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Abstract

As the unidirectional-solidifying melt rotates with respect to an inclined axis, a shear flow is induced to move parallel
to the melt/solid interface while it changes its direction along the axis perpendicular to the interface, like an Ekman
spiral flow. This induced flow will in turn alter the morphology of the solidifying melt/solid interface and eventually

influence the quality of the final casting. In the present paper, we investigate this induced flow in the system rotating in a
general way while physical conditions vary: different rotating conditions, different thermal and solutal gradients, and
the non-Boussinesq effect due to variable viscosity of the melt. Results show that, in brief, the induced flow is driven by
the gravity due to inclination while modified by rotation. As each of the following parameters is higher: the effective

Taylor number ðTeÞ; the thermal Rayleigh number ðRtÞ; the solutal Rayleigh number ðRcÞ; or the Lewis number ðLeÞ; the
induced flow is of larger velocity. The variable-viscosity effect is more complex, depending on the value of other physical
parameters. r 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The directional solidification is one of the major
industrial techniques by which semiconductor
materials such as silicon and gallium–arsenic are
manufactured. During the solidification process,
the latent heat is released from the melt/solid
interface due to phase change and is conducted
away into the solid and the melt, forming a
thermal boundary layer above the interface. In the

meantime, a compositional boundary layer forms
above the interface because the solidifying binary
solution rejects or incorporates the solute at the
interface, enhancing the solutal diffusion in the
vicinity of the melt/solid interface. After the
thermal and compositional boundary layers form,
the morphological instability may occur and
disturb the interface into non-planar shape [1].
On the other hand, another kind of instability, or
the convective instability, can also occur if the
rejected solute is lighter or the incorporated solute
is heavier than the solvent, rendering the density
distribution in the compositional boundary layer
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hydro-statically unstable and eventually leading to
the onset of double-diffusive convection above the
interface [2]. This convective instability may
couple with the morphological instability and
result in an undesired change of the quality of
final casting. An effective scheme to control these
two instability modes has accordingly become an
important issue discussed in the research of
directional solidification, and meanwhile the im-
position of a shear flow in the melt of directionally
solidifying solution has been shown to be a
potentially effective scheme to control these
stability modes as well as to enhance the quality
of the final casting.
The influence of the imposed shear flow on these

two instability modes was first investigated by
Delves [3,4] who imposed quadratic and Blasius
boundary-layer flows and by Coriell et al. [5] who
imposed a plane Couette flow onto the melt/solid
interface. Later, MacFadden et al. [6] imposed a
plane stagnation flow vertically onto the melt/solid
interface and Forth and Wheeler [7,8] imposed an
asymptotic suction boundary-layer flow above the
interface. All these studies concluded that the
imposed shear flow inhibits the instability modes
propagating in a direction being non-perpendicu-
lar to the imposed flow (the modes containing
transverse components). Recently, however,
Chung and Chen [9] showed that as the imposed
shear flow (a Blasius type boundary-layer flow)
becomes strong enough, a transverse mode (roll-
axis perpendicular to the imposed flow) of very
unstable characteristics is induced. This mode
could exist even without buoyancy. Instead of
imposing the shear flow artificially as did by the
above-mentioned studies, Sample and Hellawell
[10] proposed to rotate the casting mode with
respect to an axis inclined to the gravity so that a
shear flow can be induced naturally due to
inclination. Although no vigorous evidence
was provided, they nevertheless conjectured that
the shear flow might inhibit greatly the instability
of the melt solidifying from below. Their con-
jecture was later investigated analytically by
Chung and Chen [11], in which they showed that
a strong helical shear flow was induced and the
shear flow generally enhanced the stability of the
system.

Since the inclined rotation generates a naturally
induced shear flow, instead of an artificial imposed
flow as did by previous studies, it is therefore more
feasible for the industrial purpose. We accordingly
investigate in the present paper in a broad physical
sense to study the change of the induced flow
under various physical situations. Special empha-
sis is placed on both the effects due to varying
physical parameters and the non-Boussinesq effect
due to temperature-dependent viscosity because
the viscosity of the melt may change significantly
during solidification due to temperature variation.
For example, the viscosity of glass forming alloys
decreases by Oð1020Þ when temperature decreases
from working condition to melting point [12] and,
for lead–tin alloy, it changes by a factor of two
when temperature changes over 200K [13]. More-
over, since the temperature-dependent viscosity
changes dramatically in the region above the melt/
solid interface because of the sharp temperature
variation, it is expected that the temperature-
dependent viscosity may also influence signifi-
cantly on the induced shear flow, which is largely
confined to the region above the interface.
In the present paper, we consider the directional

solidification of binary alloy under inclined rota-
tion, in which a shear flow is possibly induced by
inclination and modified by rotation as well as the
viscosity variation. We present the mathematical
model of the flow induced by the inclined rotation
in Section 2. The equations are solved by an
analytical approach and the solutions are shown in
Section 3. Based on this solution, the features of
the induced flow are discussed in Section 4. The
changes of the induced flow under different
physical situations including variable viscosity
are discussed in Section 5. Finally, concluding
remarks are given in Section 6.

