linear array (ULA) and an appropriately
designed signal blocking processor which blocks the desired signal from the received array data,
it finds the IS through the generalized eigenvalue decomposition (GEVD) of the correlation
matrix of the data vector at the output of the signal blocking processor. However, the noise
component left in the blocked data vector is no longer spatially white because of using the
signal blocking matrix. Hence, finding the required IS for computing the optimal weight vector
inevitably resorts to a complicated GEVD. As a result, it is very difficult to evaluate the
statistical performance under finite samples and the robust capability against steering angle
error for the EIC. Moreover, the technique presented in [4] can not be extended to process
two-dimensional (2-D) array data since its 1-D blocking scheme can not be directly applied to
the 2-D case. In the literature, there are practically no papers dealing with eigenspace-based
interference cancellation using 2-D adaptive arrays.

In this research report, we present the theoretical results for designing and analyzing an
EIC using a 2-D adaptive array. Two 1-D blocking matrices are first designed for both row
and column subarrays, respectively. Using the blocked data vectors at the output of these
1-D blocking matrices and the properties of Kronecker product for matrices, a 2-D blocking
technique is developed to construct a blocked data correlation matrix R that does not contain

the desired signal component for computing the IS. However, the noise component in R is no



longer spatially white, which introduces more complexity in computing the IS. To eliminate
this effect, a positive definite matrix §2 is created from the designed blocking scheme and 7,0
is then added to R, where , is the background noise power. The resulting data correlation
matrix R + 7,{) then possesses a noise component which is spatially white. As a result,
we can find an orthogonal basis matrix of the IS by performing the conventional EVD and
then construct the optimal weight vector using this orthogonal basis matrix. This technique
facilitates the analyses of the statistical performance under finite samples and the robust
capability against steering angle error for the 2-D EIC. Theoretical results on the expectation
of the output signal-to-interference plus noise ratio (SINR) are presented for showing the
statistical performance of the 2-D EIC. As to the robust capability against steering angle
error, it is shown that the performance of the 2-D EIC may be significantly degraded even
if there is a small steering angle error. However, using the proposed 2-D blocking technique
with higher order can alleviate the difficulty. The breakdown threshold for the 2-D EIC’s
performance due to steering angle error is also derived.

This report is organized as follows. Chapter Two presents the design of an eigenspace-
based interference canceller using a 2-D rectangular array. A 2-D blocking technique is de-
veloped and the construction of a positive definite matrix for eliminating the effect of the
2-D blocking operation on the spatially white noise received by the 2-D array is proposed.
Chapter Three analyzes the statistical performance under finite snapshots for the designed
2-D EIC. The performance of the designed 2-D EIC in the presence of steering angle error is
evaluated in Chapter Four. Several simulation examples for illustration and confirmation of
the theoretical works are provided in Chapter Five. Finally, Chapter Six gives a conclusion

for this report.



CHAPTER TWO DESIGN OF A 2-D EIGENSPACE BASED

INTERFERENCE CANCELLER

2.1 The 2-D Array Data Model

Consider a 2-D MxN uniform rectangular array (URA) with sensors located on the X-Y
plane at the positions ((m—1)A/2,(n—1)A/2) form = 1,2,...,M and n = 1,2,..., N, where
A represents the signal wavelength. Let the signal impinging on the array from the elevation
angle 6 and azimuth angle ¢ yield a unit magnitude response and a phase response given by
exp{j[(m — 1)mu+ (n —1)7v]} at the array sensor located at ((m —1)A/2,(n — 1)A/2), where
j =+/—1 and (u,v) = (sin(6) cos(¢), sin()sin(4)). P narrowband signals are impinging on
the URA from P distinct angles (u;,v;) for ¢ = 1,2,..., P. Thus, the data received by the -

sensor located at ((m — 1)A/2,(n — 1)A/2) can be expressed as

(1) exp{5{(m — Vw4 (n = Drv]} + Gmn(2), (1)

M*c

Lo

1=1
where 5;(¢) denotes the complex waveform of the signal emitted by the ith source and ¢, ()
the spatially white sensor noise independent of 3;(¢). Without loss of generality, assume

that 5;(¢) is the desired signal with direction angle (u;,v,) and the other P — 1 signals are

interferers. From (1), the data matrix received by the URA is given by

P

X(t) =D _[Ac(w) As (v:)"]5:(t) + Y (1), (2)

where Ac(u;) = [1, exp{jmw}, ..., exp{j(M—~1)rw;}]7, A.(vi) = [1, exp{jmv;}, ..., exp{j(N—

1)7v;}]*, and Y (t) is the received noise matrix. Rewriting (2) in vector form, we have
vec{ X (1)} = [211(2), .., Zara (1), Z12(), -, Zara (), Z13(8)s - - s ZL v (t)s - 2 ()] 7-(3)
Using the following property of Kronecker product [7]

< KP.1> vec{@:1Q:203} = (@3 Q1)vec{Q-},

where (); are matrices with appropriate sizes, we can rewrite (3) as follows

P
vec{ X (t) Z_: Alui, v:)5(t) + vec{Y (1)} = AsSs(t) + vec{Y (t)}, (4)



where the response vector of the ith signal source A(u;,v;) = A,(v;) ® A.(w), the response

matrix of the P signal sources As = [A(u1,v,) -+ A(up,vp)], and the signal source vector

Ss(t) = [51(t),...,5p(t)]". The correlation matrix of vec{X(¢)} is then given by
R = E{vec{X(t)}vec{X (t)}"} = AsUs As” + 7, Ijyn, (5)

where Us = E{Ss(¢)55(t)"} denotes the full rank correlation matrix of the signal sources, 7,
the noise power, and /5 the MNxM N identity matrix.

