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Abstract

A new expression for the evaluation of the electric force acting on a colloidal particle in an applied electric field is derived under the condition
of weak applied electric field. The expression derived, which is based on the Maxwell stress tensor, is applicable to both rigid and soft particles for
various types of surface conditions and to both symmetric and asymmetric geometries. We show that, depending upon the electrophoresis condi-
tions, the electric force evaluated by the methods commonly used in the literature can be overestimated, thereby leading to incorrect electrophoretic

mobility.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Electrophoresis is used widely by experimentalists in vari-
ous fields to characterize the charged conditions on the surface
of an entity of colloidal size [1,2]. It is also frequently used as a
tool to separate entities of similar physical properties that can-
not be differentiated by other typical analytical methods [3,4].
The most important output of electrophoresis measurement is
the electrophoretic mobility, defined as the electrophoretic ve-
locity per unit strength of an applied electric field. Theoreti-
cally, this quantity is determined from the fact that the total
force, which includes the electrical force and the hydrodynamic
force, acting on an entity vanishes in the steady state. Several
different expressions have been used to evaluate the latter in
various types of problems. These include, for example, prob-
lems of total symmetric nature such as an isolated sphere in an
infinite medium [5] or a dispersion of spherical particles [6,7],
and those not of total symmetric nature such as two spheres
in an infinite medium [8]. Often, because detailed derivations
of these expressions are not presented, their applicability needs
justification.

The purpose of this work is to derive, in detail, the appro-
priate expressions to evaluate the electrical force acting on an
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entity under conditions of practical significance. The applicabil-
ity of the relevant expressions in the literature is also discussed.

2. Theory

Let us consider the general case illustrated in Fig. 1, where
a colloidal particle of surface £2, is placed in a medium, which
may have a boundary of surface 2. The space between the
particle and the boundary is filled with an aqueous solution

Fig. 1. Schematic representation of the problem considered where a colloidal
particle of surface §2p is placed in a medium, which may have a boundary of
surface £2. A uniform electric field E parallel to the z-direction is applied; 6 is
the solid angle.
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containing z1:z2 electrolytes; z1 and z» are, respectively, the
valences of cations and anions. A uniform electric field E of
strength E is applied in the z-direction. We assume that the lig-
uid phase is an incompressible Newtonian fluid. The applied
electric field is relatively weak compared with that established
by a charged surface. This is realistic, since the surface poten-
tial is on the order of 25.7 mV to 10 kV and the Debye length
ranges from 10 nm to 1 pm, which implies that the strength of
the electric field established ranges from 25.7 to 10° kV/m. The
strength of the applied electric field in practice is much lower
than these values. Both the surface of the particle and that of
the boundary are nonconductive and nonslip.

2.1. Electrokinetic equations
Since the Reynolds number in electrophoresis is very small,

the governing equations for the present problem can be ex-
pressed as
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In these expressions V and V2 are, respectively, the gradient
operator and the Laplace operator, D;, n;, and z; are, respec-
tively, the diffusion coefficient, the number concentration, and
the valence of ionic species j, e is the elementary charge, kp
is the Boltzmann constant, T is the absolute temperature, ¥ is
the electric potential, ¢ is the permittivity of the liquid phase,
Pe 1s the space charge density, and u, 1, and p are, respectively,
the velocity, the viscosity, and the pressure of the liquid phase.
E = —VV and p,E is the electric body force acting on the lig-
uid.

If the applied electric field is weak, u, p, ¥, and n; can be
expressed, respectively, as [9,10]

u=u® 4+ su, 5)
p=pY +3dp, (6)
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Here, a quantity with superscript (0) refers to the equilibrium
value; that is, when E is not applied, a quantity with prefix §
denotes a perturbed value arising from E. Note that u® = 0. By
substituting Egs. (5)—(8) into Egs. (1)—(4), the problem under
consideration can be divided into an equilibrium problem and a
perturbed problem.

2.1.1. Equilibrium problem

Let us consider first the quantities in the equilibrium state.
For the electrical field, we have
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Integrating Eq. (9) from ¥ © =0 and n(o) =nFto O =y ©
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where n%° is the bulk concentration of ionic species j. Substi-
tuting Eq. (12) into Eq. (10) gives
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Combining Eqgs. (10) and (11) yields
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Integrating this expression from p® = p> and nE.O) = n?o to
p© = p©® and nE.O) (O) yields
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This is the equilibrium or static pressure distribution, where
u=0.

