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Abstract

Wavelet methods with polynomial filters are usually favored in applica-
tions for their availability of fast wavelet transforms and compactly supported
property. However, wavelet methods with rational filters have more degree
of freedom to probably achieve smaller condition numbers, more regularity
and better efficiency. Such methods can be attractive if they also possess fast
transformation algorithms and have fast decay property as if the corresponding
wavelets are of compact supports. In the first part of this paper, we propose
a new wavelet method with rational filter which does have these properties.
We call it the difference wavelet method. It is a generalization of Butterworth
wavelets. The analysis part is simply averaging and finite differencing. The
corresponding wavelet coefficients measure the finite differences of the averages
of an input data sequence. Its synthesis part involves rational filters, which
can be performed with linear computational complexity by the cyclic reduc-
tion method. Their Riesz basis property, biorthogonality, decay and regularity
properties are investigated.

In the second part of this paper, we perform comparison studies of the dif-
ference wavelet method (Diff) with three other popular wavelet methods: the
Cohen-Daubechies-Feauveau biorthogonal wavelet method (CDF), the Daubechies
orthogonal wavelet method (Daub) and the Chui-Wang semi-orthogonal wavelet
method (CW). Natural criteria in designing good wavelet methods for repre-
senting functions and operators are fast, stable and efficient. Therefore, the
items of our first comparison include (i) operation counts for performing trans-
formations, (ii) condition numbers of the wavelet transformations, (iii) com-
pression ratios, by some numerical experiments, for representing (smooth or
non-smooth) data sequences and matrices (smooth or non-smooth kernels).

*This work was supported by the National Science Council of the Republic of China under
Contract NSC86-2115-M002-008

'Department of Mathematics, National Taiwan University, Taipei, Taiwan.

Hnstitute of Astronomy and Astrophysics, Academia Sinica, Taipei, Taiwan.



The results show that (i) Diff, Daub and CDF have about the same operation
counts for performing wavelet transform, and CW has more; (ii) Diff has about
the same condition numbers as those of CDF and CW; (iii) Diff has better com-
pression ratio for both (smooth or non-smooth) data sequences and matrices
(smooth or non-smooth kernels).

The items of our second comparison include regularity, approximation power
(the constant appears in the approximation estimate), approximation errors
for non-smooth functions (where Gibbs phenomena appear) and the “essential
supports.” The results show that Diff has better regularity and better approx-
imation ability with only slightly bigger essential supports. It is evidently that
the better efficiency of Diff for smooth functions is due to its better regular-
ity. It is surprising that, even for non-smooth functions, Diff is comparable
to, sometimes even superior to, other methods, despite of its infinite-support
property.

This paper is organized as follows. Sec. 1 is the preliminary. Sec. 2 provides
the theory of the difference wavelet method. Sec. 3 contains the comparison
studies. Experts are suggested to read Sec. 3 directly.

1 Preliminary

A wavelet expansion method decomposes data (or functions) into fluctuations at
various resolutions. It depends on four sets of filter coefficients: {hi}xrez, {9k }xez,
{hx}rez and {Gr}rez. The first two are called the analysis filters, the latter two
the synthesis filters. A data sequence ¢; = {c;;}iez at resolution level j can be
decomposed, through the analysis filters, into the following two sets of data sequences

at level j — 1:

{ the low—pa.ss data: Cj-14i = \/Q—Zk hij,gi_k, (1 1)
the high-pass data: dj—l,i = ﬂZk 9kCj,2i4+1—k- ’
Here, v/2 is a normalized scale factor [12]. By applying the above transform: c; —
(cj—1,dj_1) recursively for j = J,J —1,---,1, one can decompose a given data se-
quence c; at the finest resolution J into (cg, do, d1, - - -, dj_1), the averages at coarsest
resolution and the fluctuations at various resolutions. The mapping 77 : ¢y —
(co, do,dy, - -+, dy-1) is called a discrete wavelet transformation.

The data sequence c; can be reconstructed from (c;_1,d;_;) through the synthesis
filters {hk}kGZ and {gk}kel by:

Cji = \@Z [ili—zkcj—m + §i—2k—1dj—1,k] . (1.2)
k .

By applying this inverse transform recursively for j = 1,---, J—1, c¢; can be recovered
from (co,do,- -+, dy-1).



Let us define the z—transform of {hx}rez by h(2) = Y, hi2*, and still call it a
filter. It can be a polynomial (i.e. a filter with finite length), or a rational function
(infinite length), or in general, a Laurent series.

In order to have c; be reconstructed from (1.2), the filter bank (i.e. the collection
of analysis and synthesis filters) need to satisfy the following perfect reconstruction
condition [9, 16]:

A formal calculation gives

h(z)h(z) + h(~2)h(=2) = 1, (1.5)
9(z) = h(=2)P(z"), (1.6)
3(z) = h(=2)/P(z%), (1.7)

for some Laurent series P(z). If we require both analysis and synthesis filters are
‘polynomials, then P(z) = 2™ for some integer m. In this case, we can normalize
P(z) =1 [9]. In general, for stability consideration, we should choose P(z) to be in
the Wiener class, that is, P(z) = Y, pxz* with 3, |px| < oo and P(z) # 0 for all
|z =1 (see Chui [3]).

So, a general procedure to construct filter bank is to find k(z) and h(z) to satisfy
(1.5). We may normalize them by

h(1) = k(1) = 1. (1.8)

Then we define ¢g(z) and §(z) by (1.6) and (1.7) with a proper function P(z) chosen
in the Wiener class.

A general principle to design filters in applications is to have the corresponding
wavelet transform to be fast, stable and the corresponding wavelet approximation to
be efficient. The term “fast” means that the wavelet transform Ty and its inverse are
of linear computational complexity. Usually, polynomial filters are favored. However,
a rational filter which can be performed with linear complexity is also acceptable in
many applications. The term “stable” means that the forward and inverse wavelet
transforms are unconditionally stable in £2, independent of the resolution level J, that
is, both ||Ty]l, IT5"]| = O(1). The term “efficient” means that only a small amount of
wavelet coefficients d;; plus the averages co; are sufficient to approximate the original
data accurately.

It is well-known that the stability condition can be characterized by the Riesz
basis property of a corresponding wavelet function 1, see [9, 10]. More precisely,



associated with the analysis filter bank, one can define a refinable function (or called
scaling function) ¢ and a wavelet function ¢ as follows:

$z) = 2 hd(2z — k), (1.9)
Y(z) = 2 gxb(2z — k). (1.10)
k

The function h(z) is called the mask of the refinable function ¢. Let us define
¥;:(-) = 29/%(27 - —i). Then the forementioned stability condition is equivalent
to that {4} ez forms a Riesz basis in L*(R). That is, there exist constants 0 < 7,
I’ < oo such that for any sequence {d;,;}ijez, we have

Y il <D0 diaiallie ST D |djal”

LjEZ ijeZ ijez
For the synthesis filter bank, one also defines
d(z) = 2 hd(2z - k), (1.11)
k

2> Ge-16(2z — k). (1.12)
k

€

(z)

Then {'&j,i}i,jel forms the dual Riesz basis of {¢j,i}i,j€Z n L2(R), ie. (wj,iy'(zl,k) =
6;.¢0; k- These two wavelets are called biorthogonal wavelets [9]. It was commented
by Cohen-Daubechies-Feauveau [9] and Dahmen [10] that biorthogonal wavelets are
more flexible to use than orthogonal wavelets in practice.

Three popular wavelets are the Daubechies’s orthogonal wavelet (Daub) [11],
Cohen-Daubechies-Feauveau’s biorthogonal wavelet (CDF) [9] and Chui-Wang’s semi-
orthogonal wavelet (CW) [4]. The filter bank of the CDF wavelet is defined as follows:

h(z) = g(—z)=z—[r/21(1;”5>r, (1.13)

M) = gl=2) =10 (122) Qu(a).

(1.14)
Here, r + 7 = 2K, K > 0 is an integer parameter, and

=S (KT (Y

n=0

We call the parameter 7 the averaging order and 7 the differencing order, or the
number of vanishing moments in other literatures.
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The filter bank of Daubechies’ orthogonal wavelet is defined by

M) = b =3 =g(-) = (2] @@, o

where Q(2)Q(z7') = Qk(z). The filter bank of Chui-Wang’s semi-orthogonal wavelet
is defined by

W = (152) extrent

o(z) = (1;z)K/GK<z2>,
hz) = (lgz)’i
i) = (I;Z)KGK(—zL

where Gk (2) := Y-, Nax (k)z* and Nog := 17X is the B-spline of order 2K — 1.

It is well-known that the regularity of a wavelet is related to its orders r, 7
and the magnitude of its amplification factor (i.e. Qx(e®¥) in CDF wavelet a.nd
G (e%)/G k(%) in CW wavelet) [12]. The more regularity a wavelet has, the better
approximation ability it can have [12]. We can look for rational filters that have
smaller amplification factors. The gain is that the corresponding wavelet function
is smoother. The prices to pay are that (i) it has infinite support, and (ii) a linear
system needs to be solved to perform wavelet transform. Problem (i) is not severe
if the essential support (e.g. the region where |¢| > €) is still small. Problem (ii)
is also solvable if a fast algorithm for solving this linear system is available. Below,
we propose the difference wavelet method which has a relatively small amplification
factor.

2 Difference Wavelets

2.1 The filter bank of the difference wavelet method

Given a positive integer K, let us define the filter bank of the difference wavelet

method to be
hz) = 213 (”") (2.1)

o) = (152 22)




h(z) = 271 (1 h ")f/PK(zZ), (2.3)

o) = =9(152) e, (2.4)

Py (2%) = z—K(1+z>2K+ (—z)-"<1;z>m, (2.5)

2

where 7 + 7 = 2K. Roughly speaking, the difference of this method from the CDF
method is to replace the filter Qx(z) by 1/Pk(2?). We call this method the difference
wavelet method because its high-pass filter is simply a finite difference. In the case of
r = 0 and 7 = 2K, h(z) is the Butterworth filter, which was well-known in the field
of signal processing [15]. To justify this method to be valuable, we shall show that

1. the operation count to perform 1/Px(2?) is almost the same as that of Q(2);

2. it is stable in L?(R); in fact the condition numbers of the difference wavelet
transforms are comparable to those of the CDF transform;

3. the corresponding é decays exponentially at far field, in fact, the lengths of the
“essential supports” of the difference wavelets are about twice of those of the

CDF wavelets;

4. it is more efficient in the sense that it has better approximation ability and
better compression ratio.

We shall devote to these issues below.

2.2 Fast algorithm for difference wavelet transform

We adopt the cyclic reduction method [14] to perform the filter 1/Pg(2?). Firstly,
we factor Pk (2?) into

(K/2]

PK(Z2) = H 1722 (akz_2 + 1+ akz2)
k=1 k
(K/2

]
H P*(22). (2.6)
k=1

Here,
0 < ay =1/ (tan® 6 + 1/ tan’6;) < 1/2, (2.7)

@E=U7  if K is even
0, = iR )

i if K is odd,

(2.8)



where k = 1,---,2K foreven K, and k =1,---, K —1,K +1,---,2K — 1 for odd
K. This factorization can be derived from the fact that z = 7 tan 8, are the roots of
PK(Z,’Z) = 0.