2.2 The 2-D Blocking Technique

In the follwoing, we present a technique for the design of a 2-D EIC with a steering angle
(uo, vo). Utilizing the results presented in [4] and letting the steering angle be accordant with
the direction angle (u;,v;) of the desired signal, we can construct a blocking matrix B, for

the column subarrays of the 2-D URA such that
B A (u;) = d.;Ac(u;) with d; = (7™ —e™)? and Al(u;) = J.A(u;), (6)

where (3 is the order of B.. J. = [Ipy Ompl is the row selection matrix which selects the
first M = M — 8 rows of Ac(ui), where O, , is an mxn zero matrix. Similar results can be

obtained for the row subarrays as follows

BP A, (v;) = d, ;A (v;) with d,; = (/™ —€’™)% and A,(v;) = J, A, (v)), (7)

where ¢ is the order of B,. J, = [Iy Ong] is the row selection matrix which selects the first
N = N — 6 rows of A,(vi). Based on the above results, we present a 2-D blocking technique
as follows.

Theorem 1 : Let the matrix R be given by

R = B”RB.+ B*RB,, with B.=J"®B,, and B, = B, ® J. (8)

Then R is an autocorrelation matrix of the blocked 2-D array data which contain all the

interferers except the desired signal.
Proof : Based on the fact that B, = JT® B, A(u;,v;) = A (v;) ® Ac(u;), and the property
of Kronecker product [7]

<KP2> (Q1®Q2)(Q3® Qa) = (Q:1Q3) ® (Q2Q4),
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it can be shown that

Bf/i(u,-, v;) = di A(ui, v;). (9)
where d.; is given by (6) and A(u;,v;) = A,(v;) ® Ac(u;). Based on (5) and (9), then we have

BYRB. = AsD.UsD" As" + =, B* B, (10)
where As = [A(u1,v1), ..., A(up,vp)] and D, = diag{d.1, ..., d.p}. Based on the fact of
d.; = 0 and the property of KP.2, (10) can be further written as

BFRB, = AD.WD* A" + ,(In ® (BYB.)), (11)

where A1 = [A(ug,va), ..., A(up,vp)], D = diag{d.s, ..., dep}, W = E{S(t)5(t)¥}, and

Si(t) = [32(t),...,5p(t)]". Similar to (11), we have the following result for the row subarrays
BYRB, = AD,WD? A" + 7,((B¥B,) ® In), (12)

where D, = diag{d,2, ..., d- p}. Summing (11) and (12) yields

R= BYRB.+ B"RB, = AUWA" 4+ 1,0, (13)
where

U= D, WD + D, DY, (14)
and

® =IyQ (BYB.) + (B”B,) ® I. (15)

Clearly, W is a positive definite matrix if (u;,v;) # (uy,vq) for all 2 =2,..., P. From (13) to
(15), we note that R is the autocorrelation matrix of a data vector which does not contain
the desired signal component. A

2.3 The 2-D EIC Formulation

Based on the 1-D results of [4], the criterion in finding the optimal weight vector for the 2-
D EIC can be defined as maximizing the output SNR subject to a constraint of orthogonality

to the IS. Accordingly, we have to solve the following optimization problem

IWHA(ul, ’U1)|2
WHW

subject to W L range{ A}, (16)

Maximize



where A(uj,v1) serves as the steering vector. The optimal solution of (16) is given by
W, = (]MN — AI(AIHAI)—IAIH)A(ul, vl). (17)

Equation (17) reveals that the matrix A& = [A(uz,vs), ..., A(up,vp)] due to the P —1
interferers must be found in order to compute W,. However, A; cannot be known a prior:.
Basically, one can resort to finding a basis matrix spanning range{ 4} to solve this problem.
Unfortunately, the matrix ¢ given by (15) is generally not an identity matrix. Hence, we
have to perform the GEVD of R. Let the generalized eigenvalues and the corresponding

eigenvectors be designated as v; and g¢;, respectively. Accordingly, we have the following

expression
Rg; = vi®y;, (18)
where vy > v, > ... 2 vp_1 > vp = ... = YyuN = 7. Let Gt = [¢1,92,...,9p-1], then it can

be shown that range{ A} = range{®Gi}. Therefore, the optimal weight vector of (17) can be

rewritten as
W, = (Iun — (G)((PG) 7 (QGH)) 1 (PGr)T) Auq, v1). (19)

From (19), we note that performing the complicated GEVD of R is inevitable for computing
the optimal weight vector W,. Moreover, evaluating the statistical performance under finite
data samples and the sensitivity to steering angle error for the 2-D EIC becomes very difficult
because the GEVD of R is necessary for designing the 2-D EIC.

