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ABSTRACT 

An analysis is presented for wave propagation in infinite homogeneous elastic plates of piezoelectric 

materials.  The analysis is an extension to the work by Shuvalov [1] on  wave propagation in general 

anisotropic elastic plates.  A real form of dispersion equation is provided for a piezoelectric plate 

subjected to different boundary conditions on the plate surfaces.  Perturbation theory [2] is exploited to 

obtain long-wavelength low-frequency approximation for physical quantities of wave propagation, 

including wave amplitude, stress, electric potential, electric displacement and velocity. 
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1.  INTRODUCTION 

Because of their unique ability to convert mechanical 

energy to electric energy and vise versa, piezoelectric 

materials are widely used as high-efficiency wave filter, 

voltage transformer, detecting device and actuator, etc.  

All these applications are connected with the vibration 

and wave propagation of piezoelectric materials.  

There are many papers related to wave propagation in 

piezoelectric plates under different boundary conditions.  

However, most works assumed either power series [3] 

or trigonometric series [4] for displacement field and 

electric field along the thickness direction.  In this 

approach, multiple progression and superposition are 

needed in order to obtain the final results and the 

process becomes very tedious for materials of arbitrary 

anisotropy.  

In this paper wave propagation in an infinite 

piezoelectric plate subjected to various boundary 

conditions is treated using an approach, which is an 

extension to the method developed by Shuvalov [1] for 

the same problem but without piezoelectricity.  

Shuvalov’s method is based on Stroh’s formalism for 

anisotropic elasticity.  A distinctive feature of Stroh’s 

formalism is that the general solution is provided in 

terms of the eigenvalues and eigenvectors of an 

eigenvalue problem.  Real-formed solutions can often 

be found by taking advantage of the orthogonality 

relations among the eigenvectors. 

2.  STROH’S FORMALSIM 

Consider a free disturbance harmonically propagating 

along x-direction parallel to the faces of an infinite 

homogeneous piezoelectric plate with uniform thickness 

2h (see Fig. 1).  Elastic field and electro-magnetic field 

are coupled in the piezoelectric plate.  The corre- 

sponding vector fields of displacements u(x, y, t) and 

potential ϕ (x, y, t) can be written as 

 ( )( , , ) ( , ) ( )i t i kx t
x y t x y e y e

− ω −ω= =u u a  (1) 

 ( )
4( , , ) ( , ) ( )i t i kx t

x y t x y e a y e
− ω −ωϕ ≡ ϕ =  (2) 

where k is the wave number, ω = k v is the frequency, 

and v is the tracing velocity.  The governing equation 

under quasi-static approximation may be expressed as 

 ,11 ,12 ,22
ˆ( )T+ + + = ρQU R R U TU IU��  (3) 

where 
( )[ ] ( )T T i kx t

y e
−ω= φ ≡U u A  extended 

displacement, 

1 0 0 0

0 1 0 0
ˆ

0 0 1 0

0 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

I . 

Here the matrices Q, R, and T are given by 

11 21 22

11 11 12 12 22 22

, ,

E E E

T T T

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−ε −ε −ε⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Q e R e T e
Q R T

e e e
 

  (4) 

where 
1 1

E

ik i kQ C= , 
1 2

E

ik i kR C= , 
2 2

E

ik i kT C= , i, k = 1, 2, 

3, and Cijks are the elastic constants.; (eij)s = eijs, s = 1, 2, 

3 and eijs are the piezoelectric stress constants; εij are 

the permittivity constants. 
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Fig. 1 Frame of reference coordinates 

 

Introduce the extended traction t2 as 

( )
2 2 2 ,1 ,2[ ] ( )T T T i kx tD ik y e −ω≡ = + ≡ −t σ R U TU B  (5) 

where σ2 is the stress vector on the plane normal to the 

x2-axis, D2 is the x2-component of the electric 

displacement, and ( ) T i d
y

k dy
≡ − + A

B R A T . In the 

framework of the Stroh’s formalism, Eqs. (3) and (5) 

can be incorporated into a system of eight linear 

differential Eq. (5) as follows 

 
( ) ( )

( ) ( )

y yd
ik

y ydy

⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

A A
N

B B
 (6) 

Here the 8 × 8 real matrix N = N(v) is given by 

 
1 2

2

3 1
ˆ

T

T
v

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− ρ ⎣ ⎦ ⎣ ⎦⎣ ⎦

N N 0 I 0 I
N N

I 0 I 0N I N
 (7) 

where N1 = −T
−1

R
T, N2 = −T

−1, N3 = Q − RT
−1

R
T, 0 and 

I, respectively, are the 4 × 4 zero and identity matrices.  