Secondly, for each k = 1,---,[K/2], we perform the filter 1/P*(2%) by solving a
tridiagonal system Av = f, where A = diag(ax, 1, 0x) with |ax| < 1/2. This system
can be solved by the cyclic reduction method [14]. We briefly describe it below for
reader’s convenience.

A one-step cyclic reduction reduces this system into a system of half size with the
same structure. We apply this reduction recursively until a small system is met or
until A becomes almost diagonal. Then this reduced system can be solved directly.
To describe this reduction procedure, we assume the current linear system is of the
form:

afvf—l + 'Uil + agvf+1 = fil: (2'9)

Here, £ is the index of the recursion procedure. We eliminate v4;,; terms to obtain
2,6 2 : ¢
—ag*vg; g + (1 = 2a¢)vg; — af® 'U21+2 5 — ae(foi + Jaig1)-

We rename the variables:

ll _ £
- v2z?

fe_ = 1 — 2 PG Y) (f21 [(fZ[i—l +f2£i+1)) )

v, = % (2.10)
-1 - 1 _ (1[2. .

Then v/~! satisfies
-1 -1
a1 vio) +vf T +ap 1v,+1 =f;

Thus, we arrive a system of half size with the same structure. Notice that, from
(2.10), a;_,, converges to zero quadratically as m — oo. This is because |a;| < 1/2
initially. Usually, m = 5 (i.e. five-level reductions) will make a;_,, go down to 107
Once {vf{~™} are found, we can reconstruct {v/~™*!} from

—m+1 __ £—m

Ugi = v

f—m+1 __ —m+1 —-m

Uit = f2;+1 = Qg—m+1 ( +U,+1 ) .

We can continue this reconstruction procedure recursively from ¢ — m + 1 to £ to
obtain vf.

By a direct calculation, the amount of work for performing 1/Px(2?) is less than
(4A + 3M)[K/2] per each datum. Here, A is the addition operation and M is the
multiplication operator. Thus, the procedure to perform the rational filters ;L(Z) and
g(z) is of linear complexity. In the next section, a comparison study shows that the
operation counts for the difference wavelet method is about the same as those of the

Daubechies’ orthogonal wavelet method and of the CDF method.
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2.3 Stability of the difference wavelet method

For the difference wavelet method, from (2.1), the corresponding scaling function ¢
is the B-spline:

¢(z) = 1[ 10)( = [r/2]).
The corresponding dual scaling function @ has the following properties.
Proposition 1 1. ¢ is symmetric.

2. The Fourier transform of <Z> satisfies

3(€)] = O (Je| -7/ (2.11)

3. ¢ decays at +oo exponentially for ¥ > r:

/

-2
e’ '$]¢(z)‘ dz < o0, Yo' < g, (2.12)

Intan K+1
1K T,

Proof. 1. The symmetric property of ¢ follows from A(z) = h(—z).
2. Using Fourier transform and (1.11), we have

where
o=2

3 = Jhe")
=1
—ig/2 [ S1 5/2
= € 5/ (S 2/2 ) HPK _12.5/2( (213)

So, to prove (2.11) we should show that the infinite product []{2, 1/Px(e~2%/%)
converges unformly and absolutely on every compact subsets in the complex plane
and has the following asymptotic estimate:

oo

H ;25/21 = O(|¢]*7") for ¢ > 1. (2.14)

=1

To see this, first, from the continuity of Px and Pg(1) = 1, there exist constants
&, C > 0 such that

"ﬁ;(—iiﬁj‘l’ < C¢] (2.15)

for all €| < &.



Given any compact subset B C C, there exists an integer Lo such that B C
{€ € C| |¢] < 289g}. For any £ € B, there exists a positive integer L such that
2L=3¢, < |¢] < 28&. We split the above infinite product [T, into [/, - [162,.1-
From (2.15), the second term has the estimate:

oo

1 o I€ l>
tzlgn P (e=#/%) t:I;L ( T
< exp(C&) =

By the dominant convergence theorem, this infinite product converges absolutely and
uniformly for |£| < 2L0&,.

Next, from (2.5), .
Pg(e7%) = cos? ¢ +sin®¥ ¢. (2.16)

It is easy to see that its minimum is at £ = n/4 with minimal value 2= ~1). This
yields maxecg |1/Pr(e™**)| = 2X-1. Hence,

L K~
11 < oK=L ¢ (2_‘5.’) 1
=1 B B §O

Therefore, we obtain [, 1/ Py (e~%/?) = o(lglx-1).

3. First, we show that (&, +i¢,) is analytic for |&| < 0. We claim that @(€, +i&,)
is a meromorphic function with poles at:

1
pK(e—izg/zl)

2f (+7/2+iln | tan 6;]),

for{ =1,2,---, k=1,---,K foreven K and for k =1,---,K — 1 for odd K. To
see this, from (2.13), the poles of ¢ are the roots of [[52, Px(e~*%/?'). From (2.6),
(2.7), the roots of Px(z?) = 0 are z = e % = +itanf (k = 1,---, K for even K
and k = 1,---,K — 1 for odd K). That is, £ = =n/2 +iIn|tan6;|. The claim

follows immediately. With this, the poles of q~5(§) with the smallest imaginary part
are 2 (+7r/2 +ilntan (K+1)) Therefore, ¢(£; + i&,) is analytic for |&] < o.
Next, we show e”Flg € L?(R) for any o' < 0. When z > 0, we move the

integration line in the Fourier inversion formula from the real line to {§; +i0’ | & €
R}:

.'L‘ z:c(fl-Ha f +ig ) dé,.

)= \/27r/
Here, we have used 7 > r, (2.11) and the fact that ¢ is analytic for [¢| < 0. From
¢(- £ io’) € L*(R) for 7 > r and the Planchel equality, we obtain e’ Fl¢ € L?(R).
When z < 0, we can move the integration line to {&; —i0’ | & € R} and prove
similarly. 1



Definition 2.1 1. A function ¢ is said to satisfy the Riesz basis property if ¢ € L*(R)
and there exist constants 0 < A, B < oo such that for any finite sequence {cx} we

have
A el <D S ad(-=k)lif < BY ol
k k k

2. Two refinable functions ¢ and ¢ are said to be biorthogonal if both of them satisfy
the Riesz basis property and they are dual to each other, namely, [ ¢(z — 1) d(z —
k)dz = 6;.

It is known [20, 9, 6] that a refinable function ¢ with mask h(z) satisfies the Riesz
basis property if and only if ¢ € L? and h(z) satisfies the Cohen criterion [6]. That is,
there exist a compact set K and finite many disjoint closed intervals K;, associated
with an integer n; such that

(1) K contains 0 as an interior point,

(2) K = U;K; and [—-m, 7] = U(2nym + K;), and 2n;m + K; can intersect to each
other at most at their boundaries,

(3) h(ei€/?) # 0 for all j > 0 and for all £ € K.

Proposition 2 The refinable functions ¢ and ¢ constructed from the difference wavelet
method are biorthogonal for 7 > 1 > 1.

Proof. Since ¢ is a spline for r > 1, it is in L?(R). It also satisfies Cohen’s criterion
trivially with K = [—m, 7). For ¢, we notice from (2.16) that 1/P(e'*) > 0 for
¢ € [-m,7]. Hence, ¢ also satisfies Cohen’s criterion trivially with K = [—, 7).
From (2.11), we see that ¢ € L2(R) as 7 > r. The duality of ¢ and ¢ follows from
(1.5) [9]. W

Theorem 2.1 The difference wavelets v and ¢ with # > r > 1 are biorthogonal in
L*(R).

Proof. Our theorem follows from a theorem of Chui [5] which says that ¢ and ¥
are biorthogonal if and only if ¢ and ¢ are biorthogonal and g9(z) = ﬁ(-z)P(z2) and
§(z) = h(—z)/P(z*) with P being in the Wiener class. We choose P = Py here.
Px(z) is a Laurent polynomial and, from (2.16), Px(z) # 0 for all |z|] = 1. Hence Py
is in the Wiener class. 1
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3 A Comparison Study

In this section, we compare four wavelet methods: Cohen-Daubechies-Feauveau wavelet
(CDF), Daubechies orthogonal wavelet (Daub), Chui-Wang’s semi-orthogonal wavelet
(CW), and the difference wavelet (Diff). Natural criteria of a good wavelet method
are fast, stable and efficient. Therefore our comparisons include

(1) operation counts,
(2) condition numbers,
(3) compression ratio for data sequence and matrices.

Roughly speaking, the results below show that the difference wavelet method is more
efficient than other method. In addition, we also compare

(4) regularity,

(5) approximation power,

(6) approximation error for functions with jumps,
(

7) length of “essential support,”

to demonstrate that this better efficiency is probably due to its better regularity
with slightly bigger “essential support.” It is surprising that even for non-smooth
functions, Doff has better representation in the sense that it is smoother and less
overshoots and undershoots.

3.1 Operation Counts

In this comparison, we shall show that the operation cost of Diff is about the same
as those of CDF or Daub, even though it is a rational filter. We compute the number
of operations per each datum in a one-level wavelet transform. The operation counts
here include both forward and inverse transforms (i.e. (1.1) and (1.2)). The common
part of the four methods is (I—*ZL—")M. A factorization of Laurant polynomials does not
change its operation counts. Thus, the differences among these four methods are the
operations for Qg (z), Gk (z)/Gk(2?) and 1/Pk(z). The inversion of 1/Py(z*) and
1/Gk(z?) are performed by the cyclic reduction method. Table 1 shows that Diff has
about the same number of operations as those of CDF or Daub, while CW has more.

3.2 Condition numbers

We compute the condition number of T : ¢; — (¢g,do, -+, d;_1) by matlab to study
the sensitivity of various wavelet transforms. The matrix size is 1024 x 1024. Table

2 shows the following things.
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Diff ] CDF, Daub CW

1/Pg(2) Qx(z) G (2)/Gk(2%) |
<A+ 3M)K/2] | CA+1MEK | (6A+5MEK

Table 1: Comparison of operation counts for performing filters 1/ P (z) (Diff), Qk(z)
(CDF and Daub) and Gk (z)/Gk(2?) (CW) per each datum. Here, A is the addition
operation and M is the multiplication.

1. It is clear that orthogonal wavelet transform has the smallest condition number,
which is 1.

2. Among the biorthogonal wavelet methods considered here, the difference wavelet
method has the smallest condition numbers for the cases 7 = 7. In general, the
condition numbers of difference wavelet transforms are reasonable small for ap-
plication.

3. Notice that the condition numbers of CDF are big for the cases r = 7 > 4.
This is because the corresponding ¢’s are not in L?(R), and the corresponding
wavelets does not form a Riesz basis in L*(R).

7| Diff | CDF [ CW [ Daub |
5] 52| 21 — —
41 35| 25 - —
3[ 31 91 51[ 1.0
7101 24 — —
6] 7.0] 25 - —
5] 55] 59 - —
4
9
8
7
6
5

4.5 354 | 10.0 1.0
19.5 2.5 - -
14.0 2.5 — -
11.0 3.5 — -

86| 14.7 - -

7.0 1549 | 193 1.0

AW Wt =il =l

(1]

Table 2: Comparison of the condition numbers of various wavelet transforms 7 :
cy — (c4,ds,...,dy_1). Here, 7 is the average order, 7 is the difference order and
J = 10. The matrix size is 1024 x 1024. The results are computed by Matlab.
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3.3 Compression ratio for data sequences

We demonstrate by numerical tests to show that Diff method does have better com-
pression ratio for data sequences (both smooth and nonsmooth) and matrices (smooth
kernel and singular kernel).