To tackle the above two problems, in Appendix A, an efficient method is presented to
construct such a positive definite matrix §2 that the effect of the 2-D blocking operation on
the noise component of the received array data can be eliminated, i.e., ® +Q = o%Ipsn. Thus,

we obtain
Ry, = R+ 1,Q = AWAY + o*r,Iun. (20)

Equation (20) reveals that the corresponding noise component in R,, becomes spatially white.

Performing the EVD of R, we have the following expression

Rwei = /\,’6,‘, (21)



where Ay > Xy > -+ > Ap_1 > Ap = --- = Ayn = oin,. Let the matrix Fx = [e; -+ ep_1]

and the matrix Fr = [ep - -+ epmn]. It is easy to show that [Er Er)”[Ex Er] = Iyn and
range{ Fi} = range{ A} L range{Fr}, (22)

i.e., Fxis an orthogonal basis matrix spanning range{ A} and FEr is an orthogonal basis matrix
spanning the complement of range{A}. It follows from (22) that the optimal weight vector

for the 2-D EIC based on the criterion of (16) can be rewritten as

Wo = (]MN - EIEIH)A(uh’Ul) = ERERHA(Ul, 'Ul). (23)



CHAPTER THREE STATISTICAL PERFORMANCE UN-
DER FINITE DATA SAMPLES

In practice, the number of signal sources P, the background noise power ,, and the
ensemble correlation matrix R required for implementing the 2-D EIC are not available and
usually estimated from the received data snapshots. Using the first K data snapshots, we
obtain the estimate P for the number of signal sources based on the AIC or MDL criterion
presented by [11]. Moreover, implementing the AIC or MDL criterion requires performing
the EVD of the corresponding data correlation matrix. Therefore, 7, can be estimated by
utilizing the eigenvalue method of [12] during the same estimation process. Let the estimated
value be denoted as 7,. Then, the next L data snapshots are used to compute the sample

correlation matrix R as follows

~ 1 &

R = 7 ec{ X (t;)}vec{ X (t;)}" (24)

=1

to replace R, where X (;) is the data matrix received at the time instant ;. The correlation

matrix R, of (20) is then replaced by

R, =R+ 7.0, (25)

R = BYRB. + B"RB,. (26)
It is appropriate to assume that 7, and R are independent in this case. Thus, (21) becomes
R,& = \é, (27)

where :\1 > Xg > > XMN. Since the number of interferers is P — 1, the corresponding basis
matrix of IS and its complement are given by E = [€ --- ép_1] and Exn = [ €p -+ emn],
respectively. Consequently, the optimal weight vector for the 2-D EIC under finite snapshots
is given by

———~

W, = (Inyn — BB ) A(uy, vy) = ErEr™ A(ug, v1). (28)
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The statistical performance of the proposed 2-D EIC under finite data samples is given by

the following theorem.

Theorem 2 : For the case of input INR high enough, the expectation of the output SINR

can be approximately given by
e 1
E{SINR,} =~ SINR,(1 — ZFSP)’ (29)

where SINR, denotes the array output SINR without the finite sample effect. FSP represents

the factor of statistical performance and is given by
ESP = w‘l(ér,rwr’r + éc,cwc,c + fr,cwc,r + €c,rw‘r,c)) (30)

where w = WFW,,

wee = WEBYB.W,, w,, = WHB"B,W,, 1)
wer = WIBIBW,, w,c=WEB!BW,,

and
fc,c = TT{\I/I—I\TJI\I/I_lDC@IDf}, fr,r = TT{‘I’I'I\TJI\IJI'IDT‘IJID;I}, (32)
£or = Tr{UW Wl D, WD}, £, =Tr{® WD, D"},

Proof : Please see Appendix B.

If the interferers are uncorrelated, (32) can be further simplified as
(33)

oo = Tis deiP(Idei® + [dril®) ™2, & = Sig dril*([dei? + dr i) 72,
or = Lo deidy i (Jdeil® + |dril®) ™2, bre = iy drsdy (|dr ] + |dei]?) 72,

Moreover, we have the following result.
Theorem 3 : If the angle separations between the interferers and the desired signal satisfy

that |u; —uy| > 1/3 or |v; —vy| > 1/3 for ¢ = 2,3,..., P, it can be shown that
E{SINR,} > SINR,(1 — (P — 1)(0. + 0,)?/L), (34)

where 02 and o? are given by (A-11).

Proof : Please see Appendix D.



Theorem 3 provides a lower bound of the convergence rate for the proposed 2-D EIC
under the situation considered. For example, consider the situation where the direction angle
of the desired signal (uq,v;) = (0,0), the blocking orders (5,6) = (1,1), and the direction
2

angles of interferers (u;,v;) with |u;] > 1/3 or |v;| > 1/3 for ¢ = 2,3,..., P. Then, we have o

= 0? = 4. A lower bound of the output SINR can be obtained from (34) and is given by
E{SINR,} > SINR,(1 — 16(P — 1)/L). (35)

Equation (35) shows that a satisfactory convergence speed for the designed 2-D EIC can be

guaranteed in this case.

