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Modelling and optimal controller design of networked control systems with multiple delays

Introduction

FENG-LI LIANt*, JAMES MOYNE} and DAWN TILBURY§

In this paper we discuss the modelling and control of networked control systems (NCS) where sensors, actuators and
controllers are distributed and interconnected by a common communication network. Multiple distributed communica-
tion delays as well as multiple inputs and multiple outputs (MIMO) are considered in the modelling algorithm. In
addition, the asynchronous sampling mechanisms of distributed sensors are characterized to obtain the actual time
delays between sensors and the controller. Due to the characteristics of a network architecture, piecewise constant
plant inputs are assumed and discrete-time models of plant and controller dynamics are adopted to analyse the stability
and performance of a closed-loop NCS. The analysis result is used to verify the stability and performance of an NCS
without considering the impact of multiple time delays in the controller design. In addition, the proposed NCS model is
used as a foundation for optimal controller design. The proposed control algorithm utilizes the information of delayed
signals and improves the control performance of a control system encountering distributed communication delays.
Several simulation studies are provided to verify the control performance of the proposed controller design.

ture from point-to-point to common-bus, however,

A major trend in modern industrial and commercial
systems is to integrate computing, communication, and
control into different levels of machine/factory opera-
tions and information processes. The traditional com-
munication architecture for control systems, which has
been successfully implemented in industry for decades, is
point-to-point; that is, a wire connects the central con-
trol computer with each sensor or actuator point.
However, expanding physical setups and functionality
are pushing the limits of the point-to-point architecture.
Hence, a traditional centralized point-to-point control
system is no longer suitable to meet new requirements,
such as modularity, decentralization of control, inte-
grated diagnostics, quick and easy maintenance and
low cost. The introduction of common-bus network
architectures can improve the efficiency, flexibility and
reliability of these integrated applications through
reduced wiring and distributed intelligence, and reduce
installation, reconfiguration and maintenance time and
costs.

These types of distributed control systems are called
networked control systems (NCS): sensors, actuators,
and controllers are interconnected by one communica-
tion network. The change of communication architec-
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introduces different forms of time delay uncertainty
between sensors, actuators and controllers. These time
delays come from the time sharing of the communica-
tion medium as well as the computation time required
for physical signal coding and communication pro-
cessing. The characteristics of time delays can be con-
stant, bounded or even random, depending on the
network protocols adopted and the chosen hardware.
It is well known in control systems that time delays
can degrade a system’s performance and even cause
system instability. However, though the analysis and
modelling of time-delay systems has been a progressive
research area, existing methodologies cannot be directly
applied due to the discrete and distributed nature of the
many different time delays in NCSs.

Most NCS research has focused on two areas: com-
munication protocols and controller design. A proper
message transmission protocol is necessary to guarantee
the network quality of service, whereas advanced con-
troller design is desirable to guarantee the control qual-
ity of performance. In this paper we consider the
modelling of an NCS with multiple communication
delays and formulate and solve the optimal control
problem based on the proposed discrete-time time-
delay model. In §2, we survey existing results on time-
delay systems and networked control systems. In § 3, we
discuss the problem formulation and assumptions used
in the discrete-time modelling algorithm. In §4, we
address the delay impact on plant and controller
dynamics. In §5, we provide an example to illustrate
the stability analysis of the proposed modelling
approach. Based on the proposed modelling framework,
we formulate an optimal controller in §6. We present
simulation result of the proposed controller design in § 7.

Street, Ann Arbor, MI 48109-2125, USA. e-mail: In §8, we summarize the results of the proposed model-
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2. Related work

In this section we discuss related research on analysis
of time-delay systems and modelling of control of net-
worked control systems.

2.1. Analysis of time-delay systems

Modelling and control of NCSs is based on the time-
delay systems analysis framework which has been
studied for several decades. In general, delays occur in
the transmission of signals or materials between differ-
ent subsystems. Large-scale systems such as communi-
cation systems, manufacturing systems, transportation
systems, power systems and teleoperation systems are
typical examples of time-delay systems (Malek-Zavarei
and Jamshidi 1987). There have been two approaches
used to analyse the stability of time-delay systems: clas-
sical (frequency domain) and functional (time domain)
approaches (Oguztéreli 1966, Marshall 1979, Goérecki
et al. 1989) The classical approach utilizes analytical
or graphical methods to find the roots of the character-
istic equation of a dynamic system. Since delays appear
in the characteristic equation as exponential functions,
analytical techniques are developed to find solutions of a
quasi-polynomial. Alternatively, the Padé approxima-
tion to the time delay can be used to obtain a pure poly-
nomial. In addition, standard graphical methods such as
the root locus, Bode plot and Nyquist diagram can be
further modified to analyse delayed polynomials or
transfer functions. For a discrete-time system with
time delays, the system stability can also be easily ver-
ified by the root locus analysis in the z-domain (Franklin
et al. 1998).