We measure the efficiency of a wavelet representation for a data sequence c; by a
quantity C, defined by

Cs(e, J,7,7) = Na(e, J,r,7)/N, (3.1)

where N = 27 is the total number of data. The number N, is defined as follows.
Firstly, we transform the discrete data c; to (cg,dp,--+,ds—,). Next, we truncate

(co,do, -+, ds—1) by a threshold é to yield (¢, dp, - - -,ds—1). The threshold 4 is cho-

sen so that the inverse transform of (&, dp, ---, ds_;) (denoted by ¢;) is within €
neighborhood of ¢; in 2, i.e.

1/2
(Z(C_],i - EJ,i)22_J> <e.

i

Then we define N (e, J, 7, 7) to be the number of nonzero elements in (¢y, do, - - -, dy_1).

We perform two tests: one is a smooth data, the other is a nonsmooth data.
Namely, we choose c;; = u(2774), i = 1,--+,27, where u(z) = sindnz + sin 67z for
the first test, and u(z) = Xjo,1/2)(z) for the second test.

Table 3 and 4 are the value of C, corresponding to the above two tests, where
N = 2% and § = 10~%. We should compare various methods with fixed K, because
they have about the same amount of operation cost). We observe that the Diff with
r = 1 is the best in both tests.

3.4 Compression ratio for matrices

Fast matrix-vector multiplication is important in many applications. Following Beylkin-
Coifman-Rokhlin [2], we use “standard method” for matrix compression. That is,
given a 27 x 27 matrix G, we transform it to T;GT%. A truncation is applied to every
entries of T;GT% with threshold 6. The number NV, is the total number of nonzero en-
tries. The error of G (i.e. the inverse transform of the truncated 7;GT?%) is measured
by a matrix £2 norm. The quantity C, is defined by No/N. Roughly speaking, C> is
the number of operation needed per each datum for a matrix-vector multiplication.
Notice that the compression ratio mentioned in other literatures is N?/N, which is
N/C, is our language.

We perform three tests. The first one is the heat kernel on periodic domain. The
second one is a singular kernel which is basically the Green’s function of the Laplacian
in 2-d. The third one is the matrix which converts the coefficients of finite Chebyshev
expansion into the coefficients of a finite Legendre expansion.

13



[r[7] Diff | CDF [ CW [ Daub |

1150105 | 0.119 - -
2140203 0.330 - -
313(0423 | 0.916 | 0.423 | 0.746
1171]0.057 | 0.063 - -
216 ]0.061 0.111 - -
31510113 0.213 - -
1141410223 | 0.455 { 0.111 | 0.234
11910.031 0.053 - -
218]0.031 | 0.061 - -
31710.057 | 0.100 - -
416 0.061 | 0.143 - -
51510.117 | 0.262 | 0.057 | 0.119

Table 3: Comparison of Co, where C, = N2/N, N is the number of nonzero truncated
wavelet coefficients, N is the total number of data. The test data is cjx = u(277k),
where u(z) = sindrz + sin6rz. Here, N = 20 the threshold § = 1078, r, the
averaging order and 7, the differencing order.

3.4.1 Heat kernel
We evaluate the integral:

u(z,t) = /_1 G(z,y,t)f(y)dy

where

Glz,y,0)= . \/;ﬁexp (_[27r(z —4;;—@)] )

£=—00

that is, the fundamental solution of the heat equation on the periodic domain [0, 1].
This integral appears commonly for solving convection-diffusion equations [8]. In our
test, we choose t = 0.1, and the kernel is obtained by summing the heat kernel over 20
periods. We discretize the above integral by trapezoidal rule on a uniform grid. Table
5 is the quantity C, and Table 6 is the corresponding L?-errors and the thresholds.
In the comparison, we fix the threshold ¢ used for the Diff. The thresholds used for
other methods are chosen so that the corresponding errors are no less than the errors
of the Diff produced by using the fixed threshold §. This is to guarantee that the Diff
produces the least error in our test.

The result shows that the difference wavelet method with » = 1 is most efficient
method.
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[+ 77 Diff[ CDF | CW [ Daub |

1]5]0.031 ] 0.059
21410.031 | 0.061
313]0.033]| 0.061 | 0.266 | 0.059
117]0.059 | 0.082
216 0.059 | 0.084
35 |0.057 | 0.084
41410.057 | 0.084 | 0.334 | 0.082
1]9]0.059 | 0.102
218]0.059 | 0.104
3| 710.087 | 0.107
416|0.061 | 0.107
515({0.039 | 0.105 | 0.387 | 0.094

Table 4: Comparison of the C, for non-smooth data: cj; = u(277k) and u(z) =
X[o,1/2), N =2'%, 6 = 1076,

3.4.2 Singular kernel

Singular kernel is often appeared in boundary integral methods. Here, we consider
the kernel corresponding to the Laplacian in 2-dimension [2]. Namely,

(=5 ifi#j,
‘A’J“{ 0 if i = j. (3.2)

Table 7 is the value of C, and Table 8 is the corresponding errors € and thresholds é.
The result shows that the difference wavelet method is the most efficient method.

3.4.3 Fast Legendre transform

It is well-known that a fast Legendre transform can be achieved through a fast Cheby-
shev transform followed a compressed matrix which converts the coefficients of a finite
Chebyshev expansion into the coefficients of a finite Legendre expansion of the same
polynomial [1, 2]. The matrix is given by

LA2(5) if0=4<j <N,
Aj={ IAG=DAG+i) HO<i<j<N,
0 otherwise.

Table 9 is the value of C; and Table 10 is the corresponding errors and thresholds. The
result shows that the difference wavelet method is again the most efficient method.

-
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[r]7] Diffi| CDF| CW [ Daub |
1[5 1.86 4.59
214 441 | 12.22
313(14.23 | 50.88 | 15.19 | 30.31
117 0.72 1.95
26| 1.50 2.00
315 1.86 6.38
44| 4.31 | 19.22 2.48 | 4.98
119 0.70 1.09
2181 0.75 2.13
317 072 2.16
416 1.59 5.38
515 1.86 | 14.59 2.5 2.09

Table 5: This table is the values of C,, the number of operations per each datum
in matrix-vector multiplication. The matrix G is a finite approximation of the fun-
damental solution of heat equation over period domain (0,1). The matrix size is
1024 x 1024. The corresponding errors and thresholds are tabulated in Table 6 The
result demonstrates that the Diff method with r = 1 is the most efficient method.

3.5 Regularity

In this subsection, we compare the smoothness of é for various methods. We shall
find s such that ¢ € H*(R) for all s < 5. Here, H*(R) denotes for the Sobolev space

of regularity order s. }
Firstly, for semi-orthogonal wavelet, ¥ = K and ¢ is the spline 1[‘0”(1). Hence,

§ = 7 —1/2. For other methods, basically we compute the spectral radius of the
transition matrix to determine its regularity. First, we use the following lemma [9, 20]
to normalize our comparison.

Lemma 3.1 Suppose h(z) = (%)'I:I(z) with H(=1) # 0 and H(1) = 1. Let ¢ and
® be the scaling functions associated with h(z) and H(z). Then ¢ € H**(R) if and
only if ® € H*(R).

The proof of this lemma follows easily from

in &
sin 3

2(5)=e-”5/2( - ) 3(¢),

2

see [20]. Now, we apply this lemma to our cases:

hcpF(2) = (1;z>?ﬁcm(z),

16



1+2

hpig(z) = ( 5 )if{Diff(z).

Thus, we only need to _compare the regularity of the scaling functions ‘I’CDF and
(I)lef associated with HCDF and Hlef» respectively. Table 11 gives the regularity
for these functions. It is basically quoted from Cohen-Daubechies [7 [7]. They gave a
sharp estimates on sy by using transition matrix method. The case of Diff in the first
row is the Butterworth case in their paper. See also Fan and Sun [13].

We can transfer this table to a regularity table for ¢, see Table 12. We observe
that

1. Diff is more regular than CDF and Daub.

2. With 7 fixed, ¢ow is the B-spline, which is the most regular function with given
7. However, with K fixed, which means it takes about same amount of time to
take wavelet transformation, Diff with 7 = 1 is even more regular than CW.

3.6 Approximation power

Given any function u € L?(R), it can be approximated by the projection

Plui= (v, 454) sk
k
as J — oo [9]. When u € L*(R) N C™*!(R), this approximation has the following
sharp estimate [17, 18, 19]:

1P7u — uljLz = Cz2™ P2 + 02" (F+1)7Y as J — oo,

where

1/2
F;(Ew (2k7r)l2> .

k#0
The smaller Cj is, the better the approximation power is. Following Unser [19], the
constant Cj has the following expression:

( \/%_-—11)% for CDF
P 1) -D  for difference
C_ — < \/ 4' 1

¢ for Chui-Wang

\/(4" 1)2
~ 2D _p o for Daub

(4K—1)2K

\

. 1/2
- (Z B((2k + 1>7r)|2) .

keZ
In Table 13, we compute C; for various methods. We observe the following things.
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1. When r =7 = K fixed, CW has the best approximation power and Diff is the
second. This is due to that the approximate space V’ of CW is spanned by
splines which is the most regular scaling function with given K.

2. However, if we fix K (this means the amount of works for wavelet transform is
of the same order), then we see Diff has the best approximation power. This
table is consistent to the previous regularity table.

3.7 Approximation error for non-smooth functions

When u is not smooth, the representation P/u = 3 (u, ¢ J,k)J) 7k exhibits the Gibbs
phenomena. In the test below, we choose the test function to be x[1/s3/4 on the
periodic domain [0, 1]. We compare the L' and L? errors and the heights of overshoots
and undershoots. In this comparison, the coefficients (u, ¢;x) are computed as follows.
For Diff and CDF, ¢ is the splines, we compute (u, ¢) exactly by using Maple. For
CW, P7u is the orthogonal projection of u onto the space spanned by splines, therefore
we find the coefficients ¢;x = (u, ;) by solving the linear system

Z(‘?;J,i(;s.l,k)c.],k = (u, &J,i),

k

where J)Lk is the splines. For Daub, we do not have an analytic formula for ¢ .
Therefore we compute (u, ¢;x) by direct numerical integration. We first transform the
integral (u, ¢sx) to 27772 [u(277(k +y))é(y) dy. Since u is a characteristic function,
the integral only involves integration of ¢. A trapezoidal rule is then applied for this
integration using N = 2'* grid points. Thus, the numerical error for this integration
is of order O(277/2713), which is relatively small in comparing with the approximation
€ITOoTS.

