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:H FRQWLQXH WR VKRZ WKDW PHUJLQJ DGMDFHQW �−F\FOHV
FDQ UHVXOW LQ ODUJHU F\FOHV� )RU WKLV SXUSRVH� D FRQGHQVDWLRQ

RI %)�N� U�� GHQRWHG E\ &%)��N� U�� QHHGV WR EH LQWURGXFHG

ILUVW� ,QWXLWLYHO\� HDFK �−F\FOH &��β�β�⋅⋅⋅βU−�� LQ %)�N� U� LV

UHSUHVHQWHG E\ D YHUWH[ β�β�⋅⋅⋅βU−� RI &%)��N� U�� DQG HYHU\
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/HPPD �� 6XSSRVH &��[� DQG &��\� DUH DUELWUDU\ WZR

DGMDFHQW �−F\FOHV LQ %)�N� U�� 7KHUH LV D XQLTXH FURVVLQJ

SDLU ZLWK OHYHO GLI�[� \� EHWZHHQ WKHP�

$ SDWK �[�� [�� …� [P� RI OHQJWK P−� LQ &%)��N� U� LV

VDLG WR EH IHDVLEOH LI GLI�[L−�� [L�≠GLI�[L� [L��� IRU DOO

�≤L≤P−��
/HPPD �� $ IHDVLEOH SDWK �[�� [�� …� [P� RI OHQJWK P−� LQ
&%)��N� U� FDQ JHQHUDWH D F\FOH RI OHQJWK PU LQ %)�N� U�

ZKLFK FRQWDLQV WKH YHUWLFHV RI &��[��� &��[��� �� &��[P��

ZKHUH �≤P≤NU�
3URRI� :H ILUVW VKRZ WKDW D F\FOH RI OHQJWK �U FDQ EH

REWDLQHG E\ PHUJLQJ &��[�� DQG &��[��� :LWKRXW ORVV RI

JHQHUDOLW\� VXSSRVH GLI�[�� [�� O�� %\ /HPPD � WKHUH LV D

XQLTXH FURVVLQJ SDLU EHWZHHQ &��[�� DQG &��[��� :H DVVXPH

WKDW WKH FURVVLQJ SDLU LV �X�� Y�� DQG �Y�� X��� ZKHUH X� DQG X�
DUH ZLWK WKH VDPH OHYHO O� DQG Y� DQG Y� DUH ZLWK WKH VDPH

OHYHO O���� 7KHUH LV D F\FOH RI OHQJWK �U LQ %)�N� U�� ZKLFK

FRQWDLQV WKH FURVVLQJ SDLU DQG DOO WKH HGJHV RI &��[�� DQG

&��[�� EXW �X�� Y�� DQG �X�� Y���

:H WKHQ FRQWLQXH WR PHUJH &��[��� 6XSSRVH GLI�[�� [�� O��

%\ /HPPD � D XQLTXH FURVVLQJ SDLU� VD\ �Z�� W�� DQG �W�� Z���

H[LVWV EHWZHHQ &��[�� DQG &��[��� ZKHUH Z� DQG Z� DUH ZLWK

WKH VDPH OHYHO O� DQG W� DQG W� DUH ZLWK WKH VDPH OHYHO O����

6LQFH O�≠O�� WKHUH LV D F\FOH RI OHQJWK �U LQ %)�N� U�� ZKLFK
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VHTXHQWLDOO\ LQ WKH VDPH ZD\� )LQDOO\� D F\FOH RI OHQJWK PU
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&%)��N� U�� &RPELQLQJ /HPPD �� ZH KDYH WKH IROORZLQJ