2.1.2. Perturbed problem
Under the condition of weak applied electric field, O’Brien
and White [9] proposed using the expression

(O 1L sy .
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to take the effect of double-layer polarization into account,
where g; is a potential used to describe double-layer polar-
ization. The governing equation for §¥ can be obtained from
Egs. (13) and (16), and ¥ = ¥ (© 4 5 as

(16)
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Combining Egs. (8), (12), and (16) yields
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Substituting Eqgs. (5), (7), and (18) into Eq. (1), we obtain
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Because éu, dp, 6%, and dn; are all on the order of E,
the products of any two of these quantities becomes negligi-
ble. Therefore, the governing equations for the flow field, by
collecting terms on the order of E only, are

V.-su=0, (20)
0=nV2su—Vép +eVwOvsy + ev2swvy®, 1)

For convenience, ¥, §¥, §u, and dp are replaced, respec-
tively, by ¥1, ¥, u, and p, and Eqgs. (13), (17), and (19)-(21)
are rewritten as
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In the last expression, the sum of the last two terms on its right-
hand side denotes the electric body force acting on the liquid.

2.1.3. Low surface potential

The special case of low surface potential is often discussed in
the literature. In this case the effect of double-layer polarization
can be neglected, 6n; =0 [11], and Egs. (22)—(26) become [12—
15]

V2, =2y, (27)
V2, =0, (28)
V.u=0, (29)
0=nV2u—Vp+eViy, V. (30)

The last term on the right-hand side of Eq. (30) denotes the elec-
tric body force, where —e V2W = p, is the space charge density
and —V¥, = E is the applied electric field [12—15]. In the lit-
erature, the electric body force is represented by —p, V¥ =
V2@ V¥ in many studies [6,7,10,16-25], some of which are
not of total symmetric nature [16,21,22,24,25]. That is, Eq. (26)
or Eq. (30) is replaced by

0=nV?u—Vp—eVWUVV. (31)

Note that for a system not of total symmetric nature, such
as a sphere normal to a plane [22,25], an extraneous electrosta-
tic force e V2¥ VY is included in Eq. (31). This implies that

the electric field established by the equilibrium electric poten-
tial, —VY1, is also a driving force for the electrophoresis of a
particle and the mobility will be overestimated.

2.2. Scaled governing equations

For a more concise treatment, the scaled quantities are used
in subsequent analyses. To this end, the following scaling fac-
tors are chosen respectively for the length scale, the electrical
potential, the concentration of ionic species, and the velocity:
the radius of a particle a, the equilibrium surface potential ¢,
the bulk concentration of electrolyte n‘]’O and the reference elec-
trophoretic velocity Ug = 8532 /na. In terms of scaled quanti-

ties, the governing equations for an arbitrary surface potential,
Egs. (22)-(26), can be rewritten as [25-28]
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where a symbol with an asterisk denotes a scaled quan-
tity; ¥ = ¢a/(z1e/kpT) is the scaled surface potential of
the particle; Pe; = s(zle/kBT)z/nDj, Jj =1,2, is the elec-
tric Peclet number of ionic species j; o = —z2/z1; and
/<:[Z?zl(n;?o(ezj)z/sl’ch)]l/2 is the reciprocal Debye
length.

Similarly, the scaled governing equations for the case of low
surface potential are

VR = (ka)* ¥y, (38)
V2 =0, 39
V*ut =0, (40)
0=V*2u* — V*p* + V2 vigs, (41)

2.3. Boundary conditions

2.3.1. Electric field

Three types of boundary conditions are usually assumed:
constant surface potential [8,12,13,16-20,25-29], constant sur-
face charge density [15,16,21], and charge-regulated surface
[6,7,14,22-24]. If the surface potential of a particle and that
of a boundary are maintained respectively at ¢, and ¢p, then the
boundary conditions for ¥; and ¥, are

Y1 =10 on$2p, (42)
Vi=1{0, on 2y, (43)
n-Vy, =0 on 2, (44)
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n-Vv, =—FEcosf on £y, 45)

where n is the unit normal vector directed into the liquid phase.
If the surface of a particle and that of a boundary are main-
tained at constant surface charge density, then the correspond-
ing boundary conditions become

n~VlI/1:—% on £2,. (46)
n-vy, = —% on 2, 47)
n-Vy, =0 on ), 48)
n-vVv, =—Ecosf on $2y, 49)

where o, and oy, are respectively the surface charge density of
the particle and that of the boundary. For the case of a charge-
regulated surface, let us consider, for example, the dissociation
reaction below on the surface of a particle [7]:

AH< A~ +HT. (50)