Table 14-15 are the L' and L? norms of the error P/u—u. Here, u = X[1/4,3/4) J =
10 and the numerical errors are computed using 2!® grid points. Table 16 shows the
heights of the corresponding overshoots or undershoots (i.e. max;e(1/4,3/4) P u(z) -1,
or —mingg(i/4,3/4) P’u). We do not show the results of CDF for the case (3,3), (4,4)
and (5,5), because the corresponding errors are too large. In the comparison, for
each K = 3,4,5, we choose the best case for each methods. For instance, for Diff,
we choose (r,7) = (3,3), (2,6), (2,8). For CDF, we select (r,7) = (1,3),(2,6),(2,8).
For CW and Daub, we have no other choices but (r,7) = (3,3), (4,4),(5,5). It is
surprising that the two non-compact supported wavelet methods, Diff and CW, have
the least errors of overshoots and undershoots. Indeed, Diff is slightly better than
CW. It only has 9% overshoots or undershoots, which is about the same as those
using finite Fourier method. Figure 1 are the corresponding graphes of P7u in the
interval [0.24, 0.26]. We observe that Diff does have better representation in the sense
of smoothness and smaller overshoots/undershoots.
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3.8 Support

We have shown that Q;Diff decays exponentia.lly in previous section. Below, the
length of the region where |@(z)| > 10~3. Table 17 is a comparison of this “essential
support.” We observe that the essential support of ¢D, ¢ is about twice of the support
of dcpr. Fi igures 2, 3 are the graphs of é, ¥ and ¥ of the difference wavelet method
for K = 3 and 4, respectively, with various 7. One observes that their “essential
supports” are indeed quite compact.
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Figure 1: The graphes of P/u on the interval [0.24,0.25], where u = X(1/4,3/4 and
J = 10. The graphs from left to right are the representations by Diff, CDF, CW and
Daub, respectively. For each method, the graph from top to bottom corresponding to
the best case for each K = 3,4,5. More precisely, from top to bottom, (r,7) = (3, 3),
(2,6), (2,8) for the Diff, (r,7) = (1,5), (2,6), (2,8) for CDF, and r = 7 = K for both

CW and Daub.



|[r]7] Diff| CDF| CW | Daub |
5 | 1.4e-07 | 4.2e-07
5.2e-07 | 2.0e-06
2.3e-06 | 4.0e-06 | 2.9e-06 | 2.6e-06
1.1e-08 | 1.2e-07
6.4e-07 | 2.9e-06
3.3e-07 | 5.3e-07
1.2e-06 | 2.0e-06 | 1.5e-06 | 2.0e-06
1.1e-08 | 1.9e-07
9.1e-10 | 6.7e-08
2.6e-08 | 8.9e-07
1.5e-06 | 2.0e-06
1.1e-06 | 5.3e-06 | 1.5e-06 | 1.4e-06

le-06 2e-06
1e-06 1le-06
le-06 le-06 5e-06 1e-06
1e-06 1le-06
le-06 | 1.7e-05
1le-06 le-06
1e-06 1e-06 | 3.9¢-05 le-05
le-06 le-06
1le-06 le-06
le-06 2e-06
le-06 le-06
le-06 le-06 3e-05 le-05

ol | ~a] oo ol il o] o] ~a] o)

O ~J| Lol bt n

CU QD = W N = ol bof =l ot x| cof 2o =] it ol vol i cof dol =

Y O ~J| OO O i Ut

Table 6: The top subtable is the L2-error € of the truncated matrix G in Table 5.
The bottom one is the threshold ¢ used for truncation.
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[rrT 7| Diff | CDF | CW | Daub ||

5| 48.7 | 64.6
2 41 55.0 | 85.1
33| 75.9| 149.4 | 141.7 | 86.5
1171503 682
216149.0 711
315|485 | 814
44| 558 1281 | 136.8 | 75.5
119]570; 635
218|545 706
3171476 754
416|469 894
55| 49.0| 1214 | 134.2 | 68.9

Table 7: Compression ratio C, for the matrix (defined in equation 3.2) , the matrix
size is V = 1024. The result shows that the Diff is the most efficient one.

—+
N

M

Figure 2: The graphes of ¢, 1 and %) (left to right) of the difference wavelet for K = 3
and 7 = 1,2,3 (top to bottom).
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|7| Diff| CDF | CW | Daub
1.1e-06 | 1.3e-06
1.0e-06 | 1.2e-06
2.1e-06 | 2.5e-06 2.2e-06 | 2.3e-06
3.4e-06 | 3.6e-06
2.9e-06 | 2.9e-06
3.7e-06 | 3.9e-06
3.6e-06 | 5.8¢-06 | 4.2¢-06 | 3.8e-06
1.5e-05 | 1.9e-05
5.1e-06 | 5.2e-06
5.8e-06 | 6.0e-06
5.1e-06 | 5.7e-06
9.3e-06 | 2.6e-05 1.6e-05 | 9.7e-06

I

le-06 5e-06
le-06 2e-06
le-06 1e-06 6.4e-05 7e-06
1e-06 | 1.9e-05
1e-06 7e-06
1e-06 4e-06
1le-06 1e-06 | 0.000256 | 1.9¢-05
1e-06 | 7.5e-05
1e-06 | 2.1e-05
1e-06 6e-06
1e-06 3e-06

OV ] QO DO = W QO N[ = QO BN | Ot o] QO DO = W] Qo D] | cof dol —]

Y Oy I OO O x| UY Oy ~J| W x| O] O} O ~Jf 00 O] | i O] ~3| o ] Ot

le-06 1e-06 | 0.001024 | 4.5e-05

Table 8: The matrix error € and the thresholds for the matrix (defined in equation
3.2) in Table 7
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[fr | 7 | Diff | CDF | CW | Daub ||

115(29.3| 39.6
214|281 423
313(129.1| 55.3 1694 | 40.1
1171391 373
2161333} 321
315|29.6| 46.6
4141282 621|733 | 414
119440 | 314
218357 | 283
317|313 | 43.8
416|294 | 49.2
5151285 | 674823 | 395

Table 9: Compression ratio Cy for matrix which converts the finite Chebyshev ex-
pansion to finite Legendre expansion. The matrix size is 1024 x 1024. The result
shows that the different wavelet method has the best compression ratio (see the cases
(r,7) = (2,4), (4,4) and (5, 5).
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7] Diff]

CDF |

CW | Daub |

8.8e-07

1.0e-06

1.0e-06

1.6e-06

1.6e-06

2.2e-06

1.8e-06

1.9e-06

5.4e-06

5.7e-06

5.5e-06

5.9e-06

3.0e-06

4.0e-06

3.5e-06

7.8e-06

4.9e-06

3.7e-06

1.8e-05

1.8e-05

1.5e-05

1.5e-05

7.6e-06

8.0e-06

| | OO O ] U O] =] WO | Ot

6.5e-06

6.6e-06

(s8]

7.7¢-06

6.0e-05

1.41e-05

7.8e-06

1le-06

4e-06

1le-06

3e-06

1le-06

le-06

3.2e-05

6e-06

1e-06

1.6e-05

le-06

1.3e-05

le-06

3e-06

1le-06

le-06

0.000128

1.2e-05

1le-06

6.1e-05

le-06

3.9e-05

le-06

8e-06

1e-06

3e-06

CHU R W N F | W N ] W b = Ot | Qo] N | ] ol N =] o do] =] 3

U O J| OO0 O| x| Ut O ~J| Lo} x| O

1e-06

le-06

0.000512

2.5e-05

Table 10: The top subtable is the errors € and the bottom is the thresholds § corre-

sponding to Table 9.

K 2 | 3] 415 ] 6|7
so(Diff) || -1.5|-1.9 | -2.3|-2.7|-3.1]-35
so(CDF) |[-2.0 | -3.2 | -4.4 | 5.8 | 7.2 | -8.6
so(Daub) || -1.0 | -1.6 | -2.2 | -2.9 | -3.6 | 4.3

Table 11: K = (r + 7)/2, [[ Qx(e %/*) €
[11/Px(e~%%¢/%") € H*(R) for all s < so(Diff), quoted from [7].

negative values are of better regularity.
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| 7|7]| Dif | CDF | CW | Daub |
1]5] 31] 18] - —~
2[4] 21] 08] - —
3]/3] 11] -02] 25 1.4
1[7] 47] 26] = -
216 37| 16] - —
3[5] 27] 06] - -
Al4] 1.7] -04] 35 1.8
1/9] 63| 32| - —
28] 53] 22] - -
3][7] 43] 12] - —
416] 33| 02] - -
5[5] 23] -08] 45 2.1

Table 12: Comparison of regularity of ¢. The table is the value of §, where ¢ € H *(R)

for all s < §.

|7]7] Diffi[ CDF] CW] Daub|
115|1.1e-03 | 1.1e-02 - -
214]6.8¢-03 | 6.8-02 - -
313 {4.3e-02 | 6.2e-01 | 5.8¢-03 | 3.0e-01
1176805 2.4e-03 - —
216 |4.3e-04 | 1.5e-02 - —
3152703 | 9.8e-02 - -
41411.7e-02 | 1.8e+00 | 9.1e-04 | 5.6e-01
119 |4.2e06 | 5.3e-04 - -
282705 3.3e-03 — -
37| 1.7e-04 | 2.1e-02 - -
4161 1.1e-03 | 1.6e-01 — —
515 |6.6e03 | 1.1e+01 | 1.4e-04 | 1.3e+00

Table 13: Comparison of the constant Cj in the estimate of the approximation power.
The result shows that with K fixed, the difference wavelet method has smallest con-

stant Cjy, i.e. the best approximation power.
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Diff

N

CDF

0.0045

0.0034

0.0046

0.0050

0.0027

0.0053

0.0038

0.0045

0.0047

0.0036

0.0031

0.0052

0.0057

0.0041

0.0045

0.0046

0.0042

0.0031

WO D = | N = W bl =

0.0052

0.0153

[&1]

OV O ~J| OO O x| U O ~J| W iIxN] Oy =

0.0044

0.0041

0.0033

Table 14: The L' error of u — P”/u, where u = x{1/4,3/4) 0n the periodic domain [0, 1]

and J = 10.

Diff

CDF

CwW

Daub

0.00074

0.00072

0.00077

0.00083

0.00067

0.00068

0.00077

0.00077

0.00073

0.00074

0.00080

0.00068

0.00072

0.00078

0.00075

0.00060

0.00078

0.00074

0.00073

0.00078

O 3| 00| O o] O O ~3| | x| Ot =

0.00070

0.00068

0.00073

0.00190

OU | WD W DN =W —] 3

(@]

0.00071

0.00069

0.00069

Table 15: The L? error of u — P7u, where u = X[1/4,3/4) on the periodic domain [0, 1]

and J = 10.

28




r| 7| Diff | CDF | CW | Daub
1151019 0.17 - -
2141 010] 0.19 - -
313 0.09 - | 0.10 0.13
1171020 0.18 - -
2161009 011 - -
315] 010} 0.13 - -
4141 0.14 - 0.10 0.16
119020 0.19 — -
2181009 0.10 —~ -
317|012 011 - -
4161013 1.00 - -
515 0.12 - 0.09 0.11

Table 16: This table is the magnitudes of overshoot or undershoot of P7u, where
U = X1/4,3/4] and J = 10.

[r]7]| Diff | CDF [ Daub |

115 12.8 6.2 -
2141 13.0 6.6 —
313 13.0 6.7 4.3
117154 7.9 -
216|17.0 8.2 -
315|186 8.5 -
414 18.8 9.6 5.2
119 19.3 8.5 —
218|211 8.7 -
37| 228 9.5 -
416|230 11.0 -
55| 248 127 6.2

Table 17: Comparison of the length of the “essential support” (where |¢(z)| > 1073)
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Figure 3: The graphes of #, 1 and ) (left to right) of the difference wavelet for K = 4
and r =1,2,3,4 (top to bottom).