The functional approach, on the other hand, uses
delay-differential equations to characterize systems
with delays in the state, input or both. Multiple delays
(Hsiao and Hwang 1997, Gu 1999) and time-varying
delays (Goubet-Bartholoméiis et al. 1997, Gu et al.
1998) can be modelled in a similar setting. Based on
standard algorithms from functional analysis, solutions
of delay-differential equations can be constructed,
and their stability can be analysed using Lyapunov’s
second methods such as Lyapunov—Krasovskii and/or
Lyapunov—Razumikhin stability theorems (Dugard
and Verrest 1998).

Since time delays in most applications are considered
non-deterministic parameters, controller design for
time-delay systems typically uses either a robust or
stochastic control approach. Robust H_, controllers
can be designed based on the known system structure
or delay uncertainty. Uncertainties in both the system
matrix and the input matrix can be included in the
delay-differential dynamic equation. Moreover, using a
linear matrix inequality (LMI) approach, system stab-
ility and performance can be analysed and guaranteed

(Jeung et al. 1996, Li and de Souza 1997, Luo et al.
1998).

These modelling and analysis approaches developed
for time-delay systems can only be used as a foundation
for analysing the time-delay effects in NCSs. Since all
devices in an NCS are distributed on one common-bus
network, sample-and-hold and time skew among
samples are typical and result in an inherent asynchro-
nization in the system model. Also, due to the distri-
bution of actuators and the network communication
mechanism, the system inputs are piecewise constant
with delays, rather than continuous. These properties
have not been discussed in previous time-delay analyses;
thus further research is needed to model and analyse
NCSs.

2.2. Modelling and control of networked control
systems

Research in NCSs is different from that in tradi-
tional time-delay systems. Because of the variability of
network-induced time delays, the NCSs may be time-
varying systems, making analysis and design more chal-
lenging. Wittenmark ez al. (1995) discussed several tim-
ing issues such as communication and computation
delays, processor jitter and transient errors existing in
NCSs. These timing issues must be addressed when
deriving a discrete-time state-space model. In their sub-
sequent work, a discrete-time model with a single sen-
sor-controller delay and a single controller-actuator
delay was studied and a stochastic controller design
was designed (Nilsson and Bernhardsson 1997, Nilsson
et al. 1998). Nilsson (1998) studied the case with mul-
tiple sensor-controller and controller-actuator delays;
only the case where the total maximum network delay
is less than one controller sampling period was consid-
ered.

Recently research on the analysis and modelling of
NCSs has been conducted using continuous-time and
discrete-time models. It is more natural to analyse an
NCS from the discrete-time point of view since in a
typical NCS operation, physical signals (from sensors
or to actuators) are sampled and then transmitted on
the network medium after a short delay. For discrete-
time models, most researchers assume that the network
is synchronized and the sampling rates of sensors, con-
trollers and actuators are the same. Halevi and Ray
(1988) considered the case of a single time delay for
sensor-controller and controller-actuator and a single
time skew between sensor and controller sampling
instants. They used the augmented state to include the
past delayed signals and derived a closed-loop model for
NCSs.

Krtolica et al. (1994) derived a discrete-time time-
varying state-space representation of NCSs with
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random network delays by using the augmented states
to include past plant and controller states. The total
number of states used depends on the possible range
of sensor-controller and controller-actuator delays.
Since the maximum possible number of network delays
is bounded, and the closed-loop system is a discrete-time
model, the system matrix can be viewed as a finite auto-
maton with finite states. The stability analysis of such a
system can be further described by a Markov chain with
finite state transitions.

Branicky et al. (2000) considered a simplified NCS
model where the sensor-controller and controller-actua-
tor delays are lumped together. Their study only con-
sidered the case where the lumped time delay is less than
one sampling period; the stability regions for the NCS
model were investigated based on the lumped delay. In
practical applications, however, sensor-controller and
controller-actuator delays are different and time-varying
at different networked devices due to the network trans-
mission mechanism. Hence, a proper time delay profile
in NCSs should be characterized based on the network
transmission bandwidth and control system bandwidth.

Continuous-time NCS models were also considered
by several researchers. Goktas et al. (1996, 1997) used a
modified Padé approximation and considered the net-
work delay as an uncertainty. They designed a robust
controller to compensate for the uncertain delay in an
ATM network. Kim et al. (1996) used a Lyapunov
approach to obtain the maximum allowable delay
bound for the stability of a network delayed system. A
scheduling algorithm for determining the sampling rate
and allocating bandwidth was also provided. Walsh et al.
(1999 a, b) also adopted the Lyapunov approach on a
continuous-time model to obtain the maximum allow-
able transfer interval and to analyse the stability of the
closed-loop system. They further analysed the impact of
different scheduling algorithms on the maximum allow-
able transfer interval. However, only a conservative
delay bound was obtained. The impact of delay variance
on control performance is discussed in these works, but
is not formally characterized.