2. Problem description and formulation

Consider the system as shown in Fig. 1, a dilute
binary solution of temperature TN and concentra-
tion CN is solidifying upwards, in which a solid
layer is formed below the semi-infinite bulk melt.
The melt/solid interface described by z ¼ hðx; y; tÞ
is assumed to be initially planar and advances into
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the fluid with a constant speed V : The cooling tank
rotates in a general way including precession and
spin that the angular velocity can be expressed by

’F ¼ ð ’fp sin fn sin fsÞex þ ð ’fp sin fn cos fsÞey

þ ð ’fp cos fn þ ’fsÞez; ð2:1Þ

where fp; fn and fs are the angles of precession,
nutation and spin, respectively and ’fp and

’fs are
the angular velocities of precession and spin,
respectively (see Fig. 1). Besides, ex; ey and ez are
the unit vectors of Cartesian coordinate, which sits
on the melt/solid interface as denoted by the
x2y2z frame in Fig. 1.

In such a coordinate system, the governing
equations in the fluid region hozoN are

r � u ¼ 0; ð2:2aÞ

q
qt

� V
q
qz

þ u � r
� �

uþ 2 ’F�u

¼ �
rP
r0

þ
r
r0

� 1

� �
gþ

1

r0
r � ðmDÞ; ð2:2bÞ

q
qt

� V
q
qz

þ u � r
� �

C ¼ Dfr2C; ð2:2cÞ

Fig. 1. The schematic description of the system considered. The solid layer is solidifying with a constant velocity V upwards. An

induced flow moves parallell along the melt/solid interface. The casting mode rotates, including spinning and precession, with respect

to an inclined axis.
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q
qt

� V
q
qz

þ u � r
� �

T ¼ kfr2T : ð2:2dÞ

In above equations, u represents the velocity
vector ðu; v;wÞ measured with respect to the
cooling tank, P is the pressure, and r0 is the
reference density. The density of the fluid is
assumed to be constant except in the gravity term
that r ¼ r0ð1� aðT � TmÞ � bCÞ; where a and b
are the thermal and solute expansion coefficients,
respectively, and Tm represents the freezing
temperature of the pure solvent. The vector of
gravitational acceleration g ¼ �gðsin fn sinfsex þ
sin fn cos fsey þ cos fnezÞ depends on both the
nutation and spin angles, where g is the gravita-
tional constant. D ¼ ruþruT is the deviatoric
strain tensor and the superscript ‘‘T’’ denotes the
transverse of the tensor, C is the concentration, Df

is the solute diffusivity, T is the temperature and kf
is the thermal diffusivity. The viscosity of the fluid
m is considered as an exponential function of
temperature

m ¼ m0 exp½�cðT � TmÞ
; ð2:3Þ

where c > 0 is an arbitrary constant, indicating
that the viscosity of the fluid decreases with
increasing temperature, and m0 ¼ n0r0 is the
reference dynamic viscosity, n0 is the reference
kinematic viscosity. The exponential model is
applied because of its wider use for hydrogen-
bonded liquids than the other models [14], which
suits the aqueous ammonium chloride solution
considered in the present paper well.
In the solid region zoh; we neglect the diffusion

of solute concentration and consider the diffusion
of heat only. Then the heat equation is

q
qt

� V
q
qz

� �
T ¼ ksr2T ; ð2:4Þ

where ks is the thermal diffusivity of the solid
phase. The boundary conditions at infinite far field
are assumed to be that the fluid experiences a rigid-
body rotation with the tank and both the
concentration and temperature of the fluid remain
unchanged during solidification process. Further-
more, it is assumed that the height of the tank is
large enough that the influence on the induced flow
due to the possible deformation of the free surface

can be neglected. Accordingly, at the infinite far
field z-N we have

u-0; C-CN; T-TN: ð2:5Þ

At the melt/solid interface z ¼ hðx; y; tÞ; the
boundary conditions are

u�n ¼ 0; ð2:6aÞ

u � n ¼ 0; ð2:6bÞ

Cþð1� kÞ V þ
qh
qt

� �
ez � n ¼ �Df

qCþ

qn
; ð2:6cÞ

Tþ ¼ mCþ þ Tmð1� GxÞ; ð2:6dÞ

Tþ ¼ T�; ð2:6eÞ

L V þ
qh
qt

� �
ez � n ¼ ks

qT�

qn
� kf

qTþ

qn
; ð2:6fÞ

where n is the unit vector normal to the interface
directing toward the fluid. The superscripts ‘‘+’’
and ‘‘�’’ account for the quantities right above
and below the interface, respectively. Eq. (2.6a) is
the no-slip condition. Eq. (2.6b) expresses the
conservation of mass at the interface by neglecting
the difference of the densities between the solid
and liquid phases. Eq. (2.6c) accounts for the
conservation of the solute across the interface,
where k ¼ C�=Cþ is the segregation or partition
coefficient. Eq. (2.6d) is the thermal-dynamical
equilibrium condition that describes the depen-
dence of the freezing temperature of a binary alloy
upon its composition. The capillary effect (the
Gibbs–Thompson effect) is included in the last
term and the liquidus slope m is assumed to be a
constant. G is the capillary length and x is the
curvature of the interface that is assumed to be
negative for a concave projection into the fluid.
Eq. (2.6e) expresses the continuity of the tempera-
ture across the interface and Eq. (2.6f) accounts
for the energy balance at the interface, where ks
and kf are the thermal conductivity of the solid
and fluid, respectively, L is the latent heat per unit
volume of solid.
The governing equations as well as the bound-