OHPPD�

/HPPD �� $ IHDVLEOH SDWK RI OHQJWK P−� LQ &%)��N� V� FDQ

JHQHUDWH N
U−V

GLVMRLQW F\FOHV RI HDFK OHQJWK PU LQ %)�N� U��

ZKHUH �≤P≤NV DQG �≤V≤U�
/HPPD �� N

V
�P GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−�

LQ &%)��N� V� FDQ JHQHUDWH N
V��
�WP GLVMRLQW IHDVLEOH SDWKV RI

HDFK OHQJWK WP−� LQ &%)��N� V���� ZKHUH �≤P≤NV� �≤V≤U−��
�≤W≤N� DQG W_N�

3URRI� )LUVW ZH QRWH WKDW WKH VWUXFWXUH RI &%)��N� V��� LV

UHFXUVLYH� 6SHFLILFDOO\� &%)��N� V��� FDQ EH SDUWLWLRQHG

LQWR N VXEJUDSKV� GHQRWHG E\ ����
�

+VN&%)
L IRU L �� �� ��

N−�� ZKHUH ����
�

+VN&%)
L LV LQGXFHG E\ ^β�β�⋅⋅⋅βV−�L _ βM

∈^�� �� …� N−�` IRU DOO �≤M≤V−�`� &OHDUO\� HDFK

����
�

+VN&%)
L

LV LVRPRUSKLF WR &%)��N� V�� $ SDWK �[��

[�� �� [P� RI OHQJWK P−� LQ &%)��N� V� FDQ JHQHUDWH D SDWK

�[�L� [�L� �� [PL� RI OHQJWK P−� LQ HDFK ����
�

+VN&%)
L �

6XSSRVH 3�� 3�� ��
PN

V
3

�
DUH N

V
�P GLVMRLQW IHDVLEOH

SDWKV RI HDFK OHQJWK P−� LQ &%)��N� V�� &RUUHVSRQGLQJO\�

WKHUH DUH N
V
�P GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−� LQ

HDFK ����
�

+VN&%)
L � GHQRWHG E\ L

3
�
� L

3
�
� …�

L

PN
V

3
�
�

ZKLFK DUH JHQHUDWHG IURP 3�� 3�� ��
PN

V
3

�
� UHVSHFWLYHO\�

:H QRWH WKDW WKH ILUVW �ODVW� YHUWH[ RI F

]
3 LV DGMDFHQW WR WKH

ILUVW �ODVW� YHUWH[ RI �+F
]
3 � ZKHUH �≤F≤N−� DQG �≤]≤NV�P�

+HQFH� �

]
3 � �

]
3 � �� �−N

]
3 FDQ EH MRLQHG LQWR N�W GLVMRLQW

IHDVLEOH SDWKV RI HDFK OHQJWK WP−�� ZKHUH �≤W≤N DQG W_N�

&RQVHTXHQWO\� WKHUH DUH WRWDOO\ �N
V
�P�×�N�W� NV���WP GLVMRLQW

IHDVLEOH SDWKV RI HDFK OHQJWK WP−� LQ &%)��N� V����

/HPPD �� %)�N� U� ZLWK HYHQ N FRQWDLQV N
U
�PW�W��WU��

GLVMRLQW F\FOHV RI HDFK OHQJWK UPW�W��WU−�� ZKHUH P!� LV

HYHQ� P_�N� �≤WL≤N DQG WL_N IRU DOO �≤L≤U−��
3URRI� :H QRWH WKDW WKH VWUXFWXUH RI &%)��N� �� FRQWDLQV D

N×N JULG DV D VSDQQLQJ VXEJUDSK� 6XSSRVH P!� LV DQ HYHQ

LQWHJHU DQG P_�N� 7KHUH DUH �N�P IHDVLEOH SDWKV RI HDFK

OHQJWK P−� LQ DQ\ WZR DGMDFHQW URZV RI &%)��N� ��� DV

VKRZQ LQ )LJXUH �� 7KHUH DUH WRWDOO\ ��N�P�×�N��� N��P
GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−� LQ &%)��N� ���

$FFRUGLQJ WR /HPPD �� WKHUH DUH N
�
�PW� GLVMRLQW IHDVLEOH

SDWKV RI HDFK OHQJWK PW�−� LQ &%)��N� ��� ZKHUH �≤W�≤N DQG
W�_N� 5HSHDWHGO\ DSSO\LQJ /HPPD � WR &%)��N� ��� &%)��N�

��� �� &%)��N� U�� ZH ILQDOO\ UHDFK D FRQFOXVLRQ WKDW

&%)��N� U� FRQWDLQV N
U
�PW�W��WU�� GLVMRLQW IHDVLEOH SDWKV RI

HDFK OHQJWK PW�W�⋅⋅⋅WU−�−�� ZKHUH �≤WL≤N DQG WL_N IRU DOO

�≤L≤U−�� 7KLV OHPPD WKHQ IROORZV DV D FRQVHTXHQFH RI

/HPPD ��

…

P YHUWLFHV

… … …

)LJXUH �� �N�P GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−�
LQ WZR DGMDFHQW URZV RI &%)��N� ���

P YHUWLFHV P YHUWLFHV

/HPPD �� 6XSSRVH WKHUH H[LVW P
V−�

GLVMRLQW IHDVLEOH SDWKV

RI HDFK OHQJWK P−� LQ &%)��P� V�� ZKHUH �≤P≤N� P_N� DQG



�≤V≤U� 7KHQ� WKHUH H[LVW N
U
�PW�W��WU�V GLVMRLQW F\FOHV RI

HDFK OHQJWK UPW�W�⋅⋅⋅WU−V LQ %)�N� U�� ZKHUH �≤WL≤N DQG WL_N IRU

DOO �≤L≤U−V�
3URRI� 6LQFH WKH VWUXFWXUH RI &%)��N� V� KDV V GLPHQVLRQV RI

HDFK OHQJWK N� &%)��N� V� FDQ EH SDUWLWLRQHG LQWR

�N�P�×�N�P�×�×�N�P� NV�PV
VXEJUDSKV ZKLFK HDFK DUH

LVRPRUSKLF WR &%)��P� V�� $V D UHVXOW� WKHUH DUH WRWDOO\

P
V−�×NV�PV

 N
V
�P GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−�

LQ &%)��N� V�� 6LPLODU WR WKH SURRI RI /HPPD �� LW FDQ EH

VKRZQ WKDW WKHUH DUH N
U
�PW�W��WU�V GLVMRLQW F\FOHV RI HDFK

OHQJWK UPW�W�⋅⋅⋅WU−V LQ %)�N� U�� ZKHUH �≤WL≤N DQG WL_N IRU DOO

�≤L≤U−V�
6LQFH %)�N� U� FRQWDLQV U×NU YHUWLFHV� WKH IROORZLQJ

WKHRUHP LV LPPHGLDWH DFFRUGLQJ WR /HPPD �� /HPPD ��

DQG /HPPD ��

7KHRUHP �� %)�N� U� KDV XQLIRUP F\FOH SDUWLWLRQV ZKRVH

F\FOH OHQJWKV LQFOXGH WKH IROORZLQJ YDOXHV� ��� U� ���

UPW�W�⋅⋅⋅WU−�� SURYLGHG N LV HYHQ� ZKHUH P!� LV HYHQ� P_�N�

�≤WL≤N DQG WL_N IRU DOO �≤L≤U−�� ��� UPW�W�⋅⋅⋅WU−V� SURYLGHG
WKHUH H[LVW P

V−�
GLVMRLQW IHDVLEOH SDWKV RI HDFK OHQJWK P−�

LQ &%)��P� V�� ZKHUH �≤P≤N� P_N� �≤V≤U� �≤WL≤N DQG WL_N IRU

DOO �≤L≤U−V�
6LQFH WKH XQLIRUP F\FOH SDUWLWLRQV SURSRVHG LQ 7KHRUHP

� DUH EDVHG RQ �−F\FOHV ZKRVH OHQJWK LV U� WKHLU F\FOH

OHQJWKV DUH PXOWLSOHV RI U� 1H[W� ZH FRQWLQXH WR VKRZ WKDW

%)��� U� KDV U−FRPSOHWH XQLIRUP F\FOH SDUWLWLRQV� %HIRUH

GRLQJ VR� ZH EULHIO\ UHYLHZ WKH *UD\ FRGH >��@ ILUVW�

$ F\FOLFDOO\ RUGHUHG VHTXHQFH RI �
G
GLVWLQFW ELQDU\

FRGHZRUGV IRUPV D G−GLPHQVLRQDO *UD\ FRGH� GHQRWHG E\

*�G�� LI HYHU\ WZR DGMDFHQW FRGHZRUGV GLIIHU LQ H[DFWO\ RQH

GLPHQVLRQ� 7KHUH LV D UHFXUVLYH PHWKRG WR FRQVWUXFW *�G�

DV IROORZV� ,QLWLDOO\� OHW *��� ��� ��� )RU L!�� *�L� 

��*�L−��� �*5
�L−���� ZKHUH �*�L−�� GHQRWHV WKH VHTXHQFH

REWDLQHG E\ SUHIL[LQJ � WR *�L−�� DQG �*5
�L−�� GHQRWHV WKH

VHTXHQFH REWDLQHG E\ SUHIL[LQJ � WR WKH UHYHUVH RI *�L−���
7KHRUHP �� %)��� U� KDV U−FRPSOHWH XQLIRUP F\FOH

SDUWLWLRQV�

3URRI� :H VKRZ WKDW %)��� U� KDV PU−XQLIRUP F\FOH

SDUWLWLRQV IRU DOO �≤P≤�U
DQG P_�

U
� &OHDUO\� *�U�

FRUUHVSRQGV WR D IHDVLEOH F\FOH RI OHQJWK �
U
LQ &%)���� U��

7KH IHDVLEOH F\FOH FDQ EH VSOLW LQWR �
U
�P GLVMRLQW SDWKV RI

HDFK OHQJWK P−� ZKLFK FDQ IXUWKHU LQGXFH �
U
�P GLVMRLQW

F\FOHV RI HDFK OHQJWK PU LQ %)��� U� DFFRUGLQJ WR /HPPD ��

ZKHUH �≤P≤�U
DQG P_�

U
� 7KLV FRPSOHWHV WKH SURRI�

�� NU−FRPSOHWH XQLIRUP F\FOH SDUWLWLRQV

,Q WKH SUHYLRXV VHFWLRQ ZH FRQVWUXFWHG XQLIRUP F\FOH

SDUWLWLRQV IRU %)�N� U� E\ PHUJLQJ �−F\FOHV� 1RZ ZH VKRZ

LQ WKLV VHFWLRQ WKDW XQLIRUP F\FOH SDUWLWLRQV FDQ EH

FRQVWUXFWHG DV ZHOO E\ PHUJLQJ L−F\FOHV� ZKHUH L≠��
6XSSRVH X �O� β�β�⋅⋅⋅βU−�! LV D YHUWH[ RI %)�N� U�� 7KHQ�

WU

L
I �X� �O� �β��WL��β��WL�⋅⋅⋅ �βU−��WL�!� ZKHUH W!� LV DQ

LQWHJHU� 7KH OHQJWK RI DQ L−F\FOH LQGXFHG E\ X LV FRPSXWHG

DV PLQ^WU _ WU

L
I �X� X` U×PLQ^W _ WL≡� �PRG N``�

/HW >L@ UHSUHVHQW WKH VXEVHW RI LQWHJHUV ZKLFK DUH

FRQJUXHQW WR L PRGXOR N� L�H�� >L@ ^QN�L _ IRU DOO LQWHJHUV Q`�

ZKHUH �≤L≤N−�� 7KHQ� �=N ^>�@� >�@� …� >N−�@`� ⊕� IRUPV D

FRPPXWDWLYH JURXS� QDPHG WKH FRQJUXHQFH PRGXOR JURXS

>�@� ZKHUH >[@⊕>\@ >[�\ �PRG N�@ IRU DOO >[@ ∈=N DQG >\@

∈=N� 7KH RUGHU RI >[@ ∈=N� ZKLFK ZDV GHILQHG WR EH WKH

PLQLPDO SRVLWLYH LQWHJHU K ZLWK >K[ �PRG N�@ >�@� ZDV

HTXDO WR N�JFG�N� [�� ZKHUH JFG�N� [� UHSUHVHQWV WKH JUHDWHVW

FRPPRQ GLYLVRU RI N DQG [� 6LQFH PLQ^W _ WL≡� �PRG N�` LV

HTXDO WR WKH RUGHU RI >L@ ∈=N� DQ L−F\FOH LQGXFHG E\ X KDV

OHQJWK HTXDO WR NU�JFG�N� L�≤NU� :KHQ L �� NU�JFG�N� L� KDV

PD[LPDO YDOXH NU�

7KH IROORZLQJ OHPPD FDQ EH VKRZQ VLPLODU WR WKH SURRI

RI /HPPD ��

/HPPD ��� $Q\ WZR L−F\FOHV LQ %)�N� U� DUH HLWKHU

LGHQWLFDO RU GLVMRLQW� ZKHUH �≤L≤N−��
6LQFH DQ L−F\FOH LQGXFHG E\ X KDV OHQJWK HTXDO WR

NU�JFG�N� L�� WKH IROORZLQJ OHPPD KROGV DV DQ LPPHGLDWH

FRQVHTXHQFH RI /HPPD ���

/HPPD ��� 7KHUH DUH JFG�N� L�×NU−�
GLVMRLQW L−F\FOHV RI

HDFK OHQJWK NU�JFG�N� L� LQ %)�N� U�� ZKHUH �≤L≤N−��
,Q WKH UHVW RI WKLV VHFWLRQ� ZH FRQFHQWUDWH RXU DWWHQWLRQ

RQ �−F\FOHV� $FFRUGLQJ WR /HPPD ��� WKHUH DUH N
U−�

GLVMRLQW �−F\FOHV RI HDFK OHQJWK NU LQ %)�N� U�� )RU

FRQYHQLHQFH� ZH XVH &��X� WR GHQRWH WKH �−F\FOH LQGXFHG
E\ X� 6XSSRVH X �O� β�β�⋅⋅⋅βU−�! DQG KI

�
�X� �O
� β
�β
�⋅⋅⋅

β
U−�!� ZKHUH �≤K≤NU� ,I U_K� WKHQ O
 O DQG β
M βM�V IRU DOO

�≤M≤U−�� ZKHUH �≤V≤N−� LV D FRQVWDQW� 2WKHUZLVH� O
≠O�
+HQFH ZH KDYH WKH IROORZLQJ OHPPD�

/HPPD ��� 6XSSRVH X �O� β�β�⋅⋅⋅βU−�! DQG Y �O�

β
�β
�⋅⋅⋅β
U−�! DUH WZR GLVWLQFW YHUWLFHV RI %)�N� U�� 7KHQ�

&��X� &��Y� LI DQG RQO\ LI β
M βM�V IRU DOO �≤M≤U−�� ZKHUH
�≤V≤N−� LV D FRQVWDQW�

7KH IROORZLQJ WZR OHPPDV DUH HDV\ WR YHULI\�

/HPPD ��� 6XSSRVH &��X� DQG &��Y� DUH WZR DGMDFHQW

�−F\FOHV LQ %)�N� U�� DQG X� ∈&��X� LV DGMDFHQW WR Y� ∈&��Y��

7KHQ� LUI
�
�X��∈&��X� LV DGMDFHQW WR LUI

�
�Y��∈&��Y� IRU DOO

LQWHJHUV L≥��
/HPPD ��� 6XSSRVH &��X� DQG &��Y� DUH WZR DGMDFHQW

�−F\FOHV LQ %)�N� U�� DQG X� ∈&��X� LV DGMDFHQW WR Y� ∈&��Y��

7KHUH DUH WZR DGMDFHQW YHUWLFHV X�
 ∈&��X� DQG Y�
 ∈&��Y�

VR WKDW X�
 LV DGMDFHQW WR X� DQG Y�
 LV DGMDFHQW WR Y��

/HPPD ��� 6XSSRVH &��X� DQG &��Y� DUH WZR DGMDFHQW

�−F\FOHV LQ %)�N� U�� 7KHUH DUH �N HGJHV FRQQHFWLQJ &��X�

DQG &��Y��

3URRI� 6XSSRVH X�∈&��X� LV DGMDFHQW WR Y�∈&��Y��

$FFRUGLQJ WR /HPPD ��� WKHUH DUH WZR DGMDFHQW YHUWLFHV

X�
∈&��X� DQG Y�
 ∈&��Y� VR WKDW X�
 LV DGMDFHQW WR X� DQG Y�




LV DGMDFHQW WR Y�� $FFRUGLQJ WR /HPPD ��� LUI
�
�X�� DQG

LUI
�
�X�
� DUH DGMDFHQW WR

LUI
�
�Y�� DQG

LUI
�
�Y�
�� UHVSHFWLYHO\�

IRU DOO LQWHJHUV �≤L≤N−�� +HQFH� WKHUH DUH �N HGJHV

FRQQHFWLQJ &��X� DQG &��Y��

)RU HDFK �−F\FOH ZH DVVLJQ WKH YHUWH[ RI OHYHO � ZKRVH
OHIWPRVW V\PERO LV � WR EH WKH F\FOH OHDGHU� ,Q VXEVHTXHQW

GLVFXVVLRQ� X LV WKH F\FOH OHDGHU ZKHQ &��X� LV PHQWLRQHG�

0RUHRYHU� ZH XVH &��β�β�⋅⋅⋅βU−�� LQVWHDG RI &�����

�β�β�⋅⋅⋅βU−�!� WR VLPSOLI\ WKH QRWDWLRQ�

/HPPD ��� 6XSSRVH &��β�β�⋅⋅⋅βU−�� LV DQ DUELWUDU\ �−F\FOH
LQ %)�N� U�� 7KHQ &��β�β�⋅⋅⋅βU−�� LV DGMDFHQW WR U�N−��
GLVMRLQW �−F\FOHV� L�H�� &���β��V��β��V�⋅⋅⋅�βU−��V�� DQG

&��β�β�⋅⋅⋅βM−��βM�W�βM��⋅⋅⋅βU−�� IRU DOO �≤V ≤N−�� �≤M≤U−�� DQG
�≤W≤N−��
3URRI� 6XSSRVH X LV DQ DUELWUDU\ YHUWH[ RI &��β�β�⋅⋅⋅βU−���

7KHUH DUH �N−� YHUWLFHV RI %)�N� U� WKDW DUH DGMDFHQW WR X

EXW QRW FRQWDLQHG LQ &��β�β�⋅⋅⋅βU−��� 7KHVH �N−� YHUWLFHV

FDQ LQGXFH �N−� �−F\FOHV ZKLFK DUH DOO DGMDFHQW WR

&��β�β�⋅⋅⋅βU−��� :H QRWH WKDW X LV ZLWK WKH VDPH OHYHO DV
LUI
�
�X�� ZKHUH �≤L≤N−�� $FFRUGLQJ WR /HPPD ��� WKHVH

�N−� �−F\FOHV DUH LGHQWLFDO ZLWK WKRVH �N−� �−F\FOHV
LQGXFHG E\ WKH �N−� YHUWLFHV WKDW DUH DGMDFHQW WR

LUI
�
�X�

EXW QRW FRQWDLQHG LQ &��β�β�⋅⋅⋅βU−��� 6R� IRU RXU SXUSRVH RI

ILQGLQJ GLVMRLQW �−F\FOHV� LW VXIILFHV WR FRQVLGHU RQO\ U

FRQVHFXWLYH YHUWLFHV RI &��β�β�⋅⋅⋅βU−��� VD\
MI

�
�ε� IRU DOO

�≤M≤U−�� ZKHUH ε ��� �β�β�⋅⋅⋅βU−�! LV WKH F\FOH OHDGHU RI

&��β�β�⋅⋅⋅βU−���

6LPLODU WR WKH SURRI RI /HPPD �� WKHUH DUH RQO\ U�N−��
GLVMRLQW �−F\FOHV DPRQJ WKH U��N−�� �−F\FOHV WKDW DUH

DGMDFHQW &��β�β�⋅⋅⋅βU−��� 7KH\ DUH &���β��V��β��V�⋅⋅⋅�βU−��V��

DQG &��β�β�⋅⋅⋅βM−��βM�W�βM��⋅⋅⋅βU−�� IRU DOO �≤V ≤N−�� �≤M≤U−��
DQG �≤W≤N−��

6LPLODU WR &%)��N� U�� ZH FDQ GHILQH &%)��N� U� EDVHG

RQ �−F\FOHV� ZKLFK LV DQRWKHU FRQGHQVHG YHUVLRQ RI %)�N�
U�� (DFK �−F\FOH LQ %)�N� U�� VD\ &���β�β�⋅⋅⋅βU−�!��

FRUUHVSRQGV WR D YHUWH[ β�β�⋅⋅⋅βU−� RI &%)��N� U�� 7ZR

YHUWLFHV β�β�⋅⋅⋅βU−� DQG β
�β
�⋅⋅⋅β
U−� RI &%)��N� U� DUH

DGMDFHQW LI DQG RQO\ LI &��β�β�⋅⋅⋅βU−�� DQG &��β
�β
�⋅⋅⋅β
U−��
DUH DGMDFHQW� %\ WKH DLG RI /HPPD ��� &%)��N� U� FDQ EH

GHILQHG DV IROORZV�

'HILQLWLRQ �� 7KH YHUWH[ VHW RI &%)��N� U� LV ^β�β�⋅⋅⋅βU−� _ βL

∈^�� �� …� N−�` IRU DOO �≤L≤U−�`� 7ZR YHUWLFHV β�β�⋅⋅⋅βU−�

DQG β
�β
�⋅⋅⋅β
U−� DUH DGMDFHQW LI DQG RQO\ LI

β
�β
�⋅⋅⋅β
U−� β�β�⋅⋅⋅βL−��βL�W�βL��⋅⋅⋅βU−� RU �β��V��β��V�⋅⋅⋅
�βU−��V� IRU VRPH �≤L≤U−�� �≤W≤N−�� DQG �≤V≤N−��
/HPPD ��� $ SDWK RI OHQJWK P−� LQ &%)��N� U� FDQ LQGXFH