Wavelets On Interval Over Regular Or Irregular
Meshes *

I-Liang Chern ' Chien-Chang Yen }

Abstract

We construct compact supported biorthogonal wavelets on intervals with
underlying meshes being uniform or nonuniform. At the first step, a sequence
of fundamentals are constructed based on the Lagrange interpolation through
a subdivision scheme. These fundamentals are interpolating and supported
inside the interval. The boundary fundamentals are constructed based on one-
side interpolation instead. At the second step, two multi-resolution analyses are
constructed. Its primals consist of B-splines, while the duals are the summa-
tions of derivatives of the above fundamentals. The biorthogonality of these two
multi-resolution are followed by a commutation formula. A pair of biorthogonal
wavelets are thus constructed. Riesz basis property is investigated. Regularity
of these wavelets over irregular meshes is also studied for the case when the
above Lagrange interpolation is cubic. Application on fast Poisson solver on
box by using these wavelets will be given.

Biorthogonal wavelets (v, z/;) on R

e wavelet ¢/ and dual wavelet ¥ are compactly supported, local oscillatory func-

tions:
/xmz/l(:c)dz = 0,V0<m<7

/:c”‘zZ(x)dz = 0,V0<m<r

*This work was supported by the National Science Council of the Republic of China under
Contract NSC87-2115-M002-001 MS.

'Department of Mathematics, National Taiwan University, Taipei, Taiwan

!Department of Mathematics, National Taiwan University, Taipei, Taiwan



* Riesz bases: v := 27/%)(2z — 4), v;; := 29/%)(2'z — 5) Then {%;,};,icz and
{¥j,i}j,ez constitute Riesz bases in L?(R)

Doldial® o~ 1S dyasal s
i i
Doldal® o~ 1D dydals
7t

i
e Duality:
Yy Yjr ) = 85,0850

Hence

f = Z(f, Vi) Vi
D (F i)

It



[deantages of Biorthogonal Wavelets}

e A Tool for Space-Scale Analysis:

— (f,%;,:) characterize local regularity of f
— characterization of function space:

* Sobolev space H°®:

D 2% (fhsa)* < o0

Jik
e An efficient tool for representing functions
Fod ()b
Jit

Many of the wavelet coefficients (f,;;) are negligible.
e An efficient tool to respresent operators:

— pseudo-differential operators

x differential operators
* smooth integral operators

*x Calderén-Zygmund operators
— The matrix representation of them are “nearly” diagonal (sparse)

— easy for preconditioning

e Fast wavelet transform is available.



|A Simple Application

e Problem:

" = f, z€(0,1)

u(0) = u(l)=0

Representation of u:

251

un Y u(zie) o

k=1
boundary condition is satisfied.

Projection of equation:

(W' +f,05) =0, k=1,---2 -1

e The discrete linear system: AU = F, where
A = diag(-1,2,-1)=D?
U = (u(ze)is
F o= ((f4002

Wavelet transforms:

— Domain: WO ; $l0 s [0

- Range: W[z] : &[2] > 1/.)[2J

e From
2 - 5
d_zz_d,lol — D2¢[2]
d> - 0 712
e 0 _— d)[ ]
We obtain

(u(z;x)) = (WO WE((F))
e Spectral accuracy: #9 can be arbitrarily high order

4



Example:

"
—u' =

04

"
05

" "
06 07

u(z) = zsin(87z)

L
08

n
08

;T K=1] K=2] K=3] K=4
4 [ 2.0000e-03 | 8.9173e-04 | 4.9675e-04 | 8.5731e-04
515.0778e-04 | 6.2223e-05 | 1.3497e-05 | 2.3870e-06
6 | 1.2822e-04 | 3.4720e-06 | 1.8147e-07 | 1.6794e-08
7| 3.2134e-05 | 2.0896e-07 | 2.0843e-09 | 4.2802e-11
8 1 8.0376e-06 | 1.2965e-08 | 2.8382e-11 | 1.0537e-13
9 | 2.0060e-06 | 8.2074e-10 | 4.2747e-13 | 1.9069e-15
L?-error

ST K=1 1 K=2 | K=3 | K=14

4 -8.9999 | -10.1311 -10.9752 | -10.1879
5 | -10.9435 | -13.9722 | -16.1770 | -18.6764
6 | -12.9291 -18.1358 | -22.3938 | -25.8274

7 | -14.9255 | -22.1903 | -28.8378 | -34.4435

8 | -16.9248 | -26.2008 | -35.0362 | -43.1096
9 | -18.9272 | -30.1824 | -41.0892 | -48.8977

log, (L?-error)




e To construct biorthogonal wavelets {4;;} and {¢;;} on [0,1] with the

above properties.

e To construct wavelets on boxes, general domains, and manifolds

e to develop spectral-element like methods for solving PDEs

e Many previous works for wavelets on [0, 1]

— Meyer (1992): Orthogonal wavelets

— Chui-Quak (1992): Spline wavelets

~ Cohen-Daubechies-Vial (1993): Orthogonal wavelets

— Andersson-Hall-Jawerth-Peters (1993): Orthogonal & biorthogonal wavelets
— Jouini-Lemarié-Rieusset (1993): Biorthogonal

— Dahmen-Kunoth-Urban (1997): Biorthogonal

e Yet, this one is

simple: no biorthogonalization

natural: the primal ¢;; are just the B-splines

can be extended to nonuniform grids




I@tandard procedure to construct biorthogonal wavelets'

(i) construct two multiresolution analyses {V;};ez and {V;}jez:
— nested:

Vi C V;C-o-CLA(R)

1 C V;C---C L¥R)

— complete:

n;V; = {0}, U;iV; = L*(R)

n;V; = {0}, U;V; = L*(R)
— translation and dilation invariance:

f() € oo f(-—k)eVy, VkeZ
) € e f(@)eV;, VieZ

— Riesz bases: 3 ¢ and ¢ such that
{¢;:}: is a Riesz basis in V},
where ¢;;(z) := 29/2¢(27z — 1)
Also {¢;.} is a Riesz basis in V},
A el < 1D i} <BY ol
A el < 1D adiali: <BY |l
(ll) V, is dual to ‘;:7 and (¢j,i7‘£j,k) = (5,"}“ Vj
(ii)
Vi=ViaeW,., V=V, e W,
W1 L Vj—l, I;Vj—l LV, V5

7



L*R) =Pw,=PW,
J J
(iv) {%;;} and {¥;;} are dual Riesz bases in L?(R):

(5.6, e k) = 65401



Construction of ¢, ¢, ¥ and ¢

1. Construct scaling functions: from

Vo C V4, \70 - \71, we have
$(z) = 2> hg(2z—k)
k
d(z) = 2) he(2z — k)
k

¢ and ¢ can be constructed by cascade algorithm or subdivision scheme.

E.g. Let, h(z) =3, hi2*

1+2z\"
h —
(=) ( . )
$(z) = loy*--*1poy

—

r times

2. Wavelets: from W, C V; and W, C V;:

P(z) = 2 gi16(2z — k)
Y(z) = 2D G1p(2z — k)

[General Procedure to construct Filter banks]

1. Find Laurent polynomials A(z) and h(z) such that A(1) = h(1) =1 and

h(z)h(zY) + h(=2)h(—z"Y) =1

2. Define g and § by

g(z) = h(-2)
i) = h(=2)



LDesign criteria for filter bankﬂ

e Fast: the following are equivalent

— The filter banks {hx}x, etc. have only finite many nonzero elements
— ¢, etc. are compactly supported

— discrete wavelet transform and its inverse are of linear complexity
e Stable:

— the following are equivalent

* W; and Wj_l are bounded, independent of j
x {1} and {¢;;} are dual Riesz bases in L?(R)
— need some regularity condition for ¢ and é
¢ Efficient:

— If u € H®, then

llw — Qsullze = O277%)|Jullge, for all s < 7

— need polynomial exactness:

771 C f/J

where ms_; is the set of polynomials of degree < 7.

10



Cohen-Daubechies-Feauveau (CDF) wavelet

an important example of biorthogonal wavelets:

1. Given a parameter K > 0, find polynomial Q(z) of smallest degree such that
H(z) = z‘K(“;—Z)wQ(z) satisfies

H(z)+ H(—2) =1.

where r + 7 = 2K.
3. {¢;i}iez and {¢;:}icz are Riesz bases if 7 > r.

4. ¢ is the splines
¢ = ¢[r] = 1[0’1) Kok 1[0,1l

r times

5. polynomial exactness: mz_; C V;
6. (@, Bjk) = Gi

7. ¢ has the shortest support that has the above property

11



LMulti-resolution AnalysisJ

e Define ¢;; := 29/2¢(27z — i), etc., and

Vi = span {¢;}iez, = Sspan {éj,i}iez

7
7 = span {¢;}icz, W;:= span {J’j,i}iez

e Under mild regularity condition, we have

(i) {V;}; and {V;}; constitute two multi-resolution analyses:

* nested:

* complete:

D
3
B

Il

P,

o
gt
&
S

f
w

—~

=

*x Riesz bases:
{¢;:}: is a Riesz basis in V},
{,:}: is a Riesz basis in V,

AV Il < I edsilis < BY Jo
AZ]Cilz < HZQ&;‘J”L?SBZMIZ

(i) V; is dual to V; and
(hs4, Bik) = Gigy Vi

12



(iii)
Vi=Visi @ Wio, Vs = Vi @ W

Wiy L Vioy, Wis LV, Y
L'B) = PW; = DW,
J J
(iv) {%;:} and {%;;} are dual Riesz bases in L2(R):
(5,05 Yei) = 6566
e Wavelet decomposition:

Qu = Y (u, ;)i

1

= > (ubjo1)Pjors + Z(U, Vi1, Wi,

j-1
= Z(u, (,150,,')(].50,,' + Z Z(% ",bf,i)"/;l,i
i =0 i

v = lim Q;u
j—o00

= Z(u7 ¢0,i)$0,i + Z Z(u, ¢£,i)w~l,i
£=0

i 1

= D> (u i)y

f=—00 1

13



| Wavelet transform |

e discrete wavelet transform:
Wit (uji)i — ((wo,i)is (wo,i)is (Wi, -+, (w5-1,0):)
where u;; = (u, ¢;;) and w;; = (u, ¥j;).
e Fast wavelet transform:
Uj-1i = \@Z hkujoivk  (low-pass)
k

Wi_1; = \/izgkuj,zi-i—lﬂc (high-pass)
k

e Inverse wavelet transform:

Uj; = \/EZ[iLi—Zkuj—l,k + Giok—1W5—1,4]
k

14



func supp dim (interior) | dim (restricted)
[0, 7] 2 —r+1 2 +r—1

[0,2K —2+7] |27 —-2K—-1+7 |2 +2K —-3+7
[0,4K — 2] 57— 4K — 1 Y +4K -3
[0,4K — 2] 2/ —4K — 1 27+ 4K -3

AN ASHASE RSN

Problems for wavelets on [0, I]J

e Givenr and 7 with 7 > rand r +7 = 2K. Let,.

v;[0,1] = span {¢;;| support ¢;; C [0,1]}
V;[0,1] = span {¢;;| support ¢;; N (0,1) # ¢}

We have

e dimension problem

1. dim v;[0, 1] # dim v;[0,1],
dim V;[0, 1] # dim V;[0,1]

dim W;[0,1] # dim W;[0,1],

3. dim W;, W; should be 27
e nested problem:

LVl
A

15



e Previous approaches: want to find {¢?,}, {d?f,} such that

1. V; = v;{0,1] + span {¢?,i}

V; = %;(0,1] + span {¢;}

2. dim V; = dim V

3. V; C Vi, V; C Vi

4. Duality (¢;:, ¢ix) = ik

5. V; contains splines of order r — 1.

6. V; has 7 polynomial exactness

(i.e. reproduce polynomials)

7. Riesz basis property

16



LThe approach of Dahrnen—Kunoth—Urbanl

1. Inserting {1,z,---,2"~'} into subspace of v;[0,1]:
(a) Define left boundary scaling functions ¢£_p, 0<p<r

¢ p = Z (€, B5,m) Bim lio,1)

m<iy
= .Tp e Z (zp7 q;J>m)¢.7:m I[071]

mZiL
(b) Define left boundary scaling functions qgji_p, 0<p<+

&_gj-—p = Z ($p7 ¢J,m)($],m I[O,l]
m<;L
= 2¥ =) (2%, $5m)bim oy

mZ;L

(c) iy and 1. are chosen such that

dim V; = dim V}

2. Perform biorthogonalization.

[Disadvantage '

e difficult to compute (u, ¢,;) for boundary scaling function

1. perform (u, ¢jm|[0,1])

2. compute (u, ¢y _,)

3. perform biorthogonalization

¢ No intuitive idea about (u, ;) for boundary wavelets

17



Present approach ]

L V= V0, 1]

hence
(a) ¢;x are the splines restricted on [0, 1]
(b) (u, ;) are local spline averaging
2. Interior wavelets are the CDF wavelets (which have the smallest supports)
3. Construct the duals qgj,k using two techniques

(a) subdivision algorithm

(b) commutation formula
4. No biorthogonalization, simple filter coefficients
5. (u, ;) are the interpolation error of the integrated function

6. Works also on nonuniform grid

18



|Sketch our Method] (for left boundary)

1. Given r, ¥ with 7 < 7 and r + 7 = 2K > 0. We start to construct auxiliary

functions

o b =00 —z3)
o q@ﬂ constructed by subdivision scheme based on Lagrange or Hermite

interpolation, with boundary condition

. dr-1 .
GiH(0) = -+ = ——gM(0) = 0

T dzT-

and such that
(61, B50) = i

2. One can construct auxiliary functions ¢£’3 and ¢~$£’1 for s=1,---r by commuta-

tion formula

d s 8§~ S—
a‘z’d’['} = ¢_5',i i ¢£‘,i+11]’ ¢[3]j,i(°0) =0

d -, -1, :
Lo = g, -

Then
(6%, 881) = i

3. ¢£r2 and q?ﬁ are what we want.

4. It turns out that ¢£’1 are the B-splines restricted on [0, 1].

19



| Subdivision Scheme | Interior case

e Given a hierarchical grid systems X; = {z;x}kea, such that

= Zj+1,k = Tj2k

— homogeneous:

1 1
max(Al] ,, Al )
Sup [ ]
3k Aj,k

< o0

rl_
where Ach = Tjik+r — Tk

e We can construct a function ¢ by

b(zox) = box

K-1
S(@ivrk) = D Likm(@is16)B(jktm)
m=-K+1

K-1
T — Tjk+n

Likm(z) =

x . — x .
n=—K41,n#m i,k+m 7.k+n

e For uniform grids, it is known that ¢/% € CX—¢ and

(@51, 6(- — z54)) = i

1.5 T T v v T ~r

0.5

20



Subdivision scheme for left auxiliary function ¢

. qE[O] is require to satisfy

5,
L. QEEOE (Zjk) = Oik

9. £ 3%0)=0fors=0,---,r—1

todzt T

e the subdivision scheme is based on 2K-Lagrange interpolation:

Oit(zin) = Oin

K-1
[0 7[0
M (zes1h) = > Lem(@es1,6) 85 (@t sm)
m=—K+1
K-1 7 — s
Lj,k,m(x) — H J,k+n
n=—K-+1,n#m Likt+m = Ljk+n
® Tjg=ZTj1=" = L1 =0
1.2 ~ -

21



The primal ¢[°

. ¢£01 :=8(z —zj;) fori >1

e We have

(¢£(,)3) ‘zﬂ) = Oi,k, i, k Z 1

[The auxiliary wavelets at s = O]

e We choose wj[o} and 125[03 so that

WM = 0,i20k>1
@60 = 0,i20k>1
(V51 151[011) = 0,5, k>0

VEX
e A natural choice is

Wi = 6o - zimaen) = 3 Bin(@in 2ka)8(E — Ti0)

n>1
[0 Z[0
d’g[,l]c = ¢£’ll,2k+1
[The filter banks |
hg'(’)}c,n = (52k,n
Win = $ik(@iin)
gﬁ?}c,u = _Ej,t,2k+1
0
g.£7’1y2[+1 = 6]:’[
[0
g][-,;]c,n = O2kyn

22



[Commutation formulﬁ uniform grid

for primal scaling function: the following are equivalent

AI(z) = (1;z>h[’_1](z)

d [ (=1 _ [s1]
EE‘ﬁj,i = ¢',i _¢‘,i+1

for the dual ¢: the following are equivalent
-1
Wl(z) = (1 ‘2* z) Rle1(2)

d - o
S - -8

e for primal wavelet:

11—z 1\t L
g[’](z) = ( 5 ) g[s—](z)
d fs—1]

dz It

—¢}

for dual wavelet:

23



Polynomial exactness: 73j,; C \ZJ

7= { [Tz —t)"p(t)dt | pem} C Mk

. Given a function u € L?[0,1], let
W(z) = / (z — £ u(t) dt
0

Let

GO = 3 (w403
k>1
Qu = Y (u¢lhel]
k>—r+1
Then

£ () -

. In particular, Z# c V;

24



Regularity of ¢

When the grid is uniform, ¢l% € C¥~¢ (Deslauriers and Dubuc)

For nonuniform grid, K = 2, ¢!% € C?~¢ (Daubechies,Guskov, Sweldens)

e The boundary scaling functions ng?g are polynomials near the boundary.

The regularity of g‘igﬂ is the same as the regularity of CDF’s

l Riesz basis property l

. {1/)1[:]}], and {ij[rj}], form a dual Riesz bases in L?[0,1] for 7 > r.

This mainly due to (BPX, Dahmen)

—

. {¢'}}; forms a Riesz basis in V;[0, 1].

[\

: {&E’E}, forms a Riesz basis in V;[0,1] for 7 > 7.

w

. Jackson inequality

4. Inverse inequality

25



Conclusion

1. We have constructed biorthogonal wavelets on [0, 1].
2. Basic properties:

e stability: Riesz bases properties
e approximation ability

e fast wavelet transform
3. What are special:

e simple: no biorthogonalization is needed
e natural:

— the primal scaling functions are the B-splines restricted to [0, 1]

— the interior dual scaling functions are the same as CDF

e also work for nonuniform grids

4. The key ingredients are

e commutation formula
e subdivision scheme

e Lagrange and Hermite interpolation

5. Useful for constructing wavelets on manifolds

26



ACCELERATION METHODS FOR TOTAL
VARIATION-BASED IMAGE RESTORATION

QIANSHUN CHANG * and I-LIANG CHERN f

September 30, 2002

Abstract

In this paper, we apply a fixed point method to solve the total variation-based image
restoration problem. An algebraic multigrid method is used to solve the corresponding
linear equations. Krylov subspace acceleration is adopted to improve convergence in the
fixed point iteration. A good initial guess for this outer iteration at finest grid is obtained
by combining fixed point iteration and geometric multigrid interpolation successively from
the coarsest grid to the finest grid. Numerical experiments demonstrate that this method
is efficient and robust.

Keywords. Image restoration, total variation, fixed point method, algebraic
multigrid method, Krylov acceleration, initialization

AMS subject classification. 65F30

1 Introduction

The image restoration problem is to recover a “true” image u from an observed image z.
The latter is usually noisy and blurred, and is modeled by z = Ku + n. Here, K is a known
linear blur operator, and n is a Gaussian white noise. In recent years, one main method
for noise removal and deblurring is the total variation based restoration method, proposed
by L. Rudin, S. Osher and E. Fatemi [14]. In this method, the total variation of u is used
as a regularization penalty functional for a corresponding minimization problem (see (1.1)
below). The main advantage of this method is that it can maintain sharpness of edges of
images. The drawback is that the corresponding partial differential equation (PDE) is harder
to solve because the degeneracy of the diffusion coefficients on edges. This paper is devoted
to an efficient algorithm for solving this nonlinear PDE.

*Institute of Applied Mathematics, Academy of Mathematics and Systems Sciences, Chinese academy of

Sciences, Beijing, China. Email: cgs@amath8.amt.ac.cn
tDepartment of Mathematics, National Taiwan University, Taipei, Taiwan. Email: chern@math.ntu. edu.tw.

Supported by grant NSC90-2115-M-002-020.



ACCELERATION METHODS FOR IMAGE RESTORATION 2

Using the Tikhonov penalty method and a diffusion regularization, the total variation
based restoration method can be formulated as an unconstrained minimization problem:

min <a/n V| v ul?+ B dedy + %”KU—Z”%z) i (1.1)

Here, @ > 0 is the penalty parameter and § > 0 is the regularization parameter and is
usually small. The functional in (1.1) is strictly convex. Its global minimizer is unique. The
well-posedness of problem (1.1) with 8 — 0+ has been discussed in [1].

The corresponding Euler-Lagrange equation for (1.1) is

__vu_
VIVul? + 8

where K™ is the adjoint operator of K with respect to the L, inner product. Numerically,
solving equation (1.2) is not an easy task for its nonlinearity and singularity in the diffusion
term. Many methods have been proposed. The time marching scheme to reach the steady
state of the corresponding parabolic equation of (1.2) was suggested in [3, 14]. An affine
scaling algorithm was proposed in [10]. Vogel and Oman [17] applied a fixed point method to
solve equation (1.2). Newton’s method with a continuation procedure on the regularization
parameter 3 was used in [6]. T. Chan, G. Golub, and P. Mulet [7] proposed a nonlinear
primal-dual method. A multigrid method was proposed to solve the linearization part of
equation (1.2) in [16, 12]. However, the convergence rate there was slow.

In this paper, we suggest to use the fixed point method [17] with Krylov’s acceleration
procedure instead of Newton’s method, despite the latter is of quadratic convergence. From
our experience, for practical images with reasonable accuracy, the number of iterations needed
in Newton’s method is about the same as that of a fixed point method with algebraic multigrid
acceleration. The reason is that, the corresponding linear system in Newton’s method is much
harder to solve, because its diffusion coefficient (which is a matrix) is always degenerate in
certain direction (the normal direction of the level set of the underlying function u), while
the diffusion coefficient of (1.2) is a scalar, thus no preferential direction of degeneracy.
Although this diffusion coefficient may vary dramatically, it can still be manageable. An
algebraic multigrid (AMG) method is suitable to solve the corresponding linear system. We
will show that the number of inner iterations needed is much less than that of a preconditioned
conjugate gradient method used in Newton’s method.