The matrices N1 and N3 have the following properties: 

[5] 

 
1 2 1 3 2

, 0.= − =N e e N e  (8) 

where e1 = [1  0  0  0]T and e2 = [0  1  0  0]T. 

Let p and ξ be the Stroh eigenvalue and eigenvector, 

respectively, of N, i.e., 

 p=Nξ ξ  (9) 

In consequence of the property (6) of N, linear 

independent Stroh eigenvectors ξα, ξβ are orthogonal in 

the sense ξα
T

 Jξβ = 0, α ≠ β.  If N is semi-simple, that is 

if it has a complete set of eight linear independent 

eigenvectors ξα (α = 1 ~ 8), then the solution of Eq. (6) 

is the superposition [5] 

 
8

1

( )

( )

ikp y
y

C e
y

α
α α

α=

⎡ ⎤
=⎢ ⎥

⎣ ⎦
∑

A
ξ

B
 (10) 

where partial amplitudes Cα are determined (to within a 

common multiplier) by the boundary conditions.  The 

Stroh eigenvectors can be normalized such that 

 
8

,

Τ Τ

α β αβ β α= δ =J J Iξ ξ ξ ξ  (11) 

where I8 is the 8 × 8 identity matrix. 

3.  DISPERSION RELATION 

Equation (10) for y = −h becomes 

 
8

1

( )

( )

ikp h
h

C e
h

α−
α α

α=

−⎡ ⎤
=⎢ ⎥−⎣ ⎦
∑

A
ξ

B
 (12) 

From Eqs. (11) and (12), Cα may be expressed as 

 
( )

( )

ikp h T
h

C e
h

α
α α

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

A
ξ J

B
 (13) 

Substitution of Eq. (13) into Eq. (10) leads to, 

 
( ) ( )

( , )
( ) ( )

y h
y h

y h

−⎡ ⎤ ⎡ ⎤
= −⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

A A
M

B B
 (14) 

where 

( )
8

1 2

3 11

( , ) ( , )
( , )

( , ) ( , )

ikp y hT

T

y h y h
y h e

y h y h

α +
α α

α=

− −⎡ ⎤− = ≡ ⎢ ⎥− −⎣ ⎦
∑

M M
M J

M M
ξ ξ  

  (15) 

Let the boundary conditions on the surface at y = − h 

be given by 

 ( ) ( )h h− −− + − =X A Y B 0  (16) 

where X − and Y− are constant matrices satisfying 

 , .

T T T T

− − − − − − − −+ = + =X X Y Y I X Y Y X 0  (17) 

It follows that  

 ( ) , ( )T T
h h− −− = − =A Y g B X g  (18) 

where g is a nonzero constant column matrix.  

Similarly let the boundary conditions on the surface at y 

= h be given by 

 ( ) ( )h h+ ++ =X A Y B 0  (19) 

where X + and Y+ are constant matrices.  Substitution 

of Eq. (18) into Eq.(14), Eq. (19) yields 

  
1 2

( ( , ) ( , )T T
h h h h+ − + −− + −X M Y X M X  

  
13

( , ) ( , ) )T T T
h h h h+ − + −+ − + − =Y M Y Y M X g 0  (20) 

Equation (20) gives the dispersion equation in the form 

  
1 2

det ( ( , ) ( , )T T
h h h h+ − + −− + −X M Y X M X  

  
3 1
( , ) ( , ) ) 0T T T
h h h h+ − + −+ − + − =Y M Y Y M X  (21) 
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Consider the following three types of boundary 

conditions: 

1. The mechanical boundary conditions are rigid and the 

electrical boundary conditions are short-circuit at the 

bottom and top surfaces.  This is an extended 

definition of “fixed-fixed” boundary conditions for 

purely elastic plates.  In this case  X − =  X+ = I, Y− 

= Y+

 = 0 and Eq. (21) reduces to 

 
2

det ( ( , )) 0h h− =M  (22) 