To result in a simpler version of the above theoretical results for providing an insight, we
next consider a special situation where all the uncorrelated interferers are located outside the
array mainlobe and the angle separations between the desired signal and the interferers are

large enough so that
A(A” AT AT A(uy, ) < A(ug, v1). (36)

Moreover, M and N are greater than 28 and 26, respectively. Based on these two conditions,
the optimal weight vector given by (17) can be reduced to an approximation of W, ~ A(uq,v1)

and, hence, w & M N, the results in (31) can be simplified as the following approximations

(37)

wee ~ 2N T [Sho(-DF (O], e~ 2M T [Tio(-1)F ()]
Wer = W), & elmu—m1) - for (B,8) = (1,1), and =0, for (8,6) # (1,1),

Then, we can simply substitute (33) and (37) into (30) to obtain the corresponding FSP.
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CHAPTER FOUR PERFORMANCE ANALYSIS UNDER
STEERING ANGLE ERROR

In this case, the steering angle is not accordant with the direction angle of the desired

signal, i.e., (uo,vo) # (u1,v1). The blocking factors shown in (6) and (7) become
de; = (7™ — &™) and d,; = (2™ — I™™)? (38)

respectively. The mismatch between (ug, vo) and (u;, v1) leads to a result that the blocked data

correlation matrix R given by (8) contains a leakage due to the desired signal and becomes
R = AsUs As” + 7,9, (39)

where As = [A(uy,vy), ..., A(up,vp)], ¥s = DC\I’s[?CH + f)rlilsf)f, D, = diag{d.1, ..., d.p},
and D, = diag{d, ., ..., d, p}, respectively. Since (d.;,d,;) # (0,0) for all i = 1,2,..., P, Us
is a Px P positive definite matrix. Hence the matrix R,, = R+ 7,2 has P principal eigenvalues
which are greater than o2, and the corresponding eigenvectors spans the subspace range{ As}.
The computed basis matrix Fi will contain more than P — 1 principal eigenvectors of R, if the
number of interferers is overestimated. From (23), the optimal weight vector corresponding

to this case is given by
W, = (Iun — EaEx™) A(uo, vo)- (40)

This leads to the result that the 2-D EIC fails to work due to that range{£1} contains the
vector A(uy,v1) and the constraint of W* Ex = 0.
Next, consider the situation where the number of interferers is exactly known and the

desired signal is uncorrelated with the (P — 1) interferers. Based on (39), we have
R, = R+ 7,0 = mA(us,v1)A(uy,v1)" + R+ ol Iun, (41)

where 71 = (|d.1|% + |dr1|>) E{]51(t)|?} denotes the power of the desired signal leakage in the
output after the 2-D blocking operation. B = AiWiA, where Ur is given by (14) except that

the entries of D, and D, are now given by (38). Let the P — 1 nonzero eigenvalues and the
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corresponding eigenvectors of R be given by k1 > -+ > kp_; > 0and z; for: =1,2,..., P—1,
respectively. For further simplicity, assume that the interferers are located far away from the
desired signal so that A(uy,v1)? A(u;,vi) = 0 for 2 = 2,3,..., P. Then, the eigenvalues A;
which are greater than o?r, and the corresponding eigenvectors e; of R,, can be approximated
as A &~ ki + 0m, and e; ~ z; for ¢ = 1,2,...,P -1, A\p &~ MNm, + 0?r, and ep =
A(uy,v1)/vVMN, respectively. Note that Ex consists of the first P — 1 principal eigenvectors
of R,. As a result, Ex consists of z; for ¢ = 1,2,...,P — 1 when MNwm; < kp_;. Hence,
range{ Fi} ~ range{A} and the 2-D EIC works normally. On the other hand, Ei contains
the normalized response vector A(uy,v;)/vMN if MN7, > kp_;. From the optimal weight
vector given by (40), we note that the desired signal will be suppressed due to the constraint
of WXFx = 0. As shown by (38) and the fact that 7, is proportional to (|d.|* + |d.1]?), this
difficulty could be alleviated by increasing the orders # and §é if the steering angle error is
small. In general, the breakdown threshold M N7, > kp_; happens when Hi is nearly rank-
deficient. To look into the effect of MN7m; > kp_1, we proceed to consider the case of two
uncorrelated and closely-separated interferers.