In practical applications, however, sensor-controller
and controller-actuator delays are different and time-
varying at different networked devices due to the net-
work transmission mechanism. An NCS should be
modelled based on the characteristics of network-
induced delays and the consideration of network and
control parameters. Furthermore, controllers should
be designed based on the NCS model, taking into
account the delay information. Therefore, in this
paper, a discrete-time model of NCSs with multiple
inputs and multiple outputs (MIMO) and multiple dis-
tributed communication delays is derived. In addition,
the asynchronous sampling mechanisms of distributed
sensors are characterized to obtain the actual time

delays between sensors and the controller. Based on
the proposed NCS model, the stability and performance
of a closed-loop system with a standard controller are
analysed, and a linear quadratic regulator (LQR) opti-
mal control is formulated to compensate for the multiple
time delays. A preliminary version of this work was
presented in Lian et al. (2001 b, 2002 b).

3. Problem formulation and assumptions

Consider the block diagram of a networked control
system with a single controller, but multiple sensors and
multiple actuators as shown in figure 1. There are N
states (x), M inputs (u), and R outputs (y) in the plant
dynamics model, and Q states (z), R inputs (w), and M
outputs (v), in the controller dynamics model, i.e. M
actuators, R sensors and one controller, where
N,M,R and Q are positive constant integers. We use
s,r=12....R and a,,m=1,2,..., M to represent
the sensor-controller and controller-actuator delays, re-
spectively. The variables w, and u,, are the delayed y,
and v, signals, respectively. The relationships between
these variables will be addressed later. In the following
discussion, we present the system models in continuous
time and discrete time. In this paper, time is denoted by ¢
for the continuous-time domain and k for the discrete-
time domain.

In figure 1, the continuous-time, state-space model of
the linear time-invariant plant dynamics G, can be
described by the standard form

x(1) = A,x(1) + B,u(r) }
y(1) = Cx(1)

where x(¢) € RY u(7) € R y(r) € R® and the constant

matrices A,, B, and C, are of compatible dimensions.

Since the controller is implemented at one digital com-

puter, the controller is designed in discrete time with a

sampling time 7 and the state-space model of the con-
troller dynamics G, can be expressed as

Zi = FZk + ka
Vi = HZk + JWk

(1)

2)

where  z; éz(k) =z2(kT) e R?, w, éw(k) =wkT) e
RX v, év(k) =v(kT) € R” and the matrices F,G,H
and J are of compatible dimensions. Note that w; is a
delayed version of the sensor output y(¢) at some sam-
pling instant, and similarly, u(z) is a delayed version of
the controller output v,.

In practical applications of networked control
systems, devices are distributed and have their own pro-
cessing units and timing functions. Hence, synchroniza-
tion of all devices is extremely difficult. In this paper, we
assume that the network is not synchronized; each
device may have a different time skew when related to
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Figure 1. The block diagram of a networked control system. Sensors, actuators and controllers in an NCS are distributed and
interconnected by communication networks. NCSs are flexible, reconfigurable and efficient. The information of these devices
can be easily shared by other subsystems. However, time-delays between sensor-controller and controller-actuator are
unavoidable because of the sharing of the communication medium.

the controller sampling instants. We also assume that
the sensor and controller sampling times are the same,
and that actuators respond to actuation commands im-
mediately after receiving the information from the con-
troller. The detailed assumptions and notations used in
this paper are described as follows and are illustrated in
figure 2.

1. The buffer length at the controller for each sensor
and each actuator is equal to one. That is, the
controller only uses the newest sensor messages
and never sends a stale actuator command.

2. As shown in figure 2, the periods of all R sensors
and one controller are identical and equal to T,
but there may be R different time skews, denoted
as A,,r=1,..., R, among these sensor sampling
instants. The definition of A, is the time difference
between the sampling instant of the rth sensor
and the sampling instant of the controller. We
assume that A,s are constant.

3. There are two types of time delays: processing
delay and communication delay. Processing delays
occur at the controller, sensors and actuators, and
are denoted as p(k),pi(k) and pj,(k), respect-
ively. Communication delays between the sensors
and the controller and between the controller and
the actuators are denoted as ci(k) and cj,(k),
respectively. In this paper, we add the processing
delays to the communication delays. The
combined time delays are defined as follows.
The combined sensor processing-communication

delay is ¢i(k) + p;(k) and the combined actuator-
controller processing-communication delay is
a,, (k) = p*(k) + ¢, (k) + py, (k). Hence, in the fol-
lowing discussion, we only consider the combined
time delays. We also assume that these delays are
bounded by one sampling period, that is, the
cases of vacant sampling and message rejection
are not considered in this paper. Note that
a,,(k)s shown in figure 2 are the combined delays.
Detailed discussions of characterizing communi-
cation delays and choosing a proper sampling
period, guaranteeing control performance can be
found in Lian et al. (2001 a, 2002 a), respectively.