2. The mechanical boundary conditions are stress-free 

and the electrical boundary conditions are open- 

circuit at the bottom and top surfaces.  This is a 

definition corresponding to “free-free” boundary 

conditions for purely elastic plates.  The boundary 

conditions are specified by letting X − =  X+ = 0, Y− = 

Y+

 = I and Eq. (21) becomes 

 
3

det ( ( , )) 0h h− =M  (23) 

3. The mechanical boundary conditions are stress-free 

and the electrical boundary conditions are open- 

circuit at the bottom surface while the mechanical 

boundary conditions are rigid and the electrical 

boundary conditions are short-circuit at the top 

surface such that X − =  Y+ = 0 and Y− = X +

 = I.  This 

may be regarded as an extended definition of 

“free-fixed” boundary conditions for purely elastic 

plates.  Equation (21) reduces to 

 1det ( ( , )) 0.h h− =M  (24) 

4.  CUT-OFF FREQUENCY 

Consider normal incidence (k = 0, v → ∞).  Redefine 

Eq. (1) as 

 ( , ) ( ) i t
y t y e

− ω=U A  (25) 

Substitution of Eq. (25) into Eq. (3) leads to 

 2

,22
ˆ= −ρωTA IA  

or 

 2

,22 22 4,22 ,

E
A+ = −ρωT a e a  (26) 

 
22 ,22 22 4,22 0.T

A− ε =e a  (27) 

From Eq. (27), a 4 can be expressed as 

 
4 22 7 8

22

1
( ) ( ) ,T

a y y C y C= + +
ε

e a  (28) 

where C7 and C8 are constants.  With Eq. (28), Eq. (26) 

becomes 

 2

,22 ,E = −ρωT a a  (29) 

where 22 22 22/E E T= + εT T e e  corresponds to the 

stiffened elastic constants.  The solution of a (y) can be 

expressed as  

 
3

3

1

( ) ,y yik y ik y
y C e C eα α−

α α+ α
α=

⎡ ⎤= +⎣ ⎦∑a a  (30) 

where Cα are constants, kαy = ω / cα, α = 1 ~ 3, cα and aα, 

respectively, are the speeds and the corresponding 

polarization vectors of the stiffened acoustic plane 

waves propagating in the x2 − direction.  Let  

 2 ,2 ( ) i t
y e

− ω= =t TU B  (31) 

Substitution of Eqs. (28) and (30) into Eq. (31) yields 

 
3

3 22 7

1

( ) y yik y ik y
y C e C e e Cα α−

α α+ α
α=

⎡ ⎤= − +⎣ ⎦∑b b  (32) 

 
4 22 7
B C= −ε  (33) 

where bα = iρωcα aα.  

The dispersion equations related to the three types of 

boundary conditions are discussed as follows: 

1. “fixed-fixed” boundary conditions (A(−h) = 0 and 

A(h) = 0) 

From Eqs. (28) and (30), the boundary conditions 

yield 

  

3

3

7 8

0, 1, 2, 3,

0, 1, 2, 3,

0.

y y

y y

ik h ik h

ik h ik h

C e C e

C e C e

C C

α α

α α

−
α α+

−
α α+

⎧ + = α =
⎪⎪ + = α =⎨
⎪ = =
⎪⎩

 (34) 

For nontrivial solutions of Cα, Eq. (34) gives 

  
2 2

0
y yi k h i k h

e e
α α−− =  (35) 

The condition for the cut-off frequencies 

( )n
αω  of standing- 

wave resonances is 

 ( )
, 1, 2, 3, 0,1, 2,

2

n
n c

n L
h

α
α

πω = α = =  (36) 

2. “free-free” boundary conditions (B(−h) = 0 and B(h) = 0) 

From Eqs. (32) and (33), the boundary conditions 

yield 

  

3

3

7

0, 1, 2, 3,

0, 1, 2, 3,

0.

y y

y y

ik h ik h

ik h ik h

C e C e

C e C e

C

α α

α α

−
α α+

−
α α+

⎧ − = α =
⎪⎪ − = α =⎨
⎪ =
⎪⎩

 (37) 

From Eq.(37), the cut-off frequencies are the same as 

those given by Eq. (36) for type 1 boundary conditions. 