It can be shown that the charge density on the particle sur-

face, o,, is
N
o =—elA™] =~ 5 .G
1+ ([H*]o/Ka) exp(—(e¥1/ksT))
where K, = [A™]s[H"]s/[AH]s is the equilibrium dissociation
constant for the dissociation reaction represented by Eq. (50),
and Ng is the density of dissociable functional groups on the
particle surface. Here, a symbol with square brackets denotes
the concentration of a species; the subscripts S and b represent
respectively the surface property and the bulk liquid property.
In this case, the boundary condition associated with ¥ on the
particle surface, Eq. (46), needs to be replaced by
N;
n-vY, =— eNs/e . (52)
L+ ([H*]p/Ka) exp(—(e¥1/kgT))
If we let V¥ =aV, ¥} = eW/kgT, A = ¢*Nsa/skgT, and
B =[H"],/Ka, then this expression can be rewritten as
A

el S 53
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If ¥ is low, it can be shown that the corresponding surface
charge density o, is [6,14,22-24]

eNs _ (¢’Ns/kpT){[H"Ip/Ka}

0y =— ¥, (54)
YT {1+ [HY /Ko {1+ [Ht]p/K,)?
In this case, Eq. (46) reduces to
N
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or in terms of scaled symbols as
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Suppose that the ionic concentration reaches the equilibrium
value on the boundary surface and the surface of a particle is

ion-impenetrable. Then the boundary conditions for g; are [9]

8j = —lI/Q on .Qb, (57)
n-Vg;=0 on£2). (58)

2.3.2. Flow field

If we let U be the particle velocity in the z-direction and e,
be the unit vector in the z-direction, then the boundary condi-
tions associated with the flow field are

u="Ue, on 2, (59)
u=0 on §2. (60)

2.4. Electrophoretic mobility

For the present case, only the z-components of the forces
acting on a particle, including the electrostatic force and the
hydrodynamic force, need be considered. The z-component of
the former, Fg;, can be calculated by integrating the Maxwell
stress tensor over the particle surface,

pro= "

where S represents particle surface, 0 £ = ¢EE — (1/2)e E*T is

the Maxwell stress tensor, E = —VW¥ =n(d¥/dn) + t(0¥/0dt)

is the applied electric field, I is the unit tensor, t is the unit tan-

gential vector on the particle surface, n and ¢ are, respectively,

the magnitude of n and that of t, and E 2_E.E. Substituting
£ into Eq. (61) yields

W aw 1 [(aw\? (v’
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where n; is the z-component of n. Since ¥ = ¥; 4 ¥, this
expression becomes
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Because a particle cannot be driven by its equilibrium elec-
trostatic field, the terms involving (0¥ / 8n)2, (0w / 8t)2, and
(0W¥1/0n)(0¥1/0dz) should vanish. Also, (8W2/8n)2, (0w /
91)2, and (0¥ /0n)(0W,/dz) are all small. The magnitude of
each of the rest terms is on the order of E, and therefore,
Eq. (63) can be approximated by

oy 3‘1/2 81112 o
F el
Ee= jj([an 9z on 8z]
o 0¥, W 0n
- ds. 64
|:8n8n+8t 8[i|z> ©4)
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This expression is applicable to both symmetric and asymmet-
ric systems at an arbitrary surface potential subject to all three
types of surface conditions.

For a nonconductive particle, 0¥, /dn = 0, and Eq. (64) be-
comes

v 0¥, v 0¥,
Fg, = | g == .
e (][

If the surface of a particle is maintained at a constant potential,
a¥1 /0t =0, and Eq. (65) can further be simplified as

o, oW,
FEzzjfsa—na—dSszoEzdS, (66)
s < S
where 0 = —en - V¥ = —g(dW1/0n) is the surface charge

density, and E, = —0¥,/0dz is the strength of the local elec-
tric field in the z-direction. Equation (66) was used by Shugai
and Carnie [13] for the electrophoresis of a sphere with a thick
double layer parallel to a plane, normal to a plane, and along
the axis of a cylindrical pore, and by Hsu and Ku [17] for the
electrophoresis of a finite cylinder along the axis of a cylin-
drical pore. Both assumed a weak E and low, constant surface
potential. It is interesting to note that for a symmetric system,
since 0¥ /0t = 0, Eq. (66) is not limited to the case of constant
surface potential, and becomes applicable to all three types of
surface conditions in this study. The electrophoresis of a finite
cylinder along the axis of a cylindrical pore [15], for example,

belongs to this category.
oY
—> ds (67)
b4

The expression
Fee= [ oE.0s= [[ o~
S s
is widely used to evaluate Fg, [10,16,19-21,23,24,29], where
o =—en- V¥ = —¢(d¥/0dn) is the surface charge density. In
terms of ¥; and ¥, we have

oY 81111 8'1/1 811/2 8lI/2 BlP1
F _—_
Ee= fj(g on 82 Bn 9z 8n 0z
0, oY,
e 2""2)4s (68)
on 9z

The presence of the first, the third, and the fourth terms on the
right-hand side of this expression implies that it is only applica-
ble to some special symmetric electrophoresis problems such
as a sphere moving at the center of a spherical cavity [19] or a
sphere [20] or a spheroid [23] moving along the axis of a cylin-
drical pore.