ary conditions are non-dimensionalized with
the following solute-field scales: V for velocity,
H ¼ Df=V for length, Df=V2 for time, CN for
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concentration, Tm for temperature and n0r0V
2=Df

for pressure. Note that the temperature is sub-
tracted by Tm before dividing it by the scale. Then
the dimensionless viscosity function m can be
written as

m ¼ exp½gð�T=TNÞ
; ð2:7Þ

where g ¼ lnðm0=mNÞ accounts for the viscosity
contrast between the fluid at the freezing tempera-
ture and the bulk fluid at infinity, T is the
dimensionless temperature and TN is the dimen-
sionless temperature at infinity. As a result,
the dimensionless governing equations in the
fluid are

r � u ¼ 0; ð2:8aÞ

Sc�1
q
qt

�
q
qz

þ u � r
� �

u

¼ �
qP
qx

þ ðRcC þ RtTÞSnSsðtÞ

þ ðr � mDÞ � ex

þ ð�1ÞnpTa1=2p Cn þ ð�1ÞnsTa1=2s

h i
v

� ð�1ÞnpTa1=2p SnCsðtÞ
h i

w; ð2:8bÞ

Sc�1
q
qt

�
q
qz

þ u � r
� �

v

¼ �
qP
qy

þ ðRcC þ RtTÞSnCsðtÞ þ ðr � mDÞ � ey

þ ð�1ÞnpTa1=2p Cn þ ð�1ÞnsTa1=2s

h i
u

þ ð�1ÞnpTa1=2p SnSsðtÞ
h i

w; ð2:8cÞ

Sc�1
q
qt

�
q
qz

þ u � r
� �

w

¼ �
qP
qz

þ ðRcC þ RtTÞCn

þ ðr � mDÞ � ez þ ð�1ÞnpTa1=2p SnCsðtÞ
h i

u

� ð�1ÞnpTa1=2p SnSsðtÞ
h i

v; ð2:8dÞ

q
qt

�
q
qz

þ u � r
� �

C ¼ r2C; ð2:8eÞ

Le�1
q
qt

�
q
qz

þ u � r
� �

T ¼ r2T ; ð2:8fÞ

and the dimensionless heat balance equation in the
solid layer is

Ls�1
q
qt

�
q
qz

� �
T ¼ r2T : ð2:9Þ

In above equation, Sc ¼ n0=Df is the Schmidt
number, Le ¼ kf=Df is the Lewis number of fluid
and Ls�1 ¼ ks=Df is the Lewis number of solid, Rc

and Rt are the solute and thermal Rayleigh
numbers, respectively defined by

Rc ¼
gbCNH

3

n0Df
; Rt ¼

gaTmH
3

n0Df
: ð2:10Þ

The parameters Tap and Tas are the Taylor
numbers of precession and spin, respectively, and
are defined by

Tap ¼
2H2 ’fp

n0

 !2

; Tas ¼
2H2 ’fs

n0

� �2

: ð2:11Þ

Some abbreviations have been used and their
definitions are shown in the following:

Sn ¼ sin fn; Cn ¼ cos fn; SsðtÞ ¼ sin ðOtÞ;

CsðtÞ ¼ cos ðOtÞ; ð2:12Þ

where O ¼ Scð�1ÞnsTa1=2s =2 is the dimensionless
angular velocity of spin. Note that the exponents
np and ns indicate the sense of precession and spin,
respectively: As ’fp > 0 or ’fs > 0; one obtains np ¼
0 or ns ¼ 0; respectively; as ’fpo0 or ’fso0; it
yields np ¼ 1 or ns ¼ 1; respectively.
The dimensionless boundary conditions at

z-N are

u ¼ 0; C ¼ 1; T ¼ TN; ð2:13Þ

at the melt/solid interface z ¼ hðx; y; tÞ are
u�n ¼ 0; ð2:14aÞ

u � n ¼ 0; ð2:14bÞ

Cþðk� 1Þ 1þ
qh
qt

� �
ez � n ¼ rCþ � n; ð2:14cÞ

Tþ ¼MCþ � Zx; ð2:14dÞ

Tþ ¼ T�; ð2:14eÞ

L 1þ
qh
qt

� �
ez � n ¼ ðLs�1rT� � LerTþÞ � n;

ð2:14fÞ
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where the parameter M ¼ mCN=Tm is the dimen-
sionless liquidus slope, Z ¼ GV=Df is the dimen-
sionless capillary length and L ¼ L=TmðrCpÞ

� is
the Stephan number. Note that in Eq. (2.14f) the
difference of the specific heat per unit volume
between the solid and liquid phase is neglected.