3. “free-fixed” boundary conditions: (B(−h) = 0 and 

A(h) = 0) 

From Eqs. (28), (30), (32) and (33), the boundary 

conditions yield 
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3

3

7 8

0, 1,2,3,

0, 1,2,3,

0.

y y

y y

ik h ik h

ik h ik h

C e C e

C e C e

C C

α α

α α

−
α α+

−
α α+

⎧ − = α =
⎪⎪ + = α =⎨
⎪ = =
⎪⎩

 (38) 

For nontrivial solutions of Cα, Eq. (38) gives 

 
2 2

0
y yi k h i k h

e e
α α−+ =  (39) 

The cut-off frequency related to free-fixed condition is 

 ( ) (2 1)
, 1, 2, 3, 0,1, 2,

4

n
n c

n L
h

α
α

+ πω = α = =  (40) 

Equations (36) and (40) are in the same form as those 

for purely elastic solids [1].  For piezoelectric solids, 

however, the wave speeds are calculated from the 

stiffened elastic constants. 

5.  LONG-WAVELENGTH APPROXIMATION 

Consider the wave propagation in a “free” plate 

under the long-wavelength condition kh << 1.  In the 

following discussions h = 1 is assumed for simplicity.  

When k << 1, Eq. (15) may be approximated as 

  
8

2

8

1

(1, 1) T ikp
e

α
α α

α=

− = ≈∑M J Iξ ξ  

  2 2 3 31 1
2 (2 ) (2 )

2 6
ik ik ik+ + +N N N  (41) 

and the corresponding M3(1, −1) as 

 
3
(1, 1) 2 ( , )ik k− ≈ λM D  (42) 

where λ = ρv2, 

 2

3

2
( , ) ( ) ( ) ( ) ( )

3
k ik kλ = λ + λ − λD N P Q  (43) 

 
3 3

ˆ( )λ = − λN N I  (44) 

 
3 1 1 3

( ) ( ) ( )Tλ = λ + λP N N N N  (45) 

 ( ) 2

3 1 1 3 1
( ) ( )Tλ = λ + λQ N N N N N  

      2

3 2 3 1 3
( ) ( ) ( ) ( )T+ λ λ + λN N N N N  (46) 

From Eq.(42), Eq. (20) becomes  

 ( , ) ( , )k kλ λ =D q 0  (47) 

where 

 ( 1)≡ −q A  (48) 

The limiting value of λ, denoted by λ0, as k → 0 is 

obtained by 

 
0 0 0 3 0 0 0

(0, ) ( ) ( ) ( )λ λ = λ λ =D q N q 0  (49) 

where 
0
( ) (0, )λ ≡ λq q .  From Eq. (44), Eq. (49) can 

also be expressed as 

 
3 0 0 0

ˆ= λN q Iq  (50) 

Equation (50) can be further written as 

3

3 0 3 4 0 4 0 0

1

( ) ( ) ( ) ( ) ( ) , 1, 2, 3,ij j i i

j

i

=

+ = λ =∑ N q N q q  (51) 

and  

 
3 4 0 3 44 0 4

( ) ( ) ( ) ( ) 0j j + =N q N q  (52) 

where (N3)ij and (q0)j denote, respectively, the elements 

of N3 and q0.  From Eq. (52), (q0)4 may be expressed 

as  

 
3 4

0 4 0

3 44

( )
( ) ( )

( )

j

j= −
N

q q
N

 (53) 

Substitution of Eq. (53) into Eq. (51) leads to 

 
3

3 0 0 0

1

( ) ( ) ( ) , 1, 2, 3ij j i

j

i

=

= λ =∑ N q q  (54) 

where  

 
3 4 3 4

3 3

3 44

( ) ( )
( ) ( )

( )

i j

ij ij= −
N N

N N
N

 (55) 

It follows from Eq. (8) that (N3)i2 = (N3)2i = 0, i = 1 ~ 4 

and hence 
3 2 3 2

( ) ( ) 0
i i

= =N N .  The eigenvalues of Eq. 

(54) are 

(2) (1) (3)
0 0 0 3 11 3 33

1
0, , ( ) ( )

2
⎡λ = λ λ = +
⎣
N N  

            ( )2 2

3 11 3 33 3 13
( ) ( ) 4( )

⎤± − + ⎥⎦
N N N  

  (56) 

The eigenvalues correspond to the limiting values of the 

speeds of the three fundamental waves in a free plate.  

The matrix ( )
0
i

q , i = 1,2,3, can be obtained from the 

eigenvector of Eq. (54) corresponding to 
( )
0
iλ  and Eq. 