The hydrodynamic force acting on a particle in the z-direct-
ion, Fp;, can be calculated by integrating the hydrodynamic
stress tensor over its surface; that is,

o= [ "

where 6 = —pI + 2nA is the hydrodynamic stress tensor,

A =[Vu+ (Vu)T]/2 is the rate of deformation tensor, and the
superscript T denotes matrix transpose. Note that Eq. (69) is
suitable for both rigid [8,13] and soft particles [10,28,30]. If we

-e,dS, (69)

Table 1

Summary of the present method for the calculation of the electrophoretic
mobility of a colloidal particle under the condition of weak applied electric
field

1. Types of particle:
rigid or soft
2. Governing equations:
(1) High surface potential [25-28]
(a) Electric field
Egs. (22)—(24) or Egs. (32)-(35)
(b) Flow field
Egs. (25) and (26) or Egs. (36) and (37)
(2) Low surface potential [12-15]
(a) Electric field
Eqgs. (27) and (28) or Eqgs. (38) and (39)
(b) Flow field
Eqgs. (29) and (30) or Eqgs. (40) and (41)
3. Types of boundary conditions for electric field:
constant surface potential, constant surface charge density, charge-
regulated surface
4. Electrostatic force in z-direction:

o 311/2 311/2 o
Fr. = -1
Ez= JJ( [ an 9z | on oz

v oV, oy Y,
—e| L2 T2, s
on on at ot

5. Hydrodynamic force in z-direction:

FDZ_H[ <aﬂ + 8&) +n7< p+2naaﬂ>]ds

6. Force balance at steady state:

Fg;+Fp;=0

let u = nu, + tu; = n(u - n) + t(u - t), then Eq. (69) can be

rewritten as
)} ds. (70)

Fp. = ﬂ[m(a“" ) -

For a rigid particle (du, /0n)s =0 and (du, /9t)s = O; this ex-
pression can be further simplified as

FDZ=fjn8(;r;t)tzd5+jj—pnzd5. a1
S S

Note that Fp, comprises a viscous force and a pressure term
[14-17,20,21,23,24,31]. The electrophoretic mobility of a par-
ticle can be determined from the fact that the net force acting
on it in the z-direction vanishes at steady state; that is,

Fg:+ Fp; =0. (72)

3. Conclusions

The method proposed in this study is summarized in Ta-
ble 1, and two methods commonly used in the literature for
the case of low surface potential are summarized in Table 2.
Since the present method is applicable to all types of elec-
trophoresis problems, regardless of the surface conditions on
a particle and the geometry of a system, it is the most general
one among the three methods. As presented in Table 2, for an
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Table 2

Summary of two widely used methods for the calculation of the electrophoretic
mobility of a colloidal particle under conditions of weak applied electric field
and low surface potential

Method I [14,15,17]
1. Types of particle:
rigid
2. Governing equations:

V2, =2y, Vi, =0,

V.u=0, 0=nVZu—Vp+eViy Vi,

3. Types of boundary conditions for electric field:
(1) Arbitrary geometry
constant surface potential
(2) Symmetry geometry
constant surface potential, constant surface charge density, charge-
regulated model
4. Electrostatic force in z-direction:

=I5 LI g5 = [Jotzas

5. Hydrodynamic force in z-direction:

P [ s [ s
S N

6. Force balance at steady state:
Fg:+ Fp; =0

Method 11 [16,19,20,23,24]
1. Types of particle:
rigid
2. Governing equations:

V2, =2y, Vi, =0

V-u=0, 0=nViu—Vp+eViyvy

3. Types of boundary conditions for electric field:
(1) Arbitrary geometry
inapplicable, in general
(2) Symmetry geometry
constant surface potential, constant surface charge density, charge-
regulated model
4. Electrostatic force in z-direction:

Fg, = ”sg%dszﬂwzds
N

5. Hydrodynamic force in z-direction:

Fp, = H 7 8(;’,; Y, ds+ JJ —pnzds
S S

6. Force balance at steady state:

Fg;+Fp, =0

arbitrary geometry, Method I is suitable for the electrophore-
sis of a rigid particle with a constant surface potential. For a
symmetric geometry, it becomes applicable to all three types of
boundary conditions. Method II is inapplicable to a problem of
asymmetric nature, in general. It can be used for all three types
of boundary conditions, however, if a problem is of symmetric
nature.
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