. As shown in figure 2, the sensor-controller delay

s.(k) depends on both the time skew A, and the
sampling period T. If ¢i(k)+ pi(k) < A,, then
s.(k) = A,. Otherwise, s,(k) =T+ A,. Here,
we also assume that the time delay is bounded
by the sampling period; that is, max{s,(k),r =
I,...,R} <2T. Note that this assumption is
true for deterministic network protocols such as
token passing or priority-based under normal
traffic load. However, for those networks with a
stochastic medium access control mechanism, this
assumption might not be true.

. Since the controller-actuator delay is a,,(k), the

kth controller sampling interval [(k — 1)T,kT),
can be formulated as [0, T)=
[0, a,,(k))U|an(k), T). Note that if the actua-
tion delay is longer than one sampling period,
then a,,(k) = T. This longer delay may be due
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Figure 2. The timing diagram for sensors, controller, and
actuators in an NCS.

to the blocking of message transmission or using
too small of a sampling period. The first situation
can be improved by further considering network
parameters in system design. For the second
situation, a larger 7 should be chosen.
However, the control performance may degrade
due to a long sampling period. On the other hand,
a smaller sampling period increases the control
performance as well as the system complexity
due to the high network traffic load.

6. In deriving time-delay models, the sensor-control-
ler and controller-actuator delays are assumed
different and time-varying. However, for some
cases of control networks, the message transmis-
sion times could be viewed as constant parameters
as shown in figure 4 of Lian et al. (2002 a). Hence,
for the controller design and illustrative examples

in this paper, constant delays are further
assumed.

7. For any variable 6, we will use § = /T to denote
its value in terms of sampling period. In addition,
we split @ into its integer and fractional parts as
0=0+0,where € Z" and 0 < 0 < 1.

4. Delay impact on plant and controller dynamics

One of the main characteristics of NCSs is the dif-
ferent communication delays between the plant and con-
troller, as shown in figure 1. That is, in general,
u(?)|,_pr # vi and wy # y(#)|,_.r» because of existing
time delays among these signals. The actual values of
these communication delays depend on the network pro-
tocol adopted as well as the network traffic load. In this
section, standard linear systems theory is used to derive
the relation between each pair of variables based on the
assumptions described in § 3.

4.1. Plant input and controller output

We first study the relation between the controller
outputs v, and the plant inputs u(z). Since the actuators
receive controller commands discontinuously, we
assume that the actuator inputs are piecewise constant
as shown in the actuator timing diagram in figure 2.
Hence, for the mth actuator and kT <7< (k+1)T,
the input signal u,,(¢) can be described as

U (1) = Vo (k = D)L (0.4,, () (1) + Vi (k)1 g, 0.7y (1) (3)

where

L) iy (1) = {

That is, u,,(7) is the combination of piecewise constant
functions. For example, consider the first actuator at the
kth sampling instant shown in figure 2. The following
relation holds: ul(t) = Vl(k — I)I(O,al(k)) + V](k)l(a] (k)-,Tllz
for kT <t < (k+ 1)T. Then, u(?) = [uy(2),...,up(1)]
and v(k) = [v;(k),..., vy (k)"

1 if a(k)+kT <t <blk)+kT
0 otherwise

(4)

4.2. Plant model in discrete-time domain

In order to analyse the closed-loop system in dis-
crete-time, we use the following state-space solution of
a first-order matrix differential equation to discretize the
continuous-time plant dynamics model (Franklin et al.
1998)

x(1) = exp(A, (1 = 19))x(10)

t
+| expla - B a9
ly

We first discretize the plant model at the controller sam-
pling instants by applying (5) with ¢y =kT and
t=(k+1)T. For simplicity, we use the notation
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X, 2x(k) = x(kT), A2 xp(A,T), q=¢ —kT and
F(T7 q) é eXp(Ap(T - q))B,; S [RNXM. Then

Xpr1 = AX; + j exp(A,(T — q))B,u(kT + g)dg

- AXk + ZJ m T »q um(kT+ Q) dq (6)
m=1

where I',, € R¥! and u,, € R, m=1,...,M are the
components of I' and u, respectively. Now, because
the actuator commands arrive at different times within
the sample interval, u, 1is not constant over
[kT ( +1)T]. From (3), we can compute
Iy (T, @), (KT + ) dg as

u”’l (/C)