(53).  In particular, 
(2)
0 2.=q e   Define (4)

0 4= =q e  

[0 0 0 1]
T

.  It may be shown that  

 ( ) ( )
0 0

ˆ , 1 4, 1 4
Tα β

αβ= δ α = β =q q ∼ ∼  (57) 

where 

( ) ( )
0 0

ˆˆ ,
α α=q Iq  α = 1, 2, 3, and 

(4) (4)
0 3 0 3 44ˆ /( )=q N q N .  

It follows from Eq. (57) that  
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4

( ) ( )
0 0

1

ˆ( )Tα α

α=

=∑q q I  (58) 

and N3(λ) admits the following representation 

3

( ) ( ) ( ) (4) (4)
3 0 0 0 3 44 0 0

1

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )T Tα α α

α=

λ = λ − λ +∑N q q N q q  (59) 

For future use, a pseudo-inverse of N3 (λ0
(β)) is given by 

3

( ) 1 ( ) ( ) (4) (4)
3 0 0 0 3 44 0 0( ) ( )

1 0 0

1
( ) ( ) ( ) ( )T Tα <− > β β

β α
β=
β≠α

λ = +
λ − λ∑N q q N q q

  (60) 

The limiting value of the first derivative of λ with 

respect to k, denoted by λ0′, as k → 0 can be derived by 

considering 

0
{ ( , ) ( , )} { ( , ) ( , )}

d
k k k k

dk k

∂ ∂⎛ ⎞′λ λ = + λ λ λ =⎜ ⎟∂ ∂λ⎝ ⎠
D q D q 0  

  (61) 

at k = 0 and λ = λ0.  Substitution of Eq. (43) into Eq. 

(61) gives  

0

0 0 3 0 0 3 0 0

0

ˆ( ) ( ) ( )
k

i
k = λ=λ

⎛ ⎞∂ ∂ ′λ + λ + − + λ λ =⎜ ⎟⎜ ⎟∂ ∂λ⎝ ⎠

q q
P q N q N 0

  (62) 

Pre-multiplying Eq. (62) by 
0

T
q  and using Eq. (49), we 

get 

 ( ) ( ) ( ) ( )
0 0 0 0( ) 0T

i
α α α α′λ = λ =q P q  (63) 

With Eq. (63), Eq. (62) leads to 

 

1 ( ) ( ) ( )
3 0 0 0

0
( ) ( ) ( )

1 0 1 0 0

( ) ( )

ˆ{ [( ) ]} ,
k

T

i
k

i

α
<− > α α α

=
α α α

∂ = − λ λ
∂

= − −

q
N P q

N I q N q q

 (64) 

where Eqs. (59) and (60) has been used. 

Similarly, the limiting value of the second derivative 

of λ with respect to k, denoted by λ0″, as k → 0 can be 

obtained by considering  

    
2

2
{ ( , ) ( , )}T d

k k
dk

λ λq D q  

    

2

{ ( , ) ( , )} 0T
k k

k

∂ ∂⎛ ⎞′= + λ λ λ =⎜ ⎟∂ ∂λ⎝ ⎠
q D q  (65) 

at k = 0 and λ = λ0.  With Eqs. (49) and (63), Eq. (65) 

yields 

( )
( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0 0 0

0

4
( ) 2 ( )

3

T T

k

i
k

α
α α α α α α

=

∂′′λ = − λ + λ
∂
q

q Q q q P (66) 

Equation (66) can be simplified by substituting Eq. (64) 

into Eq. (66) and using Eq. (49).  The result is  

    
3

( ) ( ) ( ) ( ) ( ) 2
0 0 0 1 00

1

2
ˆ( )( )

3

Tα β α β α

β=

⎧⎪′′λ = λ − λ⎨
⎪⎩
∑ q N q  

    (4) ( ) 2
3 44 1 00

ˆ( ) ( )T α ⎫+ ⎬
⎭

N q N q  (67) 

In particular, Eq. (67) for α = 2 can be reduced to a 

remarkably simple form 

 ( )
0 3 11

2
( )

3

α ′′λ = N  (68) 

where Eq. (8) has been used. 

From Eqs. (56), (63), and (67), the velocities vα , α = 

1, 3, are given by 

 
2 ( )

( ) ( ) 0
0 ( )

0

1
4

k
v v

α
α α

α

⎛ ⎞′′λ
⎜ ⎟= +
⎜ ⎟λ⎝ ⎠

 (69) 

where 

 
( )

( ) 0
0v

α
α λ=

ρ
 (70) 

From Eqs. (56), (63), and (68) the expression for v(2) is 

given by 

 (2) 3 11( )

3
v k=

ρ
N

 (71) 

Equation (71) is in the same form as that for purely 

elastic solids. 