Let the two uncorrelated interferers be closely separated so that A(ug,vs)” A(us,vs) =

MN. From (8, pp.25-pp.27], we can easily show that
_ MNT('Q T3

1 - c 2 T 2 . 42
2+ s (1 = |gc2,3/*1gr2,3|%) (42)

K2

where 7; = (|d.;|? + |d-:|?) E{|5:(t)|?} for i = 2 and 3. g.3 and ¢, 3 are given by

(
_ sin(mM(uy — u3)/2) in(M—-1)(uz—us)/2
o238 = M sin(m(ug — us ¢’ ’

9123 = Nsin(r (v — vs)/2)

Hence, the condition M N7 > Kk, causing the performance failure becomes

L= 19e23l*lgraal* < mi(my' + 737). (43)

When |u; — uz| and |vz — v3| are small enough, it is also shown in [8] that

|9e20l? & 1 = Mita?(us — ug)? (44)
|gr23l? = 1 — N—j;—l’fr?(w - Ua)2

12



Substituting (44) into (43) and taking the first-order approximation yields the following per-

formance breakdown threshold

M? -1 N -1
T e )

T (vg — v3)? = my (77t + 73h). (45)
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CHAPTER FIVE COMPUTER SIMULATION EXAM-
PLES

In this section, several simulation examples for illustrating and confirming the theoret-
ical works are presented. The 2-D array used for all simulations is a URA with M = 7 and
N = 6. Moreover, the simulation results based on the direct GEVD of R given by (18) to
obtain an IS basis matrix required for computing the optimal weight vector are also presented
for comparison.

Fzample 1 : This example is performed to illustrate the theoretical results presented in
Section III. We set (3,6) = (1,1). The desired signal with input SNR = 0dB is impinging
on the array from (u1,v1) = (0,0). One interferer has input INR = 20dB. The first K = 50
data snapshots are used to estimate the source number P and the noise power =,. Figure
1 plots the array output SINR in dB versus the number of snapshots L for two different
interfering angles. Each simulation result is obtained by averaging 100 independent runs with
independent noise samples for each run. The solid curve represents the theoretical results
computed by using (29) based on (28), (30), (31), and (32). This confirms the validity of
(29) given by Theorem 2. On the other hand, the curve with ”x” represents the simulation
results for the performance of the 2-D EIC designed by using the proposed technique, while
the curve with ”0” represents the simulation results of the 2-D EIC designed by using the
direct GEVD technique. The coincidence between these two curves shows that the 2-D EIC
designed by using the proposed technique provides the same performance as that directly
using the complicated GEVD technique.

Comparing the results of Figure 1(a) and (b), we note that the output SINR of Figure
1(a) is smaller than that of Figure 1(b) for each number of snapshots as expected because
the angle separation between the desired signal and the interferer is smaller for Figure 1(a).
This phenomenon is further demonstrated in Figure 2 by plotting the FSP of (30) versus the
interfering angle (u;,v3). We note that FISP increases and hence the performance degradation

increases as (uq,vy) approaches (uy,v1) = (0,0).
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Fzample 2 : This example considers the case of multiple interferers. Again, we set (3,9)
= (1,1). The desired signal with input SNR = 0dB is impinging on the array from (uq,v;) =
(0,0), while the uncorrelated interferers have the same input INR = 20dB. The first K = 50
data snapshots are used to estimate the source number P and the noise power 7,. Figure 3
depicts the array output SINR in dB versus the number of snapshots L for different inter-
fering situations. Each simulation result is obtained by averaging 100 independent runs with
independent noise samples for each run. The solid curve represents the theoretical results
computed by using (29) based on (28), (30), (31), and (32). In contrast, the dash curve rep-
resents the theoretical results computed by using (29) based on the approximations described
by (37). The dash curve almost coincides with the solid curve. This confirms the validity of
the approximations given by (37). Moreover, the coincidence between the curves with ”x”
and "0” illustrates that the 2-D EICs designed by using the proposed technique and directly
using the complicated GEVD technique have the same performance.

Ezample 3 : Here, we illustrate the performance of the designed 2-D EIC in the presence
of steering angle error. The steering angle is (u,,v,) = (0, 0). The desired signal with input
SNR = 3dB is impinging on the 2-D array from (u;,v;) = (0.03,0.03). Two uncorrelated
interferers with input INR = 3dB are impinging on the array from (uz,v2) = (0.5,0.6) and
(us,v3) = (uz + Au, vy + Av). To evaluate the sensitivity to the angle separation (Au, Av),
we define a robustness index (RI) as follows

The output SINR using W, of (40)

I, = 46
fily The output SINR using W, of (17) with A(ui,v;) replaced by A(uo, vo) (46)
for the designed 2-D EIC and
The output SINR using W, of (19) with A(u1,v;) replaced by A(uo,vo)
RI, = (47)

" The output SINR using W, of (17) with A(ui,v,) replaced by A(ug, vo)
for the 2-D EIC directly using the complicated GEVD technique. Figure 4(a) plots the R/
versus (Au, Av). The top curve represents the RI, versus (Au,Av), while the bottom curve
represents the RI; versus (Au,Av). It shows that the proposed technique possesses the
advantage of robust capability against steering angle error over the GEVD technique. Figure

4(b) depicts the curves of the breakdown threshold for RI, = 0.5. The dash curve represents

15



the breakdown threshold computed by (45), while the solid curve represents the simulation

results. This figure also confirms the presented theoretical results.
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CHAPTER SIX CONCLUSION