T
j T, (T. q)un (KT + ) dg = j L0 (T, gy (k — 1) dg
0 0

T
+j T, (T,q)vm(k) dg

ay (k)
=B, (k) v,k — 1)
+ By, (k)v,, (k) (7)

where we also use the timing relations in Assumption 5
and the following definitions: B, (k) = 2 f(;l”’(k) I,,(T,q)dq
and B, (k )A LT ®) I,,(T,q)dq. Therefore, by applying
(7) to (6), we have

M 1
X1 = AXg + > Y B (k)v,(k — ) (8)

m=1 j=0

By further exchanging the order of summations and
letting B = [B{(k) Bj(k) --- Bj, (k)] and v, ;=
vi(k —j) va(k—j) --- vy (k—j)]", we have the deri-
vation

1M
Xk+1:Axk+ZZB k)v(k =)

j=0 m=1
= AXk + Bgvk + B/lch,l (9)

In (9), A is time-invariant because it is independent of
the delay variables a,,(k), but the B/s will depend on the
values of a,,(k)s. Therefore, if these a,,(k)s depend on k,
the NCS model will be time-varying.

4.3. State value between sampling instants

Because the sampling of sensors happens between
the sampling instants of the controller, we need to derive
the formula for the state values between sampling
instants, i.e. x((k+ 1)T —6T), where 0 <5< 1. By
using (5) again with 1y =kT and t = (k+ 1 —6)T

X((k+1—=6)T) = Asxg + By + Bv_ (10)

where  As = exp(A,(T - 6T)), Bj(k) e RV and

Vi € RM*! Note that A is not constant but depends
on 6, in contrast to A in (6), and B/(k) can be formu-
lated similarly to B’ If 0 < 6T < T —a,(k), then the
mth elements of B5(k) and Bé(k) dre Bém(k) 2
[ oTu(T, q)dg.  and B, (k)= ["“'T,(T,q)dg.
respectively. If T — a,,(k) < 6T < T then the mth ele-
ments of Bé(k) and B}(k) are B, (k) £0, and
B}, (k Jo (T, q)dq, respectively.

4.4. Plant output and controller input

Similarly, for plant outputs y(¢) and controller
inputs w,, we have the following relation due to the
communication delays between the sensors and the con-
troller. By Assumption 6 and for simplicity, we have the
following equation for the rth sensor-controller delay:
s.(k) =[35.(k) T =[5,(k) +5.(k) ] T, where §, is an inte-
ger and 0 < §, < 1. Therefore, for any value of s,(k) and

by (10)
X(kT — 5,(k)) = x((k — 3,(k))T — 5,(k)T)

= Af,v(k)xk—l—s“r(k)

1
+ z(; B (k=1 =35,(k))
J=

X ¥(k = 1= §,(k) — j)
(11)

where we let 6 = 5,.(k) in (10). Equation (11) can then be
used to compute the value of the plant output. At the
kth sampling instant, the values of the plant output
received by the controller are (see figure 1)

[wi(kT)) V(KT — s51(k))
W, = =
| wr(kT) Vr(ET — sg(k))
[ C\x(kT — s, (k)) CrAs (0 Xk—1-5, (k)
| Crx(KT — sg(k)) CRAG, (1) Xk~ 1-54 (k)
C Yo B (k= 1= 8 (k)v(k — 1 = (k) — )
J’_
CrYio BéR(k> (k=1 —38g(k))v(k — 1 = 3g(k) — )
2 . 3 .
= Opxe i+ > By (12)
i=1 i=1
where
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il oo .
®k C,‘Ag’(k), if Sr(k) =i—1
O, = N S
o 0, otherwise
and
_ C.BY y(k—1) if i=1
o}
D= | |, O = C[B (k= 1)+ By (k—2)], if i=2
ojf
C.B{ ;) (k—2) if i=3

4.5. Closed-loop model of NCSs

In order to analyse the system property and provide
guidelines for controller design, we will derive the
closed-loop model that combines the discrete-time
plant model (9), controller model (2), and (12).