3. Analytical solution of the flow induced by

inclination

The induced flow during solidification before
the melt/solid interface losing the planar shape is
induced by the inclination of cooling tank while is
modified by rotation. To investigate this induced
flow analytically, it is assumed that the melt/solid
interface remains planar during solidification,
namely,

hb ¼ 0: ð3:1Þ

It is assumed also that the horizontal dimension
of the cooling tank is much larger than the
characteristic length of the solute scale H: Conse-
quently, it can be seen from the scale analysis of
the continuity equation that the velocity along the
height of the tank is much weaker than that along
the x2y plane when small-scaled convection is
absent from the system, and the differential
derivatives in the x2y planes are negligible in
comparison with that along the height of tank as
the horizontal size of tank is sufficiently large. As a
result, the temperature and concentration are not
affected by the presence of the flow induced by
inclination and then should be similar to those of
previous studies [6,8,15], which are shown in the
following for convenience for subsequent discussion.
In the melt z > 0; the concentration and

temperature distributions are represented by a
concentration boundary layer and a thermal
boundary layer, respectively, i.e.,

Cb ¼ 1� Gce
�z; ð3:2Þ

Tb ¼ TN � LeGle
�z=Le; ð3:3Þ

where the local concentration gradient and tem-
perature gradient are

Gc ¼
k� 1

k
; ð3:4Þ

Gl ¼
TN �M=k

Le
ð3:5Þ

In the solid layer zo0; the concentration
keeps constant and the temperature decreases
exponentially,

Cb ¼ 1; ð3:6Þ

Tb ¼ TN þ L � ðLLeGlÞe�z=Ls: ð3:7Þ

Regarding the induced flow, it is shown from
scale analysis that the z-component of the induced
velocity can be assumed to be zero, i.e.

wb ¼ 0: ð3:8Þ

By applying Eqs. (2.8b)–(2.8d) and boundary
condition Equation (2.13), we obtain the pressure
distribution in the melt as

Pb ¼ %Pbðz; tÞ þ ðRc þ RtTNÞ xSnSsðtÞ½

þySnCsðtÞ þ zCn
 ð3:9Þ

The reduced pressure %Pbðz; tÞ can be obtained by
substituting Eq. (3.9) into Eq. (2.8d) yields

q %Pb

qz
¼ ð�1ÞnpTa1=2p SnCsðtÞ
h i

ub

� ð�1ÞnpTa1=2p SnSsðtÞ
h i

vb

þ RcðCb � 1Þ þ RtðTb � TNÞ½ 
Cn: ð3:10Þ

Note that the pressure gradient in z-direction
balances the z-component of the fluid weight,
leading the melt far above the solidifying front
to be quiescent and makes the whole melt
motionless in the z-direction. Namely, in the far
field from the interface, the pressure gradient
can be seen as the buoyancy due to the
density variation in the z-direction. On the
other hand, however, due to the fact that the
density changes greatly within both of concentra-
tion and thermal boundary layers, the pressure
gradient in both x- and y-directions cannot
balance the weight of the fluid along correspond-
ing directions and causes a flow along the inter-
face, which is then modified by the Coriolis force
due to the rotation. The x- and y-components ub
and vb of the induced flow can be solved by
substituting Eqs. (3.8) and (3.10) into Eqs. (2.8b)
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and (2.8c), yielding

m
d2 #Ub

dz2
þ ðm0 þ Sc�1Þ

d #Ub

dz
� iTe

#Ub

¼ ½RcðCb � 1Þ þ RtðTb � TNÞ
Sn; ð3:11Þ

where Ub � ub þ ivb ¼ #Ube
ifg ;fg ¼ �ðOtþ p=2Þ;

m0 ¼ dm=dz and Te is defined as

Te ¼ ð�1ÞnpTa1=2p Cn þ
ð�1Þns

2
Ta1=2s : ð3:12Þ

The associated boundary conditions are

#Ub ¼ 0; at z ¼ 0 and z-N: ð3:13Þ

Since the gravity component on the x2y plane
can be expressed by gx þ igy ¼ Snge

ifg ; where fg

indicates the orientation of the gravity component
in the x2y plane. Eqs. (3.11) and (3.13) can be
solved by asymptotically expanding the dependent
variables with respect to e; where e ¼ 1=Le is
usually a small parameter for an alloy,

#Ub ¼ #Ub0 þ e #Ub1 þ e2 #Ub2 þ?; ð3:14Þ

and the viscosity m can be expressed as

m ¼ A exp½B expð�ezÞ


¼ Q

�
1� eBzþ e2

Bþ B2

2

� �
z2

� e3
Bþ 3B2

6

� �
z3 þ?

�
; ð3:15Þ

where A ¼ expð�gÞ;B ¼ gLeGl=TN; and Q ¼
A exp B: By substituting Eqs. (3.14) and (3.15)
into Eqs. (3.11) and (3.13) and by equating the
same order terms, we obtain the following
perturbation equations of different order of e

Oðe0Þ : Q
d2 #Ub0

dz2
þ Sc�1

d #Ub0

dz
� iTe

#Ub0

¼ ½RcðCb � 1Þ þ RtðTb � TNÞ
Sn; ð3:16aÞ

Oðe1Þ : Q
d2 #Ub1

dz2
þ Sc�1

d #Ub1

dz
� iTe

#Ub1

¼ QB z
d2 #Ub0

dz2
þ
d #Ub0

dz

� �
; ð3:16bÞ

Oðe2Þ : Q
d2 #Ub2

dz2
þ Sc�1

d #Ub2

dz
� iTe

#Ub2

¼ QB z
d2 #Ub1

dz2
þ
d #Ub1

dz

�

�
ð1þ BÞ

2
z2
d2 #Ub0

dz2
� ð1þ BÞz

d #Ub0

dz

�
: ð3:16cÞ

The terms with higher order than Oðe2Þ are
neglected. The perturbed boundary conditions are