D F\FOH RI OHQJWK PNU LQ %)�N� U��

3URRI� 6XSSRVH �[�� [�� …� [P� LV D SDWK RI OHQJWK P−� LQ

&%)��N� U�� $FFRUGLQJ WR /HPPD ��� WKHUH H[LVW WZR

DGMDFHQW YHUWLFHV XL� XL
 RI &��[L� DQG WZR DGMDFHQW YHUWLFHV

XL−�� XL−�
 RI &��[L−�� VR WKDW XL DQG XL
 DUH DGMDFHQW WR XL−�

DQG XL−�
� UHVSHFWLYHO\� ZKHUH �≤L≤P−�� 6LPLODUO\� WKHUH
H[LVW WZR DGMDFHQW YHUWLFHV YL� YL
 RI &��[L� DQG WZR DGMDFHQW

YHUWLFHV YL��� YL��
 RI &��[L��� VR WKDW YL DQG YL
 DUH DGMDFHQW WR

YL�� DQG YL��
� UHVSHFWLYHO\� $FFRUGLQJ WR /HPPD ��� YL ∉^XL�

XL
` DQG YL
 ∉^XL� XL
` VXUHO\ H[LVW� +HQFH� D F\FOH RI OHQJWK

PNU LQ %)�N� U� FDQ EH FRQVWUXFWHG DV VKRZQ LQ )LJXUH ��

XL

YLYL−�

)LJXUH �� &RQVWUXFWLQJ D F\FOH RI OHQJWK PNU LQ %)�N� U��

&L &L��&L−�

XL−� XL��

YL��

XL


YL


×× ××

$FFRUGLQJ WR /HPPD ��� DQ PNU−XQLIRUP F\FOH

SDUWLWLRQ RI %)�N� U� FDQ EH REWDLQHG LI WKHUH H[LVW GLVMRLQW

SDWKV RI HDFK OHQJWK P−� ZKLFK FRQWDLQ DOO WKH YHUWLFHV RI
&%)��N� U�� )RU WKLV SXUSRVH� ZH ILUVW UHYLHZ WKH

JHQHUDOL]HG K\SHUFXEH JUDSK >�@� $Q Q−GLPHQVLRQDO

JHQHUDOL]HG K\SHUFXEH RI VL]H P�×P�× �×PQ−� KDV YHUWH[

VHW ^[�[�⋅⋅⋅[Q−� _ [L ∈^�� �� �� PL−�` IRU DOO �≤L≤Q−�`� DQG
HGJH VHW ^�[�[�⋅⋅⋅[Q−�� [�⋅⋅⋅ [L−�[L
[L��⋅⋅⋅[Q−�� _ [L
 ∈^�� �� ��

PL−�`−^[L` IRU DOO �≤L≤Q−�`� &RQYHQLHQWO\ ZH XVH *+Q�G WR

GHQRWH WKH Q−GLPHQVLRQDO JHQHUDOL]HG K\SHUFXEH ZLWK

P� P� ⋅⋅⋅  PQ−� G� ,W LV QRW GLIILFXOW WR VHH WKDW WKH YHUWH[

VHW RI *+U−��N LV LGHQWLFDO WR WKH YHUWH[ VHW RI &%)��N� U��

DQG HDFK HGJH RI *+U−��N FRUUHVSRQGV WR DQ HGJH RI &%)��N�

U�� +HQFH� WKH IROORZLQJ OHPPD KROGV�

/HPPD ��� *+U−��N LV D VSDQQLQJ VXEJUDSK RI &%)��N� U��

$ SDWK �F\FOH� LQ D JUDSK * LV VDLG WR EH D KDPLOWRQLDQ

SDWK �F\FOH� LI LW FRQWDLQV HYHU\ YHUWH[ RI * H[DFWO\ RQFH

>�@� ,Q WKH IROORZLQJ ZH VKRZ WKDW *+U−��N FRQWDLQV D

KDPLOWRQLDQ SDWK�

/HPPD ��� *+U−��N FRQWDLQV D KDPLOWRQLDQ SDWK EHWZHHQ

�
U−�

DQG �N−���U−� LI N LV HYHQ� DQG EHWZHHQ �
U−�

DQG

�N−��U−� LI N LV RGG� ZKHUH U≥�� �
U−�

GHQRWHV U−�
FRQVHFXWLYH �V� �N−��U−� GHQRWHV U−� FRQVHFXWLYH �N−��V�
DQG VR RQ�

3URRI� :H ILUVW GHILQH JHQHUDOL]HG *UD\ FRGH IRU *+U−��N�

GHQRWHG E\ *�U−�� N�� DV IROORZV� ,QLWLDOO\� OHW *��� N� ��� ��
…� N−��� )RU �≤L≤U� *�L� N� ��*�L−�� N�� �*

5
�L−�� N��

�*�L−�� N�� �*5
�L−�� N�� …� �N−�� *�L−�� N�� LI N LV RGG�

DQG ��*�L−�� N�� �*5
�L−�� N�� �*�L−�� N�� �*5

�L−�� N�� …�

�N−��*5
�L−�� N�� LI N LV HYHQ� ZKHUH �*�L−�� N� GHQRWHV WKH

VHTXHQFH REWDLQHG E\ SUHIL[LQJ � WR *�L−�� N�� �*5
�L−�� N�

GHQRWHV WKH VHTXHQFH REWDLQHG E\ SUHIL[LQJ � WR WKH UHYHUVH

RI *�L−�� N�� DQG VR RQ�
,W LV QRW GLIILFXOW WR VHH WKDW *�U−�� N� FRQWDLQV DOO WKH

YHUWLFHV RI *+U−��N DQG HYHU\ WZR DGMDFHQW FRGHZRUGV RI

*�U−�� N� FRUUHVSRQG WR DQ HGJH RI *+U−��N� %HVLGHV� WKH

ILUVW FRGHZRUG RI *�U−�� N� LV �
U−�

DQG WKH ODVW FRGHZRUG

RI *�U−�� N� LV �N−���U−� LI N LV HYHQ DQG �N−��U−� LI N LV RGG�



7KLV FRPSOHWHV WKH SURRI�

6LQFH �
U−�

LV DGMDFHQW WR ERWK �N−���U−� DQG �N−��U−� LQ
&%)��N� U�� WKH IROORZLQJ OHPPD KROGV DV D FRQVHTXHQFH RI

/HPPD �� DQG /HPPD ���

/HPPD ��� &%)��N� U� FRQWDLQV D KDPLOWRQLDQ F\FOH�

7KHRUHP �� %)�N� U� KDV NU−FRPSOHWH XQLIRUP F\FOH

SDUWLWLRQV�

3URRI� :H VKRZ WKDW %)�N� U� KDV PNU−XQLIRUP F\FOH

SDUWLWLRQV IRU DOO �≤P≤NU−� DQG P_N
U−�
� $FFRUGLQJ WR /HPPD

��� &%)��N� U� FRQWDLQV D F\FOH RI OHQJWK N
U−�
� ZKHUH N

U−�
LV

WKH QXPEHU RI YHUWLFHV LQ &%)��N� U�� 7KH F\FOH FDQ EH VSOLW

LQWR N
U−�
�P GLVMRLQW SDWKV RI HDFK OHQJWK P−�� ZKHUH

�≤P≤NU−� DQG P_N
U−�
� 7KH ODWWHU FDQ IXUWKHU LQGXFH N

U−�
�P

GLVMRLQW F\FOHV RI HDFK OHQJWK PNU LQ %)�N� U� DFFRUGLQJ WR

/HPPD ��� 7KLV FRPSOHWHV WKH SURRI�

7KH IROORZLQJ FRUROODU\ LV REWDLQHG IURP 7KHRUHP �

ZKHQ P N
U−�
�

&RUROODU\ �� %)�N� U� FRQWDLQV D KDPLOWRQLDQ F\FOH�

5HPDUNV� $ KDPLOWRQLDQ F\FOH RI %)�N� U� ZDV RULJLQDOO\

REWDLQHG LQ >��@ XVLQJ D UHFXUVLYH PHWKRG� $OWHUQDWLYHO\�

&RUROODU\ � SURYLGHV D QRQUHFXUVLYH PHWKRG IRU WKH VDPH

SXUSRVH�

�� 3DQF\FOLF SURSHUWLHV RI %)��� U�

,Q WKLV VHFWLRQ ZH LQWHQG WR H[SORUH WKH SDQF\FOLF

SURSHUWLHV RI %)��� U�� $ JUDSK * �9� (� LV SDQF\FOLF LI *

FRQWDLQV DOO F\FOHV RI OHQJWKV UDQJLQJ IURP � WR _9_� DQG

HYHQ SDQF\FOLF LI * FRQWDLQV DOO F\FOHV RI HYHQ OHQJWKV

UDQJLQJ IURP � WR _9_−� �LI _9_ LV RGG� RU _9_ �LI _9_ LV HYHQ��
)RU H[DPSOH� D ELSDUWLWH JUDSK PD\ EH HYHQ SDQF\FOLF� EXW