Xii1 = Ax; + BY[Hz, + Jw,] + Blv, |
= Ax; + BHz,
>

3
Z Oix;; + Z AT

i=1 i=1

+BYJ +Bivey  (13)

Also, the controller dynamics (2) can be further
expressed as

2

3
Z O)x;_; + Z (D;c"ki] (14)

i=1 i=1

2 3
Z QX + Z (D;cvki‘| (15)

i=1 i=1

2 =Fz + G

Vk:HZk+J

By further combining (13)—(15) and defining

B A T T,.T .T .T 1T 3N+Q+3R
Xi = [Xk Xpo1 X2 | 2 | Vi Vea Vi3] €R

we obtain the closed-loop dynamics as

Xir1 = B Xy (16)
where
E(1,1) E(1,2) E(1,3)
Er= | Ex(2,1) E.(2,2) E.(2,3)
Z:(3,1) E(3,2) Z:(3,3)
€ RONHOTIR)X(3N+Q+3R) (17)

The variables E(i, j) are defined as

A BUO BUO| vy

5 (1,1) =

Lyxon 0rnn

B'H

2NxQ

c [R3N><Q

[l

k(172) = [

B)J®, + B, BlJ®; BlJ®;
k(lv 3) =

c [R3N><3R

)]

0rn53r

)]

L(2,1) = [ow GO, G@ﬂ € ROV

]

+(2,2) =F e R2*¢
«(2,3) = [G®} Gd} GO} € ROF

]

Ek(37 1) — 0R><N JO}( J@i c R}RX3N
L O2R><3N
[ H
2(3,2) = } e R¥**Q
_02R><Q
oL IO} IO} eax
E:(3,3) = 2 - e R
I2R><2R 02R><R

The closed-loop system could be time-varying since E;
will depend on the network delay characteristics. If the
network delays are constant, then the closed-loop
system will be time-invariant.

At the first step of analysis procedures, we assume
the controller has been designed. Then the bound for
different network delays can be found based on the stab-
ility criterion that all the eigenvalues of E; are less than
1. However, in the MIMO case, there are M + R differ-
ent time delays and it is very difficult to determine the
upper bound of delay values. The models (13)—(15) pro-
vide the system structure under network delays. For the
controller design, although the exact value of the system
matrices are unknown, an estimation algorithm can be
developed to identify on-line the constant system par-
ameters when the system has constant network delays.
For random time delays due to a network protocol or
random processing times, a stochastic controller may be
used to guarantee stability and performance (Krtolica
et al. 1994, Tsai and Ray 1997, Nilsson et al. 1998).

5. Tllustrative example of NCS stability analysis

In this section, we consider a two-axis example of a
three-axis milling machine tool. Each axis moves on a
linear slide and is driven through a ball screw by a DC
motor with a tachometer which provides an angular vel-
ocity measurement. The DC motor is driven by a PWM
drive. Each axis also has a linear encoder that provides
linear position measurement. Therefore, both position
and velocity feedback are available. The two axes oper-
ate independently. The time constants 7 (sec) for each
axis are 0.055 (X) and 0.056 (Y) and the overall gains K
((mm/s)/PWM) are 28.346 (X) and 28.956 (Y), respect-
ively.

Then, we define x; = P, x, =V, x3=P,, x4 =V,
u; = u, and u, = u,, where P; and V; are the position
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and velocity variables of the i-axis. The state space form
of the two-axis system can be expressed as

X o 1 0 0 Xy

) 0 —1818 0 0 X

“l 1o o o X

X4 0 0 0 —17.86] |Lx
0 0

51538 0 "
+

0 0

Up
0 517.07

We further assume that ¢, (k) + py(k) < A,, a,(k) < T
and max(a,) < T —max(s,), for r=1,...,4 and
m = 1,2, respectively. These assumptions can be
achieved by properly selecting the sampling period T
given sensing and actuation delays. Based on
Assumptions 4 and 5 in §3, we have the following
relations: s, = A,, for r=1,...,4. Hence, from (3),
the plant input signals u;(¢) and u,(¢) can be described
as  follows, for kT <i<((k+1)T: ut)=
vilk — 1)1g4)(1) + vi(k)1(4, 1) (2), i = 1,2. Although the
model presented in §4 is valid for time-varying delays,
in this illustrative example, we assume that these actua-
tor delays a,, are constant and known in advance, says
a; = 1ms and a, = 2 ms. By applying (9), we can obtain
the discrete-time plant model (at 7 = 10 ms) as

1 0.0091 O 0

0 0.8338 0 0
Xit+1 = Xk
0 0 1 0.0092
0 0 0 0.8365
0.0198 0 0.0045 0
4.2788 0 0.4336 0
+ Vi + Vi—1
0 0.0158 0 0.0086
0 3.8547 0 0.8807

We can further calculate the signal x.(kT —s,) by
obtaining the sensing delays of s,, say s; =3, s, =4,
s3=5 and s, =6 (ms). For example, by applying
(11), x; (kT — s;) can be described as

xi (kT —s)=[1 0.0066 0 0]x;_

+[0.0198 0]v,_, +[0.0045 0]v; »

Therefore, (12) becomes

I 0.0066 0 0
0 0.8966 0 0

Wi = Xk—1
0 0 1 0.0048

0 0 0 0.9311

0.0089 0 0.0032 0
2.4632 0 0.4663 0
+ Vo1 + Vi2
0 0.0023 0 0.0040
0 1.0159 0 0.9803

