TERBAEXAZFLA TR EARTH ERRERSE
NSC Project Report |
X 0 NSC a7 -5 Mece~c 3¢
WiTHR:JIES A/ 82 90 £/rA3/) 8
EHA Y g RTABAIGLH & x 3u% 4
- PXHE |

M A% 2 ZHR G J L 4
“ 44 érﬁl (derivetion ) o Cheboton F0 5 G5 Fy 7% 25 4.
3% ol §1x0xT xek] F¥ it 384 5
T,z %584 ¥z gy sl Y

%1 cp;u ,%é%ﬁl 4)62‘5‘75&5/“ (f«ffi Corm, ﬁ@.ﬂﬁd 4552')



A NOTE ON CERTAIN SUBGROUPS OF PRIME
RINGS WITH DERIVATIONS
Chen—-Lian Chuang and Tsiu—-Kwen Lee

Department of Mathematics
National Taiwan University
Taipei 106, Taiwan
E-mail: chuang@math.ntu.edu.tw

E-mail: tklee@math ntu.edu.tw

Abstract. Let R be a noncommutative prime ring of characteristic not 2 and 4 a
nonzero derivation of R. Chebotar and Lee proved that the additive subgroup of
R generated by the subset {[z%,z] | z € R} contains a noncentral Lie ideal of R if

d® # 0. In this note we show that the same conclusion holds even if d* = 0.

Let R be a noncommutative prime ring with center Z(R) and 4 a nonszero
derivation of R. We denote by Gy(R) the additive subgroup of R generated by the
subset {[z%,z] | z € R} and by G4(R) the subring of R generated by G4(R). In
(9] Posner proved that G4(R} € Z{R). Several generalizations of Posner’s theorem
have been obtained in the literature. In [1] Bresar and Vukman proved that G4(R)
contains nonzero onesided ideals of R if char R # 2. In [2] Chebotar generalized
Bresar and Vukman's theorem by proving that m contains a nonzero ideal of
R if char R # 2. Recently, Chebotar and Lee [3] proved that G4(R) contains a
noncentral Lie ideal of R if char R # 2 and 4% # 0. They also posed the question

=

whether or not the theorem still holds without the assumption that d® # 0. In this
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note we answer the question in the affirmative. Precisely, we will prove the following

Theorem 1. Let R be a noncommutative prime ring of characteristic not 2 and d
u nonzero derivation of R. [fd® = 0, then the additive subyroup of R generuted by

the subset {[z",z] | x € R} contains @ noncentral Lie ideql of R.
Theorem 1 together with [3, Theorem 3] gives the following result.

Theorem 2. Let R be a noncommattative prime ring of characteristic not 2 and d
a nonzero derivation of R. Then the additive subgroup of B generated by the subset

{[z%,z] | © € R} contains a noncentral Lie ideal of R.

As pointed out in {3] we remark that the conclusion is not true any more when
char R = 2. In what follows, unless specially stated, let R denote a noncommutative
prime ring with extended centroid C, two-sided Martindale quotient ring ¢ and

char R # 2. We begin the proof with some elementary observations.

Lemma 1. Suppose that d is o nonzero derivation of R. Then G4(R) conteins a
noncentral Lie ideal of R if and only if there exists ¢ nonzero ideal I of R such that

Proof. For z € R, by assumption we have [z%, z] € G4(R). Linearizing this relation

on z, we obtain
(1) 2, 4] + [v*, 2] € Ga(R)
for all z,y € R. Since [z%,y] = [z, 1% + 4% 2], by (1) we have

(2) [z, y]* + 2[y*, 2] € Gu(R)

oy, =

for all z,y € R.

Suppose that G4(R) contains a noncentral Lie ideal of R. Then there exists &
nonzero ideal [ of R such that {1, R] C G4(R) (see the proof of [5, Lemma 1.3]). In
particular, we have [y?, z] € G4(R) for all 2,y € 7. By (2) we sce that [z, y]* € Ga(R)
for all z,y € I. That is, [I, I1% € Gy(R).



Suppose next that there exists a nonzero ideal [ of R such that [7, It C Gu(R).
By (2) we have 2[y%,r] € G4(R) for all w,y € I. That is, 2[[¢, 1] C G4(R). We note
that d may not be a derivation of the prime ring [. However, [74, ]] still contains a‘
noncentral Lie ideal of B by applying the same argument given in the proof of [3,
Proposition 2| together with the following fact: Let J be a nonzero ideal of R and
A an additive subgroup of R. Then (J2)%° C J%, J¥ £ 0 and [4, J] = [4, J], where
A denotes the subring of R generated by A. Thus G4(R} contains a noncentral Lie

ideal of R, proving the lemma.

Let F be the algebraic closure of C and set B = RC ®¢ F. In view of [4],
Risa prime ring with extended centroid F. A standard argument proves that
every nonzero ideal of R intersects nontrivially with R. It is well-known that every
derivation of R is uniquely extended to a derivation of @. If d is a derivation of R
such that C% = 0, then d is canonically extended to a derivation of ﬁ, denoted by d

also, such that F¢ = . We need the following lemma in our proof.