The theoretical works for the design and analysis of a 2-D eigenspace-based interfer-
ence canceller (EIC) have been presented. An effective 2-D signal blocking technique is first
presented to remove the desired signal from the received array data. To compensate the ef-
fect of the signal blocking operation on the sensor noise, a positive definite matrix has been
constructed. Therefore, the interference subspace required for computing the optimal weight
vector can be obtained by using conventional eigenvalue decomposition methods. The per-
formances of the designed 2-D EIC under finite samples and steering angle error have been
evaluated, respectively. The developed theoretical results are confirmed by several simulation
examples. It has been shown that the performance of the designed 2-D EIC is the same as
that of a 2-D EIC directly using a complicated GEVD technique in the situation without
steering angle error. However, the proposed 2-D EIC possesses the advantage of more robust

capability against steering angle error over the 2-D EIC based on the GEVD technique.
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APPENDIX A

Let I, be an mxm cyclic-shifting matrix defined as

]m = [ Im'2 ]myg N ]m,m ]m,l ], (A‘l)

where I, ; is the 7th column vector of the mxm identity matrix. Following the results presented

in [4], the blocking matrix B. which satisfies (6) can be constructed as follows
B. = [i)c M?’c ( M)M_lgc], (A'2)
where Z)C is an Mx1 vector given by
be = [beoy -+ ybeg, 0, ... ,0]7, (A-3)
and b,y are the coefficients satisfying
. 8
(z—€e™) =302 (A-4)
k=0

The subscript '+’ denotes the complex conjugate. From (A-2) and (A-3), it can be seen
that BB, is an MxM Hermitian and Toeplitz matrix. Furthermore, let HT {x,,z;,..., 2}
denote an mxm Hermitian and Toeplitz matrix with its first row given by [z1,z2,..., 2]

Then, we have
B—1
BIB, = HT{eco,€c1,. .. €cm-1}, With €.; = Z b7 kpibe k- (A-5)
k=0
Next, we construct an (M + ¢)x1 vector as follows
fo(kyd) =[1 O1:1 3% Orp—n |7, (A-6)

wherez = 1,2,..., M —1 and £k is an integer. From (A-6), an (M +1)xM matrix is constructed

as follows

Fo(k,t) = [ felky i) Inggafe(k,i) Typpofe(kid) ... IMZ1fu(kyd) ). (A-T)
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Using (A-6) and (A-7), we have
To(k,i) = F.(k,))"F,(k,1) = HT{ 2, O1i_1, (—=5)*, Op-1-: }. (A-8)

From (A-8), we note that I'.(k,¢) is positive definite, Hermitian, and Toeplitz. Moreover, it

is easy to show that

|Re{eci HT(2sgn(Re{e.:}),¢) + [Im{eci}Te(2sgn(Im{eci}) — 1,1)
= HT{ Q(IRS{CCJ‘H + IIm{ew‘}l), 0111‘_1, —€ci, Ol,M—-l—i }, (A-g)

fori=1,2,...,M — 1, where Re{z} and Im{z} denote the real and imaginary parts of z,
respectively. sgn(z) = 1 if > 0, and = 0, otherwise. We then construct a positive definite

matrix as follows

M-1

Q, = Z (|Re{ec:}Te(2sgn(Re{ec:}), 1) + [ Im{e }Tc(2sgn(Imiec;}) — 1,2))  (A-10)

=1
Summing (A-5) and (A-10) thus yields a diagonal matrix as follows

M-1
BFB. + Q. = (66,0 +2 > (|Re{ec,i}| + !]m{ec,i}|)> In = 021y, (A-11)
=1
where o2 denotes the proportional constant. Following the same procedure, we can find a
positive definite matrix €2, such that B¥B, + §, = o2Iy for some positive o?. Finally, we

form the following matrix
Q:]N®QC+QT®IM. (A-12)
Based on (15) and the property of Kronecker product [7]

< KP3 > (Z Q) _Ti) = ZZ(Qz’ ® Tk)

for matrices Q; and T} with appropriate sizes, we can easily show that ® + Q = o2Iyn, where

2 _ 52 2
c°=o0. + o;.
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APPENDIX B

Here, we show the result given by (29) in Theorem 2. Performing the EVD of R, we

obtain the following expression
R, = BAEY + ERARERH, (B-l)

where At = diag{A1, Az,...,Ap_1} and Ar = diag{Ap, Aps1,..., AN} = 0?1 Iyn. Similarly,

we have the following expression
Rw = EI&EIH + ERKRERH (B—Q)
from the EVD of ]-AZw, where Ar = diag{xl,:\g, .. .,Xp..]} and Ar = diag{xp, /A\p+1, ce :\MN}.