#Ub0 ¼ #Ub1 ¼ #Ub2 ¼ 0 at z ¼ 0 and z-N:

ð3:17Þ

The solutions of Eqs. (3.16) #Ub0; #Ub1 and #Ub2 can
be obtained by a straight forward derivation,
yielding

#Ub0 ¼ A1e
�z þ A2e

�z=Le � ðA1 þ A2Þeaz; ð3:18aÞ

#Ub1 ¼ ðB1zþ B2Þe�z þ ðB3zþ B4Þe�z=Le

þ ðB5z
2 þ B6z� B2 � B4Þeaz; ð3:18bÞ

#Ub2 ¼ ðC1z
2 þ C2zþ C3Þe�z

þ ðC4z
2 þ C5zþ C6Þe�z=Le

þ ðC7z
4 þ C8z

3 þ C9z
2

þ C10z� C3 � C6Þeaz; ð3:18cÞ

where the definitions of the coefficients A1 and A2;
B1–B6 and C1–C10 are shown in the Appendix A,
and

a ¼ �d�1E � if ; ð3:19aÞ

dE ¼ ½ð2QScÞ�1 þ e
�1; ð3:19bÞ

e ¼
ðQScÞ�2 þ ½ðQScÞ�4 þ 16ðTe=QÞ

2
1=2

8

( )1=2

;

ð3:19cÞ

f ¼

Te

Tej j
�ðQScÞ�2 þ ½ðQScÞ�4 þ 16ðTe=QÞ

2
1=2

8

( )1=2

:

ð3:19dÞ

The combined effect due to precession and spin on
the amplitude of induced velocity are accounted
for by the parameter Te of Eq. (3.12).
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4. The induced flow

From Eq. (3.18) one can see, whether the
viscosity is constant or variable, the direction of
the induced flow varies with time periodically with
a frequency equal to the spin angular velocity O:
The induced velocity varies with the height of the
tank and can be separated into three components
of different length scales. The first component is
of the length scale of the solute boundary
layer, varying vertically with the exponential

function e�z and will be called the solutal-layer
flow. The second component is of the length
scale of the thermal boundary layer, varying
with e�z=Le and will be called the thermal-layer
flow. The third component varies its magnitude
with e�z=dE and changes its direction with a period
2p=f ; being apparently a kind of spiral Ekman
flow and will accordingly be called the Ekman-
layer flow.
To illustrate more clearly the variation of these

three components, we show in Fig. 2 the variations

Fig. 2. An example of the induced flow. (a) The velocity amplitudes along the z-axis of the three components: the solutal layer flow, the

thermal layer flow, and the Ekman layer flow. (b) The phase angle variations of the three flow components; the phase of Ekman layer

flow changes periodically with height. (c) The three-dimensional velocity profile of the induced flow, showing that the spiral structure is

mainly confined to a shallow layer above the melt/mush interface.
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of both the velocity magnitude and the direction
along with the tank height for the case Te ¼ 1;
Rc ¼ 10;Rt ¼ 250;Le ¼ 3600; Sc ¼ 81; which cor-
responds to the aqueous ammonium chloride
solution of constant viscosity (i.e. g ¼ 0) under
small angular velocity rotation (such as 1 rpm)
with an inclined angle about 101. It is seen from
Fig. 2(a) that both the solutal-layer flow and the
Ekman-layer flow are of the maximum velocity at
the melt/solid interface and decay exponentially
with height, while the thermal layer flow is
essentially of constant velocity along the height
and is of largest velocity compared to the other
two components. By combining these three com-
ponents, the induced flow vanishes at the interface,
satisfying the boundary condition, while increases
its velocity exponentially with height within the
region where both the solutal-layer flow and
Ekman-layer flow decay upwards. After reaching
the maximum, the induced flow velocity reduces a
bit and remains to be that of thermal-layer flow up
to the far field. In other words, the induced flow is
dominated by the thermal-layer flow in a large
region of the melt, while both the solutal-layer
flow and the Ekman-layer flow contribute to the
induced flow by reducing the thermal-layer flow
exponentially to zero when across the shallow
region above the interface.
On the other hand, the three component-flows

are of different directions, which can be seen from
Fig. 2(b) where fu is the phase angle of Ub: The
solutal-layer flow and the thermal-layer flow are of
constant directions, differing from the direction of
gravity by 451 and 901, respectively, while the
direction of Ekman-layer flow changes periodically
with height, forming the main body of spiral
structure. To illustrate the spiral structure, we
show the velocity vector in Fig. 2(c) that the
induced flow in the far field stays in the y2z plane,
while near the interface the flow has a component
in x-direction. This component has its maximum
on the interface and decays rapidly with height.
Note that the direction of thermal-layer flow on
the interface is virtually opposite to that of
Ekman-layer flow, the combination of these two
component-flows therefore becomes a flow of
small velocity, which is then vanished due to the
solutal-layer flow, leading to the non-slip condi-

tion on the interface. At zE3:2; on the other hand,
the Ekman-layer flow and the thermal-layer flow
are of the same direction, resulting in the largest
amplitude of the induced flow velocity. A small
contribution is made by the solutal-layer flow,
which modified a little the position of maximum
velocity.
The coefficients of the induced flow velocity of