In order to validate the stability and performance of
standard controller design, we first consider a memory-
less state feedback controller, i.e. u(f) = —Kx(¢), where
K is designed based on the pole placement in continuous
time domain. In this case, F, G and H are zero matrices
of compatible dimension, but J= —K. Therefore,
X; =[xt Xi_; z{ Vi1 Vio]". In this example, the
system dimension is 13. However, if there are no time
delays, then the system dimension becomes 7, i.e.
X, = [xi z; vi_i]". The 13 eigenvalues (‘0’) of E are
plotted in figure 3 along with the 7 eigenvalues (‘x’) of
the closed-loop system without delays. Figures 3(a) and
(b) show two different feedback gains K. The values of
time delays (s, r=1,...,4 and qa,,, m = 1,2) are iden-
tical in figures 3(a) and (b). In each plot, the dotted lines
are the real and imaginary axes and the solid line is the
unit circle. The ‘o’ symbols are the locations of the
eigenvalues of the closed-loop system with delays and
the “x’ symbols are those without delays. However, only
the four right-most points map to the eigenvalues of
original closed-loop system, i.e. eig(4, — B,K). From
this comparison, we find that the closed-loop systems
with multiple time delays will perform differently if the
controller designer does not consider these time delays
at the first design stage. In fact, at some combination of
different time delays and sampling periods, the closed-
loop systems could be unstable.

6. Formulation for optimal controller design

In this section, we formulate and solve the optimal
controller design problem for the NCS model presented
in §4. The standard control algorithm utilizes the state
values at the sampling instants as controller inputs. In
an NCS, the sensor signals are not all sampled at the
same instants. Hence, in order to apply the linear quad-
ratic regulator (LQR) optimal controller design pro-
cedure, we develop a delay transformation which maps
an NCS model into a standard control model with
delayed states as state variables. Although the model
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Eigenvalues: x(red): without delay, o(blue): with delays
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Figure 3. The location of eigenvalues of closed-loop systems.
(a) Design 1, (b) Design 2.

presented in §4 is valid for time-varying delays, for the
ease of presentation, we only consider the case where
sensor and actuator delays are constant and y = x, i.e.
N =R

The optimal control derivation proceeds as follows.
First, we incorporate the sensing and actuation delays
into the system model as described in §4. This results in
a delayed state-variable model with the same dimension,
(x € RY) as the original system; however, the A and B
matrices have changed to include the delays. If the
delays are constant, as is assumed here, the delayed
state-variable model is time-invariant. Standard optimal
control techniques are then applied to this delayed state-
variable model.

Recall that x(kT) represents the actual values of the
system states at the controller sample times; this value is
not measured. x,.(kT —s,), r = 1,..., R are the values of
the rth state received at the controller. Suppose that the
sensor delays are all less than one sampling period, i.e.
s, <T,r=1,...,R. As stated in (11), we use x(k — §,),
where §, = s5,/T, to denote the true value of the contin-
uous state at time (k — 5.)7. Using (9), we can express
the value of the state at the sensor sampling instants,
x(k+1-35,) as

2
x(k+1-5)=Ax(k—5)+ > Blv(k—j) (18)
j=0

where B/ =B/

1,,,...,B,];1,,...,B{;4,] and B, (k)s are
defined as

If T -5, > a,, then

T
Bf,’ﬂ.(k)éj T,.(T,q)dg
[
| A Ay, 1S, 5 A
Bm,.<k>:j (T.q)dg and B, (k)20
0
If T -5, <a,, then
A A r
BY, (k) 20, Blmac):j I,(T.q)dg and
ap+s,—T

A ap+5,—T
B, (k)= L r,(T,q)dg

Note that the actuator delays are taken care of in the B
matrix terms. The dependence of B/ on the time k is
dropped because all delays are assumed constant in
this section. Since the sensor delays are different for
each measurement, we need to carefully extract the cor-
rect dynamics for each state. The rth element of the
vector x(-), i.e. the individual state x.(-), can be
described as

Xk +1=5) = A", (k= 5,) + A"x ) (k- §)

2

+ 3 B vk ) (19)

j=0

where A" € R is the (r)th element of matrix A,
AP e R s the rth row with the rth element
deleted, B"* € R"”M is the rth row of matrix B and
X(_, is the x vector with the rth element deleted.
x.(k —5,) are the sensed values of the rth state that
are sampled and sent over the network.