From (20) and (25), the deviation between R, and R, due to finite sample effect can be

expressed as

AR, = R, — R, = AR + Am,Q, (B-3)
where Am, = 7, — 7, and AR = R — R. Using (8) and (26), AR is given by

AR = B¥ARB. + BPARB.,. (B-4)
Following the first-order perturbation analysis presented in [9], we can show that

ABn = En — Ern ~ —RT AR, Fr, (B-5)
where

Rt = E(A ~ o*n,lp_ ) B (B-6)
It follows from (B-6) that Rt possesses the following properties

Rt = B(A"E)" W (AYE) ™ E”, and RYRR' = R*. (B-7)

Substituting (B-5) into (28) and preserving only the first-order term, we obtain the following

approximation for the optimal weight vector under finite samples
W, ~ W, + (ErAER" + AFEaEr™)A(us, ;). (B-8)
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Using (B-8) and the property that A Er” Er = 0, we can find the powers of the desired signal,
the noise, and the interferers at the array output as follows

Ds = T ]WOHA(ul, v1)|* & ps + Xp_1 Aps + the first-order terms

Pn = WHWOHWO X pn + Zi:l Ap, r + the first-order terms , (B-9)

D = WOHAI\TIIAIWO ~ p; + Ap; + the first-order terms
where p; = 7 |WH A(u1,v1)|?, pn = T WEW,, and p; = Wfo\ihArHWo represent the output
powers of the desired signal, the noise, and the interferers without finite sample effect, respec-
tively. #; = E{|51(¢)|*} denotes the input power of the desired signal. p; is negligible when
the 2-D EIC works normally. The other terms are the second-order perturbation terms which

are given by

Aps,l = Ap:,2 = irl(A(ul,vl)HERAERHA(ul,vl))z, (B 10)
Aps,;; = 277'1 ’A(Ul, ’Ul)HERAERHA(Ul, ”U])IZ,
Apn,l = ’ﬂ'nA(ul,vl)HAERAERHA(Ul, U]), (B 11)
Apnyg = ﬂ'nA(Ul, Ul)HERAERHAERERHA(Ul, vl),
and
Ap; = A(uy,v1)? ErA Er" AUA" AErEr™ A(uy,v1), (B-12)

respectively. Since p; is negligible, the output SINR of the 2-D EIC can be written as

TNT As s 1 As — Ps s
SiNR, = P (Lt (P —pa)/ps) ‘ (B-13)
Consider the situation where the number of data snapshots is large enough. Utilizing the

first-order approximation of (1 + z)~! = 1 — z for a small x, we can obtain an approximation

for (B-13) as follows
SINR, = SINR,(1 + (ps = ps)/Ps — (Pn — Pn)/Pn — Pi/Pn), (B-14)

where SINR, = p;/p. represents the output SINR without finite sample effect. Since the
expectation for each of the first-order terms in (B-9) is zero, the expectation of the output

SINR can be approximated from (B-14) as follows

L E{ap} _ E{Ap.} E{Api}), (B-15)
Ps Pn Pn

E{SINR,} ~ SINR,(1
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where Ap, = 30, Apsx and Ap, = 32, Apn k.
Next, we compute the individual terms in (B-15). As shown in (B-3), the deviation AR,
is composed of two independent terms, i.e., Ar, and AR. By using the eigenvalue method of

[12] to estimate the noise power, it has been shown that

2

E{Am ) = v = (B-16)

if K data snapshots are used. On the other hand, it has been shown in [10] that the deviation
AR due to finite sample effect has zero mean and the second-order statistical property as

follows
B{QUARQ:QIARQ:} = TTH{QYRQ:) QY RQW), (B-17)

where (); are matrices with appropriate sizes. By substituting (B-5) into (B-10)-(B-12) and
using the properties of (B-7),(B-16), and (B-17), the individual terms in (B-15) are computed.
The results are listed in Appendix C. It is also shown in Appendix C that the term
LE{Api.}/pn is dominant in the case of input INR high enough since all the other terms

decrease as the input INR increases. Accordingly, (B-15) can be approximately expressed as
—~ 1
E{SINR,} ~ SINR,(1 — ZFSP) (B-18)

for input INR high enough, where the factor of statistical performance FSP = LE{Ap;.}/p»

is given by (30).
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APPENDIX C

To ease the presentation, we employ the subscripts (1) and z(2) to replace the sub-
scripts "r” and ”c”, respectively. For example, B;(;) and By 3) represent the notations B, and
B., respectively. Thus, (B-4) can be rewritten as

2
AR=>" Bf(z-)ARBr(i). (C-1)
i=1
Using the above notations and performing some algebraic manipulation provides
E{Api}/pn = E{Apia}/pn + E{Apis}/pn + E{Apic}/pn
E{Apia}/pa = (L) Zik(botk) 2 (@e(i) a(t) (C-2)
E{Apip}/pn = (Lw)™ Ty p(Tr{m, Bt Al AY Rt Bl Boiy Yoou(i) o))
E{Api.}/pn = (K(MN — P)w)™(m, WEQRT AUWAT RHQW,)
E{Apny}/pr = E{Apn1a}/pn + E{Apn1s}/pn + E{Apnic}/pn
E{Apnia}/pn = (Lw) ™ i p(Tr{ Er Ex" By Ba(i) }2(i) 2(k))