Eq. (3.18) contain the parameter Sn; indicating
that the induced flow is a result of the imbalance
between gravity and pressure gradient along x2y
plane when the angle between these two forces is
larger than zero. On the other hand, one may infer
that as the system is rotating with respect to the
vertical axis, i.e. the gravity and the pressure
gradient are in the same direction, they will have
no induced flow irrespective of the fluid viscosity
being constant or variable. Because of the inclined
rotation, the fluid is driven by the resultant force
of gravity and pressure gradient to move parallel
along the x2y plane. When the rotation includes
spin, the induced flow varies periodically with a
frequency O; the spin angular velocity, because
both the gravity and pressure gradient change their
directions with O: While this case cannot be
applied to the case of precession, since the phase
angle difference between the induced flow and the
gravity is independent of time, implying that the
induced flow due to precession shall be a steady
flow. This physical explanation can also apply to
the occurrence of the three component-flows: Both
the thermal-layer flow and the solutal-layer flow
are the results of system inclination while the
Ekman-layer flow has mainly resulted from system
rotation. In brief, one may conclude that the
induced flow is driven by system inclination and is
modified by the system rotation.

5. The physical parameter effects

In the present system there are several para-
meters affecting the structure of induced flow.
They are the effective Taylor number Te; the
solutal Rayleigh number Rc; the thermal Rayleigh
number Rt; and the Lewis number Le:We examine
the effects of these parameters while consider the
fluid having constant viscosity, i.e. g ¼ 0: On the
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other hand, we also consider the variable viscosity
effect on the induced flow, which turns out to be
crucial and complicated. The solution of the
induced flow is shown in Eqs. (3.18) and (3.19),
based on which the following discussion is made.

5.1. Effective Taylor number effect

The induced flow is affected by three physical
parameters accounting for the inclined rotation:
the inclined angle, the rotation speed, and the
sense of rotation. As indicated by Chung and Chen
[11], a larger inclined angle leads to a larger
induced flow, a higher rotation speed induces a
flow of smaller velocity, and the senses of spin and
precession modify the induced flow. The effective
Taylor number defined in Eq. (3.12) is able to
account for the combined effect of these three
physical parameters. According to Eq. (3.12), a
larger Te does not necessarily imply either larger
spin speed or larger precession speed, depending
on the relative sense between spin and precession
and the inclination angle (accounted for by Cn) as
well. For example, as both spin and precession are
of the same sense, i.e. np ¼ ns ¼ 0; a larger Te

means a smaller inclined angle and/or higher spin

speed (accounted for by Tas) and precession speed
(by Tap). As spin and precession are of different
sense of rotation, for example np ¼ 1; ns ¼ 0; the
relation among Te; Cn; Tap and Tas is rather mixed,
no general trend can be followed with. We shall
therefore consider the first case, i.e. np ¼ ns ¼ 0; to
interpret the results regarding the effect of Te:
A typical result is shown in Fig. 3(a), showing

that the induced flow velocity decreases as Te

increases, or equivalently the induced flow is
inhibited by a higher rotation speed through the
action of Coriolis force. In other words, because
the Coriolis force balances with the induced flow
and rotation, the induced velocity must accord-
ingly decrease as the rotation speed increases
(larger Te). On the other hand, a larger inclination
angle (a smaller Cn and a smaller Te) leads to a
larger induced flow because the buoyancy compo-
nent along the melt/solid interface increases. We
note that the induced flow is also seen in the case
as Te-0; implying clearly that the flow is induced
by inclination, not by rotation. The Te effect on
the direction of the induced flow is constrained in
the shallow layer above the interface (Fig. 3(b))
because its influence is significant only on the
Ekman-layer flow, while is negligible on the

Fig. 3. The effective Taylor number ðTeÞ effect on the induced flow. A higher Te leads to an induced flow of smaller velocity amplitude.

(a) The velocity amplitude (b) the phase angle.
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solutal-layer flow and is of virtually no influence
on the thermal-layer flow.

5.2. Solutal Rayleigh number effect

The effect of solutal Rayleigh number is shown
in Fig. 4 for the case Te ¼ 1;Rt ¼ 250 and Le ¼
3600: It is known that solutal Rayleigh number
generally accounts for the density gradient due to
solute variation in z-direction and thus the buoy-
ancy to drive convection. Because of the solutal
gradient, a change of Rc will influence both the
solutal-layer and the Ekman-layer flows because of
the interaction between Coriolis force and the
buoyancy. As a result, the influence of Rc is
confined within the region in which the spiral-flow
structure prevails while it has virtually no influence
on the thermal-layer flow which dominates the
induced flow beyond the spiral-region. The results
of Fig. 4 show that, as Rc is small (=10–100), its
effect on either the solutal-layer flow or the
Ekman-layer flow is negligible so that the induced
flow is dominated by the thermal-layer flow. As Rc

is large enough, its effect on both solutal-layer flow
and Ekman-layer flow prevails, resulting in a
dramatic change of velocity profile (in both
amplitude and direction) within the spiral-region.