PD\ QRW EH SDQF\FOLF EHFDXVH LW FRQWDLQV QR F\FOHV RI RGG

OHQJWKV� 6LQFH %)��� �� LV FOHDUO\ HYHQ SDQF\FOLF� ZH

FRQVLGHU %)��� U� ZLWK U≥� LQ WKH UHVW RI WKLV VHFWLRQ�
5HFDOO WKDW LQ WKH SURRI RI /HPPD � ZH KDYH VKRZQ WKDW

&��[�� DQG &��[�� FDQ EH PHUJHG LQWR D F\FOH RI OHQJWK �U LQ

%)�N� U� ZKLFK FRQWDLQV WKH FURVVLQJ SDLU �X�� Y��� �Y�� X��

DQG DOO WKH HGJHV RI &��[�� DQG &��[�� EXW �X�� Y�� DQG �X��

Y��� ,I RQO\ �X�� Y�� LV UHPRYHG LQVWHDG� D F\FOH RI OHQJWK

U�� FDQ UHVXOW ZKLFK FRQWDLQV �X�� Y��� WKH FURVVLQJ SDLU�

DQG DOO WKH HGJHV RI &��[�� EXW �X�� Y��� ,W UHPDLQV WUXH IRU

DQ\ WZR DGMDFHQW F\FOHV LQ %)�N� U�� SURYLGHG WKHUH LV D

FURVVLQJ SDLU EHWZHHQ WKHP� +HQFH ZH KDYH WKH IROORZLQJ

OHPPD�

/HPPD ��� 6XSSRVH & DQG &
 DUH WZR DGMDFHQW F\FOHV LQ

%)��� U�� ,I WKHUH LV D FURVVLQJ SDLU EHWZHHQ & DQG &
� WKH

OHQJWK RI & FDQ LQFUHDVH E\ WZR E\ DGGLQJ WZR DGMDFHQW

YHUWLFHV RI &
� 7KH WZR DGMDFHQW YHUWLFHV RI &
 DGGHG WR &

DUH LQFLGHQW YHUWLFHV RI WKH FURVVLQJ SDLU�

6LQFH %)��� U� ZLWK HYHQ U LV ELSDUWLWH� LW FRQWDLQV F\FOHV

RQO\ RI HYHQ OHQJWKV� 7KH IROORZLQJ OHPPD VKRZV WKDW

%)��� U� ZLWK HYHQ U FRQWDLQV DOO F\FOHV RI HYHQ OHQJWKV� EXW

WKRVH ZKRVH OHQJWKV DUH VPDOOHU WKDQ U�

/HPPD ��� %)��� U� ZLWK HYHQ U FRQWDLQV F\FOHV RI HYHQ

OHQJWKV UDQJLQJ IURP U WR U×�U�
3URRI� :H VKRZ WKDW %)��� U� ZLWK HYHQ U FRQWDLQV F\FOHV

RI OHQJWKV PU�Q �≤U×�U� IRU DOO �≤P≤�U� HYHQ Q� DQG

�≤Q≤U−�� :H ILUVW FRQVLGHU P!�� DQG DVVXPH �
S
�P≤�S��

IRU VRPH LQWHJHU �≤S≤U−�� /HW [�� [�� …� [P EH WKH ILUVW P

FRGHZRUGV RI *�U�� 7KHQ �[�� [�� …� [P� IRUPV D IHDVLEOH

SDWK RI OHQJWK P−� LQ &%)���� U� DQG WKHLU OHIWPRVW U−S−�
ELWV DUH DOO ]HURV� 6LPLODU WR WKH SURRI RI /HPPD �� LW FDQ

EH VKRZQ WKDW &��[��� &��[��� …� &��[P� FDQ EH PHUJHG LQWR

D F\FOH RI OHQJWK PU LQ %)��� U�� :H GHQRWH WKH F\FOH E\ &�

7KH FURVVLQJ SDLU EHWZHHQ &��[L� DQG &��[L��� LV ZLWK OHYHO

GLI�[L� [L���� ZKHUH �≤L≤P−�� &OHDUO\� U−S−�≤GLI�[L�
[L���≤U−��

/HW �XL
� YL���� �YL
� XL��� EH WKH FURVVLQJ SDLU EHWZHHQ

&��[L� DQG &��[L���� ZKHUH �≤L≤P−�� XL
� YL
 ∈&��[L�� DQG YL���

XL�� ∈&��[L���� $OVR� OHW �YL� XL−�
�� �XL� YL−�
� EH WKH FURVVLQJ

SDLU EHWZHHQ &��[L� DQG &��[L−��� ZKHUH �≤L≤P� XL� YL ∈&��[L�

DQG XL−�
� YL−�
 ∈&��[L−��� 6LQFH GLI�[L� [L−��≠GLI�[L� [L���� ^XL�

YL`≠^XL
� YL
`� 7ZR FDVHV QHHG WR EH GLVFXVVHG EHORZ�

DFFRUGLQJ WR WKH YDOXHV RI S�

&DVH �� �≤S≤U−�� /HW [L
 [L⊕���⋅⋅⋅�� ZKHUH �≤L≤P DQG ⊕
SHUIRUPV DQ ;25 RSHUDWLRQ� 7KHQ� GLI�[L� [L
� � DQG &��[�
��

&��[�
�� …� &��[P
� DUH DOO GLVMRLQW� $FFRUGLQJ WR /HPPD ��

HDFK &��[L
� LV GLVMRLQW ZLWK &��[��� &��[��� …� &��[P��

$FFRUGLQJ WR /HPPD �� WKHUH LV D XQLTXH FURVVLQJ SDLU ZLWK

OHYHO GLI�[L
� [L� EHWZHHQ &��[L
� DQG &��[L�� ZKLFK LV DOVR D

FURVVLQJ SDLU EHWZHHQ &��[L
� DQG &� :H XVH �JL
� KL�� �KL
� JL�

WR GHQRWH WKH FURVVLQJ SDLU� ZKHUH JL
� KL
 ∈&��[L
� DQG KL� JL
∈&��[L�� 6LQFH � GLI�[L� [L
�≠GLI�[L� [L���≥U−S−�≥�� ^JL�

KL`≠^XL
� YL
`� ZKHUH �≤L≤P−�� 6LPLODUO\� ^JL � KL`≠^XL� YL`�
ZKHUH �≤L≤P� $FFRUGLQJ WR /HPPD ��� WKH OHQJWK RI & ZLOO

LQFUHDVH E\ WZR LI WZR DGMDFHQW YHUWLFHV �L�H�� JL
 DQG KL
� RI

&��[L
� DUH DGGHG WR &� ZKHUH �≤L≤P� &RQVHTXHQWO\� WKH
OHQJWK RI & FDQ LQFUHDVH E\ � RU � RU � RU �P� 7KLV

LPSOLHV WKDW WKHUH DUH F\FOHV RI OHQJWKV PU� PU��� PU��� ��

PU��U−�� LQ %)��� U� LI P≥�U−�����
,I P��U−����� ZH GHILQH ��

�

M
[ WR EH WKH FRGHZRUG RI *�U�

ZLWK GLI� ��

�

M
[ � [�� M� ZKHUH �≤M≤U−S−�� 6LQFH ��

�

M
[ ∉^[��

[�� �� [P`� &��
��

�

M
[ � LV GLVMRLQW ZLWK &��[��� &��[��� …�

&��[P� DFFRUGLQJ WR /HPPD �� 0RUHRYHU� VLQFH &��
��

�

M
[ � LV

DGMDFHQW WR &��[��� WKHUH LV D XQLTXH FURVVLQJ SDLU ZLWK OHYHO

M EHWZHHQ WKHP DFFRUGLQJ WR /HPPD �� ZKLFK LV DOVR D

FURVVLQJ SDLU EHWZHHQ &��
��

�

M
[ � DQG &� :LWK VLPLODU

DUJXPHQWV� WKH OHQJWK RI & ZLOO LQFUHDVH E\ WZR LI WZR

DGMDFHQW YHUWLFHV RI &��
��

�

M
[ � DUH DGGHG WR &� 7KH OHQJWK RI

& FDQ WKXV LQFUHDVH E\ � RU � RU � RU ��U−S−��� 6LQFH
P��U−����� S�ORJ�P�ORJ��U−������U−����� ZKLFK LPSOLHV

U−S−�!U��� +HQFH� WKHUH DUH F\FOHV RI OHQJWKV PU� PU���

PU��� �� PU��U−�� LQ %)��� U��



&DVH �� S U−�� ,Q WKLV FDVH� �
U−�
�P≤�U� :KHQ P �

U
� Q ��

$FFRUGLQJ WR 7KHRUHP �� WKHUH H[LVWV D F\FOH RI OHQJWK U×�U

LQ %)��� U�� 6R� ZH RQO\ QHHG WR FRQVLGHU �
U−�
�P��

U
� /HW

[P�� EH WKH �P���WK FRGHZRUG RI *�U�� :H VKRZ DQ

LWHUDWLYH SURFHGXUH WR H[SDQG &� ZKLFK FRQWDLQV �U���−�
LWHUDWLRQV� /HW &� &� &W EH WKH UHVXOWLQJ & DIWHU WKH WWK

LWHUDWLRQ� DQG
����

�

−
+
W

P
[ EH WKH FRGHZRUG RI *�U� ZLWK

GLI�
����

�

−
+
W

P
[ � [P��� �W−�� ZKHUH �≤W≤�U���−�� 7KH H[HFXWLRQ

RI WKH WWK LWHUDWLRQ LV GHVFULEHG EHORZ�

,I ����

�

−
+
W

P
[ SURFHHGV [P�� LQ *�U�� WKHQ ����

�

−
+
W

P
[  [V IRU

VRPH �≤V≤P� 6LQFH &��[P��� LV DGMDFHQW WR &��[V�� WKHUH LV D

XQLTXH FURVVLQJ SDLU EHWZHHQ WKHP ZLWK OHYHO GLI�[P���

[V� GLI�[P���
����

�

−
+
W

P
[ � �W−� DFFRUGLQJ WR /HPPD �� ZKLFK LV

DOVR D FURVVLQJ SDLU EHWZHHQ &��[P��� DQG &W−�� :H DVVXPH

�≤V�P� ZLWKRXW ORVV RI JHQHUDOLW\� 6LQFH [P�� ∉^[V−�� [V��`�
GLI�[V� [P��� ∉^GLI�[V� [V−��� GLI�[V� [V���`� +HQFH WKH OHQJWK
RI &W−� FDQ LQFUHDVH E\ WZR E\ DGGLQJ WZR DGMDFHQW YHUWLFHV