Lemma 2. Suppose that d is a derivation of R such that C% = 0. If Gd(ﬁ) conteins

o noncentral Lie ideal of R, then G4(R) contains o noncentral Lie ideal of R.

Proof. We claim that G4(R) = G4(R)F. Denote by Gr (G ) the additive subgroup
of R (resp. R) generated by all elements [z%,y] + [y?, 7} for z,y € R (resp. R). Itis
clear that Gz = G!RF since F¢ = 0. Since char R # 2, we see that 2G4(R) C Gz C
G4(R). Since F is an algebraically closed field and F¢ = 0, it is clear that G4(R)
is a vector space over F. Thus G = G4(R), implying that G4(R) = G4(R)F, as

claimed.

Suppose next that G4(R) contains a noncentral Lie ideal of R. In view of Lemma
1, there exists a m;I:iE;ro ideal 7 of R such that [I, I]? € G4(R). Thus [/NR,INR]? C
G4(R)FN R. Note that Gg(R)FNR = Gz(R) and that /N A is a nonzero ideal of R.
Thus [ N R is a nonzero ideal of R such that [f N R, I N R]® € G4(R), implying that

G4(R) contains a noncentral Lie ideal of R by Lemma 1. This proves the lemma.



The next lemma plays a key role in the sequel.
Lemma 3. Let R be a prime ring of charueteristie not 2, I n nonzero ideal of R and
0#ac Q. Then H, the udditive subgroup of B generated by oll elements way + yax
for x,y € I, contains a nonzero ideal of R.
Proof. Choose a nonzero ideal JJ of R such that a/+ Je € I. Let z,y,2 € J. Then,

by assumption, we have
2rayaz = [(zay)az + za(zay)] - [(zaz)ay + ya(zaz)| + [(yaz)az + za(yaz)) € H.

Thus we see that 2JaJoJ € H. Note that 2JaJaJ i1s a nonzero ideal of R The

lemma is thus proved.

Lemma 4. Suppose that d is a derivation of R defined by d(z} = ax —za forz € R,
where 0 £ a € Q and a? = 0. Then Ga(R) contains o noncentral Lie ideal of K.

Proof. Define f(x) = (z¢,z} = ax® — 2zaz + za for £ € R. Choose a nonzero ideal
K of R such that aK € R. Then flaz) = azaza € G4(R) for x € K. In view
of Lemma 3, the additive subgroup of R generated by the subset {xaz | z € K}
contains a nonzero ideal 7 of R. This implies that afa C G4(R). We may also

assume that e/ C Rasa € Q.

Let © € I; then az € R. Then f(az + z) — f(az) - f(z) € G4(R). This means

that
(3) a(az? + zaz) — 2azxaz ~ 2zaiz + (az? + zazx)a € G4(R).

That is, —[a, zaz] + az?a € G4(R). But az’a € ala C Gu(R), we have (g, zaz| €
G4(R) for all z € I. In view of Lemma 3, there exists a nonzero ideal J of R such
that J C {zaz | .rhé-f} and so [a,J] € Ga(R), that is, J* C G4(R). By Lemma 1,
G4(R) contains a noncentral Lie ideal of R, proving the lemma.

Recall that a derivation d of R is called X—outer in the sense of Kharchenko
(see [6] and [7]) if d is not Q—inner. To prove Theorem 1 we need to investigate Re,

the subring of R generated by R¢.



Theorem 3. Let R be a prime ring and d an X -outer dermvation of R. Then Rt
contains a nonzero ideal of B unless char R = 2 and d* = 0.

Proof. Let z,y € R. Then (zp¥)t = ziyd + zy* € RY, implying that oyt €
RY. That is, Rx? - R and, analogously, y“2R - 'ﬁ. Therefore, we see that
Rz y® R C R for all z,y € R. We are done if #4°y® £ 0 for some z,y € R.
Suppose now that zt ydz = 0 for all z,y € R. The aim is to prove that char & = 2
and d? = 0.

If char R # 2, then d? is a regular word and hence, Kharchenko's theorem (7]
implies that zy = 0 for all r,y € R. This derives a contradiction from the primeness
of R. Thus char R = 2. Then 42 is also a derivation of R. Suppose that d* # 0.
Thus the anmihilator of R* is zero. In particular, R¥ R # 0, a contradiction.

Hence, d* = 0 follows. This proves the theorem.
We are now ready to give the proof of Theorem 1.