By and large, the induced flow increases dramati-
cally the velocity within the shallow region above
the interface and then decreases dramatically
within another shallow region, and finally in-
creases again to approach the thermal-layer flow in
the outer region of the melt. On the other hand, an
increase of Rc leads to an increase of velocity
gradient above the interface, which may in turn
influence the stability of morphology of the
interface. It is therefore an important factor for
precise control during the solidification process.

5.3. Thermal Rayleigh number effect

The thermal Rayleigh number Rt accounts for
the density gradient due to temperature variation,
which is a stabilizing factor for convective flow
while it is a driving force to the induced flow when
interacting with the Coriolis force. Accordingly, a
change of Rt influences both the thermal-layer and
Ekman-layer flows, as shown in Fig. 5 in which the
case Te ¼ 1;Rc ¼ 10 and Le ¼ 3600 is considered.
As Rt increases, both the thermal-layer and
Ekman-layer flows increase their velocity ampli-
tude, and as a result, the induced flow becomes
more intensive (Fig. 5(a)). On the other hand, Rt

has insignificant influence on the direction of

Fig. 4. The effect due to solutal Rayleigh number ðRcÞ variation, which contributes more significantly on the change of phase angle

than the amplitude. (a) The velocity amplitude (b) the phase angle.
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induced flow (Fig. 5(b)), because most of the Rt-
effect is reflected through the change of thermal-
layer flow, which does not change the direction in
the melt.

5.4. Lewis number effect

Lewis number Le accounts for the ratio of
thermal diffusivity to solutal diffusivity, or equiva-
lently for the relative thickness of thermal bound-
ary layer to solutal boundary layer above the
interface. Namely, a larger Le means a thicker
thermal boundary layer above the interface in
comparison with the solutal boundary layer.
Accordingly, as Le increases, the thermal gradient
interacts with the Coriolis force in a thicker layer
above the interface, resulting in a more intense
induced flow (Fig. 6(a)). As Le decreases, on the
other hand, the induced flow is less intense and the
change of direction of the flow within the spiral-
region is more obvious (Fig. 6(b)) because the
solutal-gradient is becoming active in a thicker
solutal boundary layer.

5.5. The induced flow of variable viscosity

To investigate the variable-viscosity effect on the
induced flow, we consider the viscosity variation

ranging from g ¼ 0 to 10, which accounts for an
e10-fold (or a more than 20000-fold) change of
viscosity due to temperature variation. The analy-
tical solution of the induced flow is shown in
Eqs. (3.18) and (3.19) and some typical results are
shown in Fig. 7 for the case Rt ¼ 250 and Te ¼ 1
when Rc; Le and g vary. Results of Fig. 7 show
that the influence of variable-viscosity, accounted
for by changing g; varies for different Rc and Le.
As Le is small, see Figs. 7(a), (d) and (g), a small
Rc (=10) leads to a larger viscosity in a larger
region above the interface, resulting in that the
induced flow is retarded by the large viscosity in a
larger region. As Rc increases, the induced flow is
confined to the shallower region above the inter-
face because of the increasing prevailing of the
interaction between buoyancy and Coriolis force
within this region. The induced flow is virtually
vanished when g is large, implying that the
importance of viscosity-variation predominates
when Rc is large.
As Le becomes large, the importance of

viscosity-variation accounted for by varying g
decreases, as shown by Figs. 7(b), (e) and (h). This
is obviously due to the fact that the change of
viscosity in this case has little effect on the induced
flow, which can be seen also from Figs. 7(c), (f)
and (i) where the effect of viscosity variation is

Fig. 5. The effect due to thermal Rayleigh number ðRtÞ variation, which contributes mainly on the velocity amplitude while has no

influence on the phase angle. In general, a larger Rt results in a larger induced flow. (a) The velocity amplitude (b) the phase angle.
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very small. A larger Le implies a thicker thermal
boundary layer, so that the viscosity contrast
across the boundary layer is smaller than the case
of smaller Le provided that the temperature
difference across thermal boundary layer is the
same. Consequently, as Le is large enough (such as
3600), the viscosity contrast across thermal
boundary layer is relatively small, and therefore
the influence due to temperature-dependent visc-
osity on the induced flow is also small.

6. Concluding remarks

We have investigated analytically the flow in the
directional-solidifying melt under inclined rotation
including spin and precession. Results show that
the flow is driven by the gravity component along
the melt/solid interface and is modified by the
rotation including spin and precession through the
interaction between the Coriolis force and the
density gradient. The induced flow moves parallel
to the interface while it changes the direction along
the direction perpendicular to the interface, form-
ing a spiral structure like an Ekman flow. Neither
of the temperature nor the concentration distribu-
tion is influenced by the formation of induced
flow. The induced flow consists of three compo-

nents: the solutal layer flow, the thermal layer
flow, and the Ekman layer flow; the third
component dominates the induced flow by chan-
ging the flow direction periodically along vertical
axis. The induced flow is influenced by the
following physical parameters:

(a) The effective Taylor number ðTeÞ: The induced
flow increases its velocity when inclined angle
is larger, decreases when rotation speed is
larger, and is modified by the senses of spin
and precession. The effective Taylor number
defined in Eq. (3.12) is able to account for the
combined effect of these three physical factors,
leading to the fact that a smaller Te results in a
more intensive induced flow.