RI &��[P��� DFFRUGLQJ WR /HPPD ���

2WKHUZLVH� LI ����

�

−
+
W

P
[ VXFFHHGV [P�� LQ *�U�� WKHQ ����

�

−
+
W

P
[
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U
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`� /HW \W 
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�

−
+
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P
[ ⊕���⋅⋅⋅�� 6LQFH
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U−�
� \W ∈^[�� [�� …� �� −U[ `� 6LQFH &��
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�

−
+
W

P
[ � LV

DGMDFHQW WR &��\W�� WKHUH LV D XQLTXH FURVVLQJ SDLU EHWZHHQ

WKHP ZLWK OHYHO GLI�
����

�

−
+
W

P
[ � \W� � DFFRUGLQJ WR /HPPD ��

ZKLFK LV DOVR D FURVVLQJ SDLU EHWZHHQ &��
����

�

−
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P
[ � DQG &W−��

6LPLODUO\� WKH OHQJWK RI &W−� FDQ LQFUHDVH E\ WZR E\ DGGLQJ

WZR DGMDFHQW YHUWLFHV RI &��
����

�

−
+
W

P
[ ��

,W LV HDV\ WR VHH WKDW &W KDV OHQJWK PU��W� ZKHUH

�≤W≤�U���−�� +HQFH WKHUH DUH F\FOHV RI OHQJWKV PU� PU���

PU��� �� PU��U−�� LQ %)��� U�� )LQDOO\� ZH FRQVLGHU P ��

/HW S � DQG & &��[��� 6LPLODU WR WKH GLVFXVVLRQ RI &DVH ��

WKHUH DUH F\FOHV RI OHQJWKV U� U��� U��� �� U��U−�� LQ %)���

U��

7KH IROORZLQJ OHPPD FDQ EH SURYHG E\ VXEVWLWXWLQJ U−�
IRU U−� DQG VXEVWLWXWLQJ �U−���� IRU �U−����� U��� DQG

�U���−� LQ WKH SURRI DERYH�
/HPPD ��� %)��� U� ZLWK RGG U FRQWDLQV F\FOHV RI OHQJWKV

PU�Q �≤U×�U� IRU DOO �≤P≤�U� HYHQ Q� DQG �≤Q≤U−��
/HPPD ��� %)��� U� FRQWDLQV F\FOHV RI OHQJWKV �F IRU DOO

�≤F≤U�
3URRI� 6XSSRVH S� T DUH DUELWUDU\ WZR LQWHJHUV VDWLVI\LQJ

�≤S≤U−�� �≤T≤U−�� DQG S�T≤U� $ F\FOH RI OHQJWK �S��T≥�
FDQ EH FRQVWUXFWHG DV IROORZV� ���� �
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/HPPD ��� %)��� U� FRQWDLQV F\FOHV RI OHQJWKV �F�� IRU DOO
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3URRI� $ F\FOH RI OHQJWK �F�� FDQ EH FRQVWUXFWHG DV
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U
!�� ZKHUH �≤F≤U�

7KH IROORZLQJ OHPPD FDQ EH SURYHG VLPLODU WR /HPPD

���

/HPPD ��� %)��� U� ZLWK RGG U FRQWDLQV DOO F\FOHV RI

OHQJWKV UDQJLQJ IURP U WR U×�U� EXW F\FOHV RI OHQJWK � LQ

%)��� �� DQG OHQJWK �� LQ %)��� �� DQG %)��� ���

1RZ ZH VXPPDUL]H WKH UHVXOWV RI /HPPD ��� /HPPD ���

/HPPD ��� DQG /HPPD �� �/HPPD �� FDQ EH LQFRUSRUDWHG

LQWR /HPPD ��� DV IROORZV� :KHQ U LV HYHQ� %)��� U�

FRQWDLQV ��� DOO F\FOHV RI HYHQ OHQJWKV UDQJLQJ IURP U WR

U×�U� ��� F\FOHV RI OHQJWKV � DQG �� DQG ��� DOO F\FOHV RI

HYHQ OHQJWKV UDQJLQJ IURP �� WR U−�� DV U≥��� :KHQ U LV

RGG� %)��� U� FRQWDLQV ��� DOO F\FOHV RI OHQJWKV UDQJLQJ

IURP U WR U×�U� EXW F\FOHV RI OHQJWK � LQ %)��� �� DQG OHQJWK
�� LQ %)��� �� DQG %)��� ��� ��� F\FOHV RI OHQJWKV � DQG ��

DQG ��� DOO F\FOHV RI HYHQ OHQJWKV UDQJLQJ IURP �� WR U−��
DV U≥��� ,Q ZKDW IROORZV� ZH VKRZ WKDW QRQH RI F\FOHV ZLWK

WKH RWKHU OHQJWKV FDQ EH IRXQG LQ %)��� U�� 7KH IROORZLQJ

OHPPD RULJLQDOO\ DSSHDUHG LQ SDUW �F� RI 7KHRUHP ��� RI

>��@�

/HPPD �� >��@� 7KHUH LV QR F\FOH LQ %)��� U� ZKRVH

OHQJWK LV RGG DQG VPDOOHU WKDQ U�

7KH IROORZLQJ OHPPD FDQ EH GHULYHG IURP WKH SURRI RI

3URSRVLWLRQ ���� RI >��@�

/HPPD �� >��@� 7KHUH LV QR F\FOH RI OHQJWK � LQ %)��� U�

ZLWK U � RU U≥�� DQG WKHUH LV QR F\FOH RI OHQJWK �� LQ %)���

U� ZLWK U � RU � RU U≥���
%\ /HPPD ��� /HPPD ��� /HPPD ��� /HPPD ���

/HPPD ��� DQG /HPPD ��� :H QRWH WKDW %)��� U� ZLWK

HYHQ U LV ELSDUWLWH�

7KHRUHP �� %)��� U� KDV WKH IROORZLQJ SDQF\FOLF

SURSHUWLWHV�

��� %)��� �� LV HYHQ SDQF\FOLF� ��� %)��� �� LV SDQF\FOLF� ���

%)��� U� ZLWK RGG U DQG U≥� LV DOPRVW SDQF\FOLF� H[FHSW QR
F\FOHV RI OHQJWK � LQ %)��� U� ZLWK U≥�� OHQJWK �� LQ %)��� U�
ZLWK U≥�� DQG RGG OHQJWKV�U� ��� %)��� �� DQG %)��� �� DUH
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