~ ~ ) (C‘3)
E{Apn}/pn = (Lw)™ T (Tr{ EREr" Bl{4y Br(iy } (i) 2(k))
E{Apnic}/pn = (K(MN — P)w) (2 A(uy, v1)? R QEREr¥ QR A(uy,v1))
([ E{Apus}/pn ® B{Apasa}/pn + E{Apn}/pn + E{Apusc}/pn

E{Apnza}/pn = (Lw)™ zi,k(TT{WnB+’?ID$(f)®IDf(i)AIH&+}wx(i),r(k)) | (1)
E{Apna}/pn = (Lw) ™ i (Tr{ma Bt By Boy Bt Yoz (k)
E{Apnac}/pn = (K(MN — P)w) (m2WEQRT RTOQW,)
E{Aps1}/ps ~ E{Apsia}/ps + E{Aps s}/ ps
E{A s,la s = (L 2)- i

{Apsia}/ps = (Lw?)™ ik , (C-5)

(Ta W2 B By Bt A(ur, v1)) (ra W By Boy Rt Alu, v1))|
E{Aps1}/ps = (K(MN — P)w?)™ (m, WEQR™ A(uy,v,))?

and
E{Aps3}/ps = E{Aps3a}/ps + E{Apsss}/ps + E{Aps3c}/ps

E{Aps3a}/ps = 2(Lw?)™ > k(M2 (i), (k)W (k) 2(i)) (C-6)
E{Aps3}/ps = 2(Lw?) ™ s k(po(i) z(k) e (k),2())

E{Apssc}/ps = 2(K(MN — P)w?)|m, WHQRY A(uq,v)|?

23



respectively, where w = W W, and

(

wa(i) () = W Bl Boiy Wo

Ea(k),a(i) = TT{\III_l\ih\PI_lDr(k)\Ith(i)}

nz(i),x(k) = WnA(Ul, ”01)HI?I-*_AIDI(,')\i}lDf(k)/qu}?l+A(ul, ’()1)
pe(i) () = TaA(ur, 1) Bt B Bory Rt Aus, vy)

for ¢,k = 1,2, respectively.

Next, let the positive definite matrix U1 be expressed as W = a¥, for some positive
number @ and positive definite matrix Wo. Then it can be easily shown from (B-7) that R+
1s proportional to @™'. From (C-2) to (C-7), it can also be shown that each of the following

terms

E{Apis}/pry E{Apic}/Pns E{ApPnia}/Pn, E{Apnza}/pn, and E{Apss.}/ps (C-8)

1

is proportional to @=' and each of the following terms

E{Apn1b}/pn, E{Apn,lc}/pm E{Apna}/pn, E{Apn2c}/pn, E{Aps1a}/ps,
E{Aps15}/ps, E{Aps,Sb}/pm and E{Aps3sc}/ps (C-9)
is proportional to @~2, while only the term E{Ap;,}/p, is fixed and independent of . To get
a further simplification, consider the case that @ is large enough, i.e., the input INR is high

enough so that these terms in (C-8) and (C-9) are negligible as compared to E{Ap;,}/pn.
Then, we have the result as shown by (B-18).
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APPENDIX D

By using the Cauchy-Schwarz inequality that

Tr{@1Q5 }” < Tr{QiQy}Tr{Q:Q5 }, (D-1)

where (); and @2 are matrices with appropriate sizes, it follows from (31) and (32) that

|wC,T’2 = lwr cl2 < We,cWr
\ " T (D-2)
IéC,TI = IéT,CI Séc,cgr,r
Based on (30) and (D-2), it can be shown that
2
FSP < |(6nr 002 4 (6 22) 7] (D-3)
w w
Substituting (31) into (D-3), we obtain
FSP < [(€rrAmas { BT Bo})'? 4 (Eechman { BI B, (D-4)

where Amez{@} denotes the maximal eigenvalue of (). Furthermore, based on (A-11) and the

property of Kronecker product [7]
< KP.4 > det{Ql — qu} = 0, det{Qz — qgl} = 0, = det{Q1 (034 Q2 — Q1QQ1} = 0,

where det{Q} denotes the determinant of the matrix @Q, it can be shown that

/\maz{BCHBc} = /\ma:v{BfBC} < 03 (D 5)
Aac{ BP B} = Amao{B¥B,} < 0%
Therefore, we have
FSP < ('S;,/fac + 55,4207)2- (D-6)

If the interferers are uncorrelated, (33) reveals that both £, . and &, , are not greater than

SF (|deil? + |d,3]?)~". Thus, the inequality in (D-6) becomes

FSP < S (|des|? + |d,i2) (00 + 0,)2. (D-7)

1=2
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From (6), it can be shown that [d.;|* > 1 if [u; — uy| > 1/3. Similarly, we have |d,,|? > 1 if
lvi —vy| > 1/3. Thus, if |u; — uy| > 1/3 or |v; — vi| > 1/3, we have |d.;]* + |d,;|* > 1 for
t=2,3,...,P. Hence, (D-7) reduces to

FSP < (P —1)(o. + 0,)% (D-8)

Finally, substituting (D-8) into (29) yields the result shown by (34).
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