(b) The solutal Rayleigh number ðRcÞ: an increase
of Rc leads to an increase of velocity gradient
above the melt/solid interface, which may in
turn change the morphology of the interface
and the quality of the final casting. It is
therefore an important factor to the manu-
facture of high quality casting via a precise
control on the solidification process.

(c) The thermal Rayleigh number ðRtÞ: As Rt

increases, the induced flow becomes more
intensive because, through the interaction
with the Coriolis force, the thermal gradient

Fig. 6. The effect due to Lewis number ðLeÞ variation. A larger Le leads to a larger induced flow. (a) The velocity amplitude (b) the

phase angle.
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is a driving force to the formation of induced
flow.

(d) The Lewis number ðLeÞ: A larger Le means a
thicker thermal boundary layer above the
interface in comparison with the solutal
boundary layer. Accordingly, as Le increases,
the thermal gradient interacts with the Cor-
iolis force in a thicker layer above the inter-
face, resulting in a more intense induced flow.

(e) The temperature-dependent viscosity: The
effect due to viscosity variation is smaller
when either Rc or Le becomes larger. This is
because, in general, the thickness of the
thermal boundary layer plays a crucial role
in determining the intensity of induced flow: a
larger viscosity contrast across the thermal
boundary layer leads to a more significant
influence on the induced flow.

Fig. 7. The effect of viscosity variation for different Rc and Le: (a) Rc ¼ 10;Le ¼ 300: (b) Rc ¼ 10;Le ¼ 1000: (c) Rc ¼ 10;Le ¼ 3600:
(d) Rc ¼ 100;Le ¼ 300: (e) Rc ¼ 100;Le ¼ 1000: (f) Rc ¼ 100;Le ¼ 3600: (g) Rc ¼ 500;Le ¼ 300: (h) Rc ¼ 500;Le ¼ 1000: (i) Rc ¼
500;Le ¼ 3600:

M. Hsing Chang, F. Chen / Journal of Crystal Growth 233 (2001) 881–896894



Acknowledgements

The financial support to this research by
National Science Council through NSC 89-2212-
E-002-124 is gratefully acknowledged.

Appendix A

The coefficients of Eqs. (3.18a)–(3.18c) are
shown as follows:

A1 ¼ �
SnRcGc

Dc
eifc ; ðA:1Þ

A2 ¼ �
SnRtLeGl

Dt
eift ; ðA:2Þ

B1 ¼
QBA1

Dc
eifc ; ðA:3Þ

B2 ¼
ð2Q� 1=ScÞB1

Dc
eifc � B1; ðA:4Þ

B3 ¼
QBA2

Le2Dt
eift ; ðA:5Þ

B4 ¼
ð2Q=Le� 1=ScÞB3

Dt
eift � LeB3; ðA:6Þ

B5 ¼ �QBðA1 þ A2Þa2=ð4Qaþ 2=ScÞ; ðA:7Þ

B6 ¼ �½QBðA1 þ A2Þaþ 2QB5
=ð2aQþ 1=ScÞ;

ðA:8Þ

C1 ¼
QB½B1 � ð1þ BÞA1=2


Dc
eifc ; ðA:9Þ

C2 ¼

QB½B2 � 3B1 þ ð1þ BÞA1
 þ ð4Q� 2=ScÞC1

Dc
eifc ;

ðA:10Þ

C3 ¼
QBðB1 � B2Þ þ ð2Q� 1=ScÞC2 � 2QC1

Dc
eifc ;

ðA:11Þ

C4 ¼
QB½B3 � ð1þ BÞA2=2


Le2Dt
eift ; ðA:12Þ

C5 ¼

QB½B4=Le
2 � 3B3=Leþ ð1þ BÞA2=Le
 þ ð4Q=Le� 2=ScÞC4

Dt

� e
ift ; ðA:13Þ

C6 ¼

QBðB3 � B4=LeÞ � 2QC4 þ ð2Q=Le� 1=ScÞC5

Dt
� eift ; ðA:14Þ

C7 ¼ QBa2B5=ð8Qaþ 4=ScÞ; ðA:15Þ

C8 ¼fQB½a2B6 þ 5aB5

þ ð1þ BÞðA1 þ A2Þa2=2
 � 12QC7g=

ð6Qaþ 3=ScÞ ðA:16Þ

C9 ¼fQB½3aB6 þ 4B5 � ðB2 þ B4Þa2

þ ð1þ BÞðA1 þ A2Þa
 � 6QC8g=

ð4Qaþ 2=ScÞ; ðA:17Þ

C10 ¼fQB½B6 � ðB2 þ B4Þa
 � 2QC9g=

ð2Qaþ 1=ScÞ; ðA:18Þ

where

Dc ¼ ½ðQ� 1=ScÞ2 þ T2
e 

1=2;

cosfc ¼
Q� 1=Sc

Dc
;

sinfc ¼
Te

Dc
;

Dt ¼ ½ðQLe�2 � Sc�1Le�1Þ2 þ T2
e 

1=2;

cos ft ¼
½QLe�2 � ðScLeÞ�1


Dt
;

sinft ¼
Te

Dt
: ðA:19Þ
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