Multigrid methods have been successful for solving elliptic or parabolic problems numer-
ically. The method is nearly optimal in the sense that the computational work required
to achieve a fixed accuracy is proportional to the number of discrete unknowns [11]. The
algebraic multigrid (AMG) method is designed to utilize the principle of the geometrically
oriented multigrid (GMG) method to obtain a fast and automatic solution procedure for
linear algebraic systems of equations ( see (8, 9, 15]). This method is particularly suitable
to our problem, where the coefficients may vary dramatically. In this paper, we adopt an
improved version of ordinary AMG method [8]. The number of inner iterations needed is just
one per each outer iteration. The convergent factor about 0.05. This is much better than
Newton’s method with PCG, where the numbers of inner iteration are between 4 to 7 [7].

—-aV - ( )+ K*(Ku—2)=0, (1.2)



ACCELERATION METHODS FOR IMAGE RESTORATION 3

By noticing the convexity of the functional (1.1), or equivalently, the monotonicity of
equation (1.2), we adopt the Krylov subspace method (5, 13] to accelerate the outer iteration
in our fixed point method. The improvement is about double in our numerical experiment.

A nice initial data in a fixed point iteration can reduce the number of iteration. Further, it
can also allow us to choose a very small 8. Thus, no continuation procedure is needed as that
in [6]. To produce such a nice initial guess at finest grid, we first solve (1.2) at coarsest grid
(by using the fixed point method with a direct solver), then we interpolate to the next fine
grid level, then solve equation (1.2) again at that level with algebraic multigrid solver, and so
on, until we reach the finest grid. In our experiment, the improvement of this acceleration is
about 40%. But it can allow us to choose 3 = 10732, the smallest positive machine number.

This accelerated fixed point method with algebraic multigrid procedure and a nice initial-
ization procedure produces a valuable computational method for image restoration. Compu-
tational experiments demonstrate that the method is efficient and robust.

The paper is organized as follows. Section 2 is the finite difference scheme and the fixed
point algorithm. In section 3, we introduce the algebraic multigrid algorithm to solve the
corresponding linear systems. The combination of Krylov subspace acceleration and the fixed
point iteration is given in section 4. And section 5 is the initialization procedure to produce a
nice initial data for fixed point iteration. Finally, numerical results and discussion are given

in section 6.

2 Difference Scheme and Fixed Point Method

Let us consider the Euler-Lagrange equation

Vu
VIVu? + B

with zero Neumann (no flux) boundary condition. We partition the domain (0,1) x (0, 1) into

L x L uniform cells. Denote 1/L by k. The cell centers are (z;, yx) = (({ — 1/2)h, (k = 1/2)h), [,k =
1,---, L. The value u(z;,yx) is approximated by u; . Following [17], we discretize (1.2) by a
standard five-point finite difference scheme:

—aV - ( )+ K*(Ku—2z)=0in Q=(0,1) x (0,1), (2.1)

az [(Dl+l/2,k + Di_y1j2 + Digy12 + Dig—1/2) vik

—Di1oxtir1h — Dicijppti-16 — Diky12%k+1 — Dl,k-—l/?“l,k—l} (2.2)
+(K*(KU = 2)),, =0, Lk=1,---,L,
where
o
Diy1jox = —, (2.3)
Ve, —ue)/h2 + B
and U = (ur,1,u1,2, ", UL, U2,1, UL, " ULL), 2 = (21,1,21,2:° "1 21,1 22,1, """y ZL,L)-
The discrete Neumann boundary conditions is
Ugk = ULk, UL+t = ULk, U,0=ULL, ULL+l = YL (2.4)

We abbreviate (2.2) by
AU + K" (KU - Z)=0. (2.5)
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Following [17], we use the following fixed point method to solve the above finite difference

equation.
AUHUT + K*(KU**! - Z) = 0. (2.6)

In order to solve system (2.6) for u®*! efficiently, Vogel [16] applied the geometric multi-
grid (GMG) method. Unfortunately, he found that the GMG converges slowly, because the
diffusion coefficients 1/1/]Vu?®]2 + § varies too much. In this paper we use the algebraic
multigrid (AMG) method instead, where the information of these large variation of coeffi-
cients are built in the interpolation operator and coarse grid equation. Near edges (where
the coefficients 1/1/[Vu®[2 + B is very small), it maintains more grid points than the GMG
method in the coarse grid equation. Hence, the coarse grid equation is more accurate and
the convergence rate is improved.

3 Basic AMG Algorithm

Now, we describe our version of the AMG algorithm (8, 15] briefly. We consider the following

n X n system of linear equations
AU = F. : (3.1)

An AMG method breaks this equation into a sequence of smaller and smaller equations:
A™U™ = F™ m = 1,---, M, where A™ = (a%)nxnm, U™ = (% uft,---,up )T, and
Fmo= (fm - )T, withn=ny > ng > --- > npy, A = AU = U, F! = F. These
equations formally play the same role as the coarse grid equations in the GMG method.

In a standard multigrid process, one needs to define the coarse grids, the interpolation
operator I, |, the restriction operator I/**!, and the coarse grid operator A™*!. With these,
at each level, a smoothing process, say Gauss-Seidel, is applied to the equation A™mU™ = F™
to find an approximate solution U™. The high frequency errors of the residual r™ := F™ —
A™0™ are usually reduced in this smoothing process. The correction for low frequency errors
is approximated by the following procedure. First, the correction equation A™e™ = r™ is
restricted to the next coarser grid by the restriction operator. The resulting equation is solved
to obtain the coarse grid correction e™*!. This correction e™*! is then interpolated back to
level m by the interpolation operator to obtain approximate solution e™.

We shall adopt Galerkin type algorithm, where I?*1 = (I, )T and A™*! = [P A™IT ).
Thus, we will only need to define the coarse grids and interpolation operators. We follow the
approach in [8, 15] to define the grid Q™ and its coarse grid C™. The grid Q™ is regarded
as the indices {1,---,np} of the unknowns e;-", 1 < 7 < nyp. The coarse grid C™ is a subset
of ™. The grid ™! is nothing but a re-indexing of C™. We denote Q™ — C™ by F™, the
fine grid. Criteria to determine C™ will be discussed later.

The interpolation operator I7*, | maps data on Q™+l to data on ™. Namely, for i € C™,
the datum e® is taken to be the datum on the corresponding index on Q™*L. while for
i € F™, e™ is interpolated from data on C™. Roughly speaking, this interpolation formula

1
is derived so that the ¢** equation

m_m m. m _ .M
ai’iei + Z ai,jej =T; ~0 (32)
JENT
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is almost satisfied. Here, N[* = {j € Q™ | o[, # 0, j # 1, }, which can be thought as the
neighbors of <.

In order to solve (3.2) approximately, we classify the neighbors of the point ¢ into two
classes. A point j € V™ is said to be strongly connected to 7 if

af} 2 0 max | o} |

for some fixed 0 < 8 < 1, and weakly connected if otherwise. We denote the collection of these
neighboring points by ST (strong) and W™ (weak), respectively. We also denote C™ ) S™
by C™. Our goal is to derive an interpolation formula

=Y wijej', fori € F™
jecr

so that the i correction equation is almost satisfied:

al%el*+ > albel =0. (3.3)

JENT

Noting that N[ = SPUW™ = (S NC™) U (S* N F™) U W™, the issue here is how to
approximate e7* with j € S* N F™ or j € W/™ in terms of ¢; or ef* with k& € C[*. Before
going to the discussion of this issue, let us describe how to choose the coarse grid C™ for a

moment.
The coarse grid C™ is chosen such that the following criteria are satisfied:

(C1) For each point i € F™, every point j € S[" is either in C" or strongly connected to at
least one point in C™ (i.e. S]’-" NCM # ¢).

(C2) C™ should be the mazimal subset of all points with the property that any two points in
C™ are not strongly connected to each other.

Condition (C1) ensures that for ¢.€ F™, el* can be constructed from the values ef* with
k € C™ with certain accuracy. Condition (C2) means that C™ is chosen as smaller as possible
to gain efficiency. In general, it is difficult to construct C™ to satisfy (C2) strictly. Ruge
and Stiiben [15] provided an O(ny,) algorithm to construct the coarse grid C™ which is small
enough and leads to linear computational complexity of the overall algorithm practically.

Let us go back to the issue: how to approximate e]* with j € S* N F™ or j € W™ in
terms of e or ef* with k € CT*?7 For j € W™, we may simply approximate e]* by

er = ef", (3.4)

based on the smoothness of e™ which we do expect. For j € S™ N F™, we look into the jt*
equation:
et T amef e m0

keCANT
i J
The part “---” is secondary error and thus negligible. A natural approximation of e]* is the
following average formula:
m m_m m la;r,lkl '
& = Z 95k G5k = (3.5)

keCPANT Zeec;"mv;" la;"fel
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The condition (C1) (i.e. C" N ST # ¢) guarantees that Zkec‘m laT%| is not too small.

The above interpolation formula was given in [15] when A! is an M-matrix. An im-
proved interpolation formula using some geometric assumptions was proposed in [8]. These
assumptions are as below.

(G1) Elements in N are the neighbors of a point ¢ in Q™. Further, the larger the quantity
|al| is, the closer the point j is to the point i.

(G2) Ifal; < Oor |a]’y| is small, we say that the error between ¢ and j is geometrically smooth.
Otherwise, we call it geometrically oscillating. Here, we have normalized a;; > 0.

Roughly speaking, “geometrically,” the average location of points in C™ N 5" N ST is some-
where between ¢ and j. Therefore the error e]” can be approximated more accurately by an
extrapolation formula using e; and } ;ccomnasm g5.k€5'- More precisely, let us define

i i

—_ m
2 kecrnnT A7 - | ol |

m _.
g =

i!j -

T .
[CrNNT™ ZkeC{"nN;" |l |

Zkec;nnN;n Faly |’

The quantity ([ indicates whether there is a large negative entry a7} for & € CJ* N NJ™.
When ¢ > 1/2 and al; < 0, it can be shown that the errors between the point ¢ and the point
J are geometrically smooth. The quantity 7] roughly gives the “inverse ratio” of the distance
between j and 7 to the average distance between the point j and the points in C7* N N IE
niy < 3/4, we think the “average location” of the points in C]"N.V;, denoted by k;,, is closer
to j than that of . That is, k;; lies between ¢ and j, and thus, an extrapolation formula for
e; in terms of e; and Zkecrnn Ny gjkex can be applied. When 7j"; > 2, we think ¢ is closer
to j than that of l?:j,,-. In this case, we use an interpolation formula instead. Otherwise, we
think &, ; is very close to j and we should just use the average formula 2kecrn NP gikep to
approximate e;.
In summary, we use the following interpolation formulae.

(1) For j € S™ N F™, we have

2 kecm gyker’ — €', il <3/4,G; 2 1/2 and of; <0
=< 3(Tkecr 9ker + €M), i >2,¢[% > 1/2 and o]y <0 (3.6)
dokecm nglkekn, otherwise.

(2) For j € W™, we have

e ifCMNSM=¢,a <0
o = —el”, if C* NS = ¢, a7, >0 57)
’ 2 keom Giner —eft, MO NST # ¢, (72> 1/2and o <0

Ekec.m gj'-’fkefc", otherwise.