Proof of Theorem 1. Suppose first that d is X—outer. Note that d* # 0 as
char R # 2. It follows from the proof of [3, Theorem 3| that

(4) 4[R¥(z%y*)"RE, R] C G4(R)

for all z,y € R. In view of Theorem 3, R contains a nonzero ideal [ of R. Thus
4[I(z%y*)%1, R] C L;}',;(R) for all z,y € R. Suppose that (z9y%)% = 0 for all z,y € R.
Then z% y4 + z4y?" = 0 for all z,y € R. Since char R # 2 and d is X-outer, d
and d? are distinct regular words (see [6] and [7]). By Kharchenko's theorem (7] ,
zy +uv = 0 for all z,y;u,v € R, a contradiction. Thus there exist z,y € R such
that (z%y%)? # 0. Then 4[I(z%®)?I, R] is a noncentral Lie ideal of R contained in

ey =

(G4(R). We are done in this case.

Suppose next that d is @-inner. Thus there exists a € @ such that ré = ar — 70
for z € R. Suppose for the moment that char R > 3. Since d3 = 0, it follows from
[8, Corollary 1] that there exists A € C such that (a — A)?> = 0. Since z% = [a,z] =

[a = A,z] for « € R, by replacing a with e — A we may assume that a® = 0. By
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Lemma 4, G(R) contains a noncentral Lie ideal of R. Therefore, we assume that
char R = 3. Then a® € C as d® = 0. Denote by F the algebraic closure of C
and set B = RC Kc F C Q @c F. Note that Q ®¢ £ is contained in the two-

sided Martindale quotient ring of RC ®¢ F. Then we can choose A € F such that

(e — A)? = 0. By Lemma 2, it suffices to prove that G4(R) contains a noncentral Lie
ideal of R. Replacing o by e — A, we may assume that a® = 0. If a® = 0, then we

are done by Lemma 4. Thus we always assume that a? # 0.

Set f(z) = [z?,z] for £ € R. Then, using char R = 3, we have
(5} flz) = az® + zax + zla € Gd(fﬂ}

for all z € K. Choose a nonzero ideal K of R such that Ka? + a?K C R. Replacing
2 by za? for z € K in (3), we see that f{za?) = azalza® € G4(R). Analogously, we
have a’za’za € G4(R). In view of Lemma 3, the additive subgroup of R generated

by the subset {za’r | z € K} contains a nonzero ideal [ of R. Thus we have
ala® +ala C Gd(ﬁ).

Choose a nonzero ideal I of R such that

Io + ko + Iga® + aly + 6 Iy + alga + alpa® + a%lga C I
Thus lgalp + Ioa®l; C Iy C 1. In particular, we have
(6) alyaloa® + alpa®Iya® C G4(R).
Let z € Ip. Replaging z by z(a +a*) € T iﬁ (5) and using e* = 0 and (6), we obtain
(7) azaza + aza’za + ralra + valza® + vaza® + za’za® € Gu4(R).
By (7) and char R = 3, we have

(8) azaza + axa’zo + re’za + zaze® — zelza® € Ga(R).
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Choose a nonzero ideal Iy of R such that L+ ha+al, Tl
Lot z € 7,. Then z(l +a) € Iy. Replacing z by (1 +a) in (8) and using e® = 0

to expand it. we see that

a{za + za?)(ze + za®) + aza®(za + xa®) + za®(za + zd?)
(9) -
+ (za + zal)za® - za’za® € G4(R).
Note that azare? aza’za® € ala®. The difference of (9) and (8), together with
alal C G4(R), yvields
(10} a(za’r)a - (za’z)a® € G4(R)

for all z € I;. By Lemma 3 again, there exists a nonzero ideal I3 of R such that

In C i, and

(11) aya — ya® € G4(R)
for all ¥ € [;. By symmetry, we may also assume that
(12) aya — a’y € G4(R)

for all y € 1.

Let z € I». Recall that afa? + a®fa C G4(R). Thus (a — e?)z2a? € G4(R) as
a2zr2a? = a{az?)a® € afa®. Replacing z by (1 —a)z(l +a + a?) in (5) and using (6)

and a® = 0 to expand it, we see that

(13)  (a—ad)z¥r+a)+ (1 - a)zaz(l +a+ o) + (1 —a)z(a +a®) € Ga(R).

—~—

By (5), (6), (11) and (12), we have —a2z? + z%?, a’z%a, ax?a? azaza® € Ga(R).

Thus we reduce (13) to

(14) raze + (zax)a® — araz — a{zaz)a € Gd(ﬁ).
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Choose a nounzero ideal f3 of R such that f3 + afs € fy. Let « € f3; then
zax € f. By (12), we have (raz}ae® - a(raz)a € Gu(R) and hence, (14) is reduced

Lo
(15) (zaz)a — a(zaz) € G4(R)

for all z € I;. By Lemma 3 again, the additive subgroup of R generated by the
subset {rxar | € I3} contains a nonzero ideal J of R. It follows from (15) that
[a, J] C Gy(R). In view of Lemma 1, G4(R) contains a noncentral Lie ideal of R
and hence, by Lemma 2, G4(R) contains a noncentral Lie ideal of B. This proves

the theorem.
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