The extended displacement and traction amplitudes 

A(y), B(y) at k << 1 can be expressed as 

 
3 3

( ) ( )

1 1

( ) ( ), ( ) ( )y D y y D y
α α

α α
α= α=

= =∑ ∑A A B B  (72) 

where Dα are disposable normalization factors, A(α)(y) 

and B(α)(y), respectively, are the extended displacement 

and traction amplitudes corresponding to the three 

fundamental waves.  By Eqs. (14), (41), and (42), to 

the first order in k, 

( )

( ) ( )
1 0

0

( ) ( ) ( )
3 0

0

( ) [ ( 1) ] ,

( ) ( 1) ( ) ( 1) ( ) .
2

k

k

y ik y k
k

ik
y ik y v y v k

k

α

α
α α

=

α
α α α

=

⎧ ⎛ ⎞∂= + + +⎪ ⎜ ⎟⎜ ⎟∂⎪⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ ∂⎡ ⎤= + + + +⎜ ⎟⎪ ⎢ ⎥⎜ ⎟∂⎣ ⎦⎪ ⎝ ⎠⎩

q
A I N q

q
B N P q

  (73) 

Substitution of Eq. (64) into Eq. (73) gives 

(2)
2 1( )y iky= −A e e   (74) 

( )(1,3) (1,3) (1,3) (1,3) (1,3)
0 1 0 1 0 4 0

ˆ( ) Ty ik y⎡ ⎤= + +⎣ ⎦A q N q N q I q  (75) 
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2

(2) 2
3 1( ) ( 1)

2

k
y y= −B N e  (76) 

      
2

(1,3) 2 (1,3) (1,3)
3 1 0( ) (1 ) ( )

2

k
y y v= −B N N q  (77) 

Equations (74) ~ (77) reveal the general property that, 

for any of the three fundamental wave branches, the 

extended traction taken in the leading approximation is 

orthogonal to the limiting polarization of the 

corresponding extended displacement,  

 ( ) ( )
0( ) 0, 1, 3, 1 1y y

α α⋅ = α = − ≤ ≤B A 　 　  (78) 

6.  CONCLUSION 

A theoretical framework developed by Shuvalov [1] 

for wave propagation in infinite homogeneous 

anisotropic elastic plates has been extended to 

piezoelectric plates.  Dispersion equations have been 

derived for general boundary conditions on the plate 

surfaces.  Special cases corresponding to fixed-fixed, 

free-free, and free-fixed conditions for elastic plates 

were discussed and cut-off frequencies derived.  

Perturbation theory was exploited to obtain long- 

wavelength physical quantities of wave propagation 

including wave amplitude, stress, electric potential, 

electric displacement and velocity for a “free” 

piezoelectric plate. 

REFERENCES 

 1. Shuvalov, A. L., “On the Theory of Wave 

Propagation in Anisotropic Plates,” Proc. Soc. 

Lond. A., 456, pp. 2197−2222 (2000). 

 2. Stewart, G. W. and Ji-guang Sun, Matrix 

Perturbation Theory, Academic Press, Inc. (1990). 

 3. Kaul, R. K. and Mindlin, R. D., “Frequency 

Spectrum of a Monoclinic Crystal Plate,” J. 

Acoust. Soc. Am., 34, pp. 1902−1910 (1961).   

 4. Lee, P. C., Syngellakis, Y. S. and Hou, J. P., “A 

Two-Dimensional Theory for High-Frequency 

Vibration of Piezoelectric Crystal Plates with or 

without Electrodes,” Journal of applied Physics 

61, pp. 134−141 (1987). 

 5. Ting, T. C. T., Anisotropic Elasticity, Oxford 

University Press (1996). 

(Manuscript received March 4, 2005, 

accepted for publication May 18, 2005.)