The convergence proof for this improved AMG method was given in [8] when A™ is symmetric

positive definite.
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4 Krylov Subspace Acceleration

The Krylov subspace method [5, 13] is an acceleration technique for general iteration methods.
Basically, it uses extrapolation to accelerate convergence rate. It is particularly suitable to
accelerate our fixed point iteration, because the functional (1.1) is convex, or equivalently,
the operator of the corresponding Euler-Lagrange equation (1.2) is monotone. We illustrate
this acceleration procedure below. First, we choose two parameters K and s, with K < s.
The Krylov subspace acceleration is perform after every s steps of fixed point iterations as
the follows. For integer n > 0, let

K
ynew _ jns 4 Z ak(Uns-H—k _ Uns-—k). (4.1)
k=1

where the coefficients oy are chosen such that the residual R™®% for U™" is minimum in Lo

norm, i.e.,

3 new new
onin (B™Y, RTY). (4.2)
We then reset U™® to be U™e%.
Noticing
K
RMEY — R™S 4 Z ak(Rn3+l—k _ Rns-k)’ (4‘3)
k=1
the coefficients (ay,---,ax) can be found easily. For instance, for K = 1, a; is

_(Rns, RnS Rns—l)
(Rns - Rns—l’ Rns Rns-—l)

ap = (4.4)
Remark. The acceleration formula with K =1 is the same as the one given by Brandt and
Mikulinsky in [5] when the iteration is linear. Indeed,

- (Rns’ RnS Rns—l)

a =37 with A = (BT, g = prl)”

And X here is approximately the largest eigenvalue of the iteration matrix M. The reason is
shown below. :
Suppose the eigenvalues of M are A1, Az, -+, Ay, = A with the corresponding eigenvectors
V1, V2, -, Um. Then
R = r?vl + rqu + ...+ r?nvm,

R"s = A\¥rlu; 4+ ABrdug + .. + N0 vy = AP0 v = A0,

(Rns, RN _ Rna—l) ~ (An"’!'?n’llm, )\ns—l(A _ 1)7'9nvm) _
(R'”_l, Rns — Rns—l) ()‘ns—lr?nvm, Ans—l()‘ _ l)T',anm)

A

5 Initialization for the Nonlinear Iteration

The initial guess 4° in the above fixed point iteration (2.6) is very important for convergence.
We shall use the idea of GMG method to construct our initial guess. First, we start at the
coarsest grid (4 x 4 grid) by performing the fixed point iteration (2.6) few times until the
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residual is reduced to 10~2 of the original one. Here, the noisy data z is restricted to this
coarsest grid through a usual restriction operator (5.1):

1o f f f f
uy, = g(“21—1,2k-1 + Uy gp Uy k1 F Uy o)- (5.1)

Next, we interpolate the computed result to the next level grid (8 x 8) by the following
interpolation formula: At (zo;—1,y2k-1), we take the same values from the coarse grid. At
(-7;217:’/2/&:)’ we use

1 [l
o = 75 (9 + 3uf 1+ ufes + ufirpn)- (5.2)

For the rest grid points, we use bilinear interpolation. This interpolated UV is used as the
initial guess for the fixed point iteration at this grid level (8 x 8). We continue this process
until we reach the finest grid (256 x 256). At every level, we use our AMG method and the
Krylov acceleration to solve the systsm (2.6).

6 Numerical Experiments and Discussions

In the numerical experiments below, we take the blur operator K to be the identity matrix
(i.e. K = I). Two benchmark model problems are considered here {7, 3]. The original
images (denoted by u®, see Figure 1) have 256 x 256 pixels. Each pixel has value in [0, 255].
A Gaussian distribution with mean 0 and variance o (to be determined later) is added to
the original images and the resulting noisy images (denoted by z) are displayed in Figure 2,
respectively. By definition, we have [lu® — z||;,, = 0. We choose o such that the noise-to-signal
ratios of these two noisy images are

lu® — 2|, _ { 0.21 for model I 6.1)

lluell ., 0.28 for model II.

The value of ¢ is approximate 35.

In the restoration process, we take the parameters o = 1.18, which was chosen by T.
Chan et al. [7], and 8 = 0.01, 0.001 and 10732, In the AMG procedure, we apply the simple
V-cycle and use the Gauss-Seidel iteration as the smoother.

6.1 Normalized residual

An important issue in image restorations is to choose a quantity to measure the quality of
improvement. It is used as a stopping criterion for the fixed point iteration. Usually, the
residual of the system (2.6) is chosen. But, a normalization is needed. Namely, we should
use D~1(Re) as the normalized residual. Here, (Re) is the residual of the system (2.6) and D
is the corresponding diagonal matrix. The reason for this normalization is the follows. Due
to the fact that the diffusion coefficient is very large in smooth region, we observe that the
unnormalized residual is very large in those components where u is smooth (thus, no more
denoising is needed), and is relatively small in those where u is less smooth (thus, either it has
a jump or it needs further denoising). A normalization will cure this imbalance. Numerical
experiments below demonstrates that this quantity is able to measure the improvement of
the denoising process. From now on, we shall denote this normalized residual by Re.
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Figure 2: Noisy images of Model I (left) and Model II (right)

6.2 Fixed point iteration with AMG method

In the first set of numerical experiments, we apply the fixed point method to the model
images at the finest grid directly. No particular preparation of initial data and nor the
Krylov acceleration are adopted at this moment. In each fixed point iteration, only one
V-cycle of the AMG method is applied for solving the corresponding linear system. There
is no need to have more iteration because the dominant error is from the outer iteration.
The stopping criterion for the fixed point iteration in this paper is a relative decrease of the
residual by a factor of 10~ for model I and of 10~° for model II, namely,

| Re|| L, 10~4, for Model I,
[Re®||L, ~ | 1073, for Model II.

Table 1 is the number of fixed point iterations (denoted by N) and the “CPU” time (on
Sparc 10 machine) needed. Table 2 shows the convergence factors pr and pa of the fixed
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point iteration and of the AMG, respectively. They are defined by the ratio of the residual
after and before the iteration. We observe that the AMG reduces the residual very fast,
whereas the fixed point iteration becomes inefficient as N becomes large. Comparing with
the result (only for Model I) of the primal-dual Newton method (7], we observe that the
number of outer iteration is about the same in both methods, whereas the number of inner
iteration is just one in our method versus 4 to 5 in their method. The reason is that the
linear equation in fixed point method is much easier to solve than that of Newton’s method.

Model | 8 N | CPU time (in second)
I 0.01 | 22 79.60
0.001 | 22 84.11
1I 0.01 | 48 165.97
0.001 | 49 172.6 N

Table 1: Number of fixed point iterations N and the CPU time (on Sprac 10) needed to
achieve a reduction of residual by a factor of 10~* for Model I and of 10~° for Model II.

N 1 2 3 4 5 6 7 8
pp | 0.665 | 0.007 | 0.456 | 0.704 | 0.767 | 0.799 | 0.817 | 0.830
p4 | 0.209 | 0.009 | 0.088 | 0.069 | 0.064 | 0.063 | 0.058 | 0.052

N 9 10 11 12 13 14 15 16
pp | 0.842 | 0.850 | 0.851 | 0.860 | 0.867 | 0.872 | 0.876 | 0.881
p4 | 0.049 | 0.048 | 0.045 | 0.044 | 0.043 | 0.043 | 0.043 | 0.047
N 17 18 19 20 21 22
pp | 0.886 | 0.889 | 0.894 | 0.895 | 0.901 | 0.902
pa | 0.051 | 0.049 | 0.052 | 0.053 | 0.054 | 0.053

Table 2: pr and p4: convergence factors of the fixed point iteration and the AMG method.
This result is for the Model I with 8 = 0.01. Notice that p4 is very small. Thus the number
of inner iteration is just one at every outer iteration.

6.3 Improvement by the Krylov Acceleration

The slow convergence of the fixed point iteration above can further be improved by the Krylov
acceleration method. In the application of Krylov acceleration, we choose the parameter
s = 4, i.e. we apply the Krylov acceleration every four fixed point iterations. The parameter
K is taken to be 1 or 2. The result is given in Table 3. The total number of iterations is
reduced to about 50%. The overhead is low, because only simple algebraic operations are
needed. The results demonstrate that the Krylov acceleration method is very efficient to
accelerate the convergence of our fixed point method.

In numerical experiment, we observed that, in the fixed point iteration without Krylov
acceleration, the convergence factor tends to 1 as N increases. As a result, the residual stays
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' K | Model B N | CPU time ( in second )
I 0.01 | 12 44.14
1 0.001 | 12 44.34
II 0.01 |21 74.48
0.001 | 21 75.53
I 0.01 |12 44.64
2 0.001 | 12 44.82
II 0.01 |21 74.72
i 0.001 | 20 71.26

Table 3: Number of fixed point iteration N needed with Krylov acceleration. Comparing
with Table 1, the improvement is almost double.

almost constant. However, with the Krylov acceleration, the residual can further be reduced,
as shown in Table 4, where Ren denotes the residual after IV iterations. After 30 iteration,
the convergence factors are more than 0.94 and the residuals are reduced slowly. The Krylov
acceleration is no longer efficient.

Method Model | Reg Reogg Resg
Fixed point I 30.54 |{ 3.43 x 1073 | 1.36 x 1073
II {29.03 (231x10°3%]9.39x10"¢
Fixed point + Krylov acceleration I 30.54 | 7.10 x 1074 | 2.93 x 10~*
II [29.03|3.05x10"% ]| 8.00x10"°

Table 4: Residuals of the fixed point method with and without the Krylov acceleration.

6.4 Further improvement by a good preparation of initial data

In previous numerical experiments, the initial data is 0. We can have less nonlinear iterations
if we start from a good initial guess. As mentioned in previous section, such an initial guess
is obtained by interpolation from an approximate solution at coarse grid successively. We
start from 4 x 4 grid. The stopping criterion at each grid level is the 10% reduction of the
residual. Table 5 is the number of iteration and CPU time with this initialization. There,
Ci, C¢ and Gyt are the CPU times of the initialization, the fixed point iteration and the
total time, respectively. We observe that the initialization is about 10% of the total work for
Model I and 7% for Model II. Comparing Table 3 and Table 5, we observe this initialization
gives about 20% improvement. What a surprise is that we are allowed to choose a very
small regularization coefficient 3, say 8 = 10732, the smallest positive machine number. The
overall method still converges. Without a good initialization, the fixed point method is hard
to converge for B < 10~%. Figure 3 is the denoised images with 8 = 10732

In conclusion, numerical experiments demonstrate that our algorithm, which combines
the fixed point method, the AMG method, the Krylov acceleration and good initialization,
is efficient and robust.
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Model ﬂ N Ci Cf Ctotal
0.01 9 | 3.16 | 32.46 | 35.62

I 0.001 9 | 3.18 | 32.68 | 35.86
1.0x 1073 | 9 | 320 33.11 | 36.31

0.01 17 1 4.51 | 56.87 | 61.38

II 0.001 17 | 4.48 | 57.75 | 62.23

1.0x 10732 [ 17 | 4.59 | 59.15 | 63.74

Table 5: CPU time by using the combination of the fixed point method, AMG algorithm,
Krylov acceleration and good preparation of initial guess. Here, C; is the time for nitialization,
Cy, the time for fixed point iteration, and Cigar = C; + Cy is the total amount of time. The
improvement of the good initialization is about 40%. It can also allow us to choose a very
small 3, the smallest positive machine number.

Figure 3: Restored images of Model I (left) and Model II (right)
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