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /00
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Medium
    /AvantGardeITCbyBT-MediumOblique
    /Batang
    /BatangChe
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /DFBiaoKaiShuStd-W5
    /DFCaiDai-Bd-HK-BF
    /DFCaiDai-Bd-HKP-BF
    /DFFangSong-Md-HK-BF
    /DFFangSong-W4-HKP-BF
    /DFGuYin-Md-HK-BF
    /DFGuYin-Md-HKP-BF
    /DFHei-Bd-HK-BF
    /DFHei-Bd-HKP-BF
    /DFHei-Bd-WIN-BF
    /DFHei-Md-HK-BF
    /DFHei-Md-HKP-BF
    /DFKaiShu-Md-HK-BF
    /DFKaiShu-Md-HKP-BF
    /DFKaiShu-SB-Estd-BF
    /DFKanTingLiu-XB-HK-BF
    /DFKanTingLiu-XB-HKP-BF
    /DFLiHei-Md-HK-BF
    /DFLiHei-Md-WIN-BF
    /DFLiShu-Md-HK-BF
    /DFLiShu-W5-HKP-BF
    /DFLiuLi-Bd-HK-BF
    /DFLiuLi-Bd-HKP-BF
    /DFLiYuan-XB-WIN-BF
    /DFLungMen-XB-HK-BF
    /DFLungMen-XB-HKP-BF
    /DFMing-Bd-HK-BF
    /DFMing-Bd-HKP-BF
    /DFMing-Lt-HK-BF
    /DFMing-Lt-HKP-BF
    /DFMing-Md-HK-BF
    /DFMing-Md-HKP-BF
    /DFMingStd-W12
    /DFMingStd-W5
    /DFMingStd-W9
    /DFMing-UB-HK-BF
    /DFMing-UB-HKP-BF
    /DFNHei-XB-HK-BF
    /DFNHei-XB-HKP-BF
    /DFPOP1-Bd-HK-BF
    /DFPOP1-W7-HKP-BF
    /DFSong-SL-Estd-BF
    /DFSong-SL-EstdP-BF
    /DFWeiBei-Md-HK-BF
    /DFWeiBei-Md-HKP-BF
    /DFXingShu-Bd-HK-BF
    /DFXingShu-Bd-HKP-BF
    /DFYuan-Bd-HK-BF
    /DFYuan-Bd-HKP-BF
    /DFYuan-Lt-HK-BF
    /DFYuan-Lt-HKP-BF
    /DFYuan-Md-HK-BF
    /DFYuan-Md-HKP-BF
    /DFZongYi-Bd-HK-BF
    /DFZongYi-Bd-HKP-BF
    /DLHei-Md-WIN-BF
    /Dotum
    /DotumChe
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /FencesPlain
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /GBInnMing-Medium
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HerSin-Medium
    /Impact
    /InnMing-Bold
    /InnMing-Heavy
    /InnMing-Light
    /InnMing-Medium
    /JenLei-Bold
    /JenLei-Demi
    /JenLei-Medium
    /JetLinkBoldBlack-SolidShadow
    /JetLinkBoldPeakPop
    /JetLinkBoldRightPop
    /JetLinkBoldRound-DoubleHollow
    /JetLinkPoka-HollowShadow
    /JetLinkPop-HalfHeavenWater
    /JetLinkShowArt-DoubleHollowShadow
    /JetLinkSmart-Wave
    /Latha
    /LinGothic-Bold
    /LinGothic-Extra
    /LinGothic-Heavy
    /LinGothic-Light
    /LinGothic-Medium
    /LucidaConsole
    /LucidaSansUnicode
    /Mangal-Regular
    /MaokaiEG-Bold-Big5
    /MaokaiEG-Heavy-Big5
    /MicrosoftSansSerif
    /MingLiU
    /MingtiEG-Light-SJIS
    /MingtiEG-Medium-KSC
    /MonotypeCorsiva
    /MS-Gothic
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MS-UIGothic
    /MT-Extra
    /MVBoli
    /NanSung-Bold
    /NanSung-Medium
    /NewGothic-Heavy
    /NewGothic-Meduim
    /NSimSun
    /OvlapRound_Outline-Ultra
    /OvlapRound-Ultra
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /PMingLiU
    /Pop1-Bold
    /Pop2EG-Bold-Big5
    /Pop3EG-Bold-Big5
    /Raavi
    /Shruti
    /SimHei
    /SimSun
    /SingkaiEG-Bold-Big5
    /SingYi-Ultra
    /StdKai-Medium
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TankuinEG-Bold-Big5
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /YankaiEG-Heavy-Big5
    /YenRound-Bold
    /YenRound-Light
    /YenRound-Medium
    /ZenKai-Bold
    /ZenKai-Medium
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHT ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