In the meantime, by using (10) and letting 6 = s,, we
can also express the sensed state x(k+1-3,),
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r=1,...,R, in terms of the state of the system at the
controller sample instant, x(k), as

1
xX(k+1-35)=Asx(k) + > Blv(k—j)  (20)
=0

Then, we can separate the rth element from the rest of
the vector x(+) as

1
6k +1-5) = A"x(k) + S B vk — ), (21)
j=0

and

1
X(_p) (k +1-35,)= Agrr,*)x(k) + ZBAJ:T(ﬂ *)
=0

v(k—J)
(22)

In order to formulate the system dynamics in terms of
measured states, we further define the new variables

o (1) T
xi(k =) Ay
xo(k — ;) AP

X\(k) = ) As* = ’
— R,
xg(k —sg) _A§R >_
and
(1,
B§1< )
B, =| "~
BiR

x,(k) will be the state variables of the new delayed state-
variable model. By applying (21) for r=1,..., R, we
have the equation

x,(k+1)=A,x(k Z B/.v(k — ) (23)

Since A,, is the combination of A;, i.e. exp(4,s.T),
which is non-singular, we can multiply both sides of
(23) by A,.' and obtain the actual value of the state at
the controller sample instant as a function of the sensed
(delayed) values of the states and the inputs

x(k) = AL'x (k+1) ;Z%wf (24)

We further apply (24) to (22) at time k — 1 to find the
values of the other system states at the instant when the
rth state is sampled

X<7r> (k - §’) = Aé,_’*> A;lx g*l ZB v(k — 1 —
+ZB1< ;*> _1_])
= Ayx (k) + ZB;‘;’ v(k—1-)) (25)
Jj=0

where the first equality is from (24) at time k — 1, and, iAn
the second equahty,Awe use the definitions A} =
AUTIAGL and BY 2B/ - AUTALBYL. Hence,

Sy

by further pluggmg (25) 1nt0 (19), we have
x(k+1-35)

+mhw{p§WAykx@

1

+> B

Jj=0

Aé”M;Bﬂvwlﬁ} (26)

Therefore, by using the definition of x(k), we can
obtain the new delayed state-variable model as

2
x,(k+1) = A x,(k) + ) Biv(k—j)  (27)
=0

where
AD o o AlTDALTAL
Av=1 0 o |t :
(R,R) R—R) p (—R) s —1
0 0 A ARTRIALRIAL
and
B(l)(1=*>
: J=0
B%R,*)
B = . .
& B.l/<1.*> L A0 {BS(*IH-,*) —A§"’*>A;1B-§;l}
: ; ] = l~2
B AR [ R A LR AT
We  further define  z(k) = [x,(k)",v(k—1)T,
v(k—2)" 1" € RY*2R z(k) will be the new state vari-

ables in the standard optimal control design technique.
Then, we have the state-space model for controller
design

2(k + 1) = A.z(k) + B.v(k) (28)
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where
Ax.x B“‘lcs Bg“\
A= 0 0 0 | € RIVF2RIx(N+2R)
0 | 0
and
B)
B. — ]‘ c RIVH2R)xR
0

For the controller design of tracking problem, we
first let the desired trajectory d(¢) or d(k) be described
by the equation

d(r) = Ayd(¢), in continuous time
or (29)
d(k+ 1) = A%d(k), in discrete time

where d(-) = [d(-),...,dg(-)]". Furthermore, since the
new state variables are measured at time k —§,, we
define the desired trajectory at each individual time
instant k — 5, as d,(k)2[d,(k —3)),...,dp(k —5g)]".
For the optimal controller design, we then choose the
cost function V'

V=2 [2(k) —z4(k)] Qlz(k) — z4(k)] + v(k) "Rv (k)
k=0

(30)

where z,(k) 2 [d,(k)", 0T], i.e. the combined vector of
desired trajectory and zero input, and Q and R are
defined as

Q 0 0
R=R;, and Q=|0 R, 0
0 0 R,

and Q, and R; are the weighting matrices for the original
system states and inputs, respectively. Based on the stan-
dard LQR algorithm (Lewis 1986), the optimal control-
ler law v*(k) can be obtained as

Vi(k) = =K (k) [z(k) — z4(k)]

2
= —K,(k)[x,(k) = dy(k)] = >_K(k)v* (k =) (31)
i=1

where K = [K,, K}, K%] The new optimal controller uti-
lizes the available measured states as well as past inputs
as the controller inputs. The number of past inputs
depends on the sensor and actuator delays as described
in (14) and (15). An NCS-LQR design example for the
illustrative example presented in §5 will be presented in
the next section.

7. Numerical examples of NCS-LQR

In this section, we revisit the two-axis example in § 5.
Three cases of the optimal controller design will be com-
pared. The first case applies the standard LQR control-
ler for the original delay-free system. In the second case,
the LQR controller that is designed based on delay-free
system is used to control the delayed system. The final
case considers the LQR design based on the delayed
state-variable model discussed in §6.

The actuation and sensing delays are assumed as fol-
lows: 611:1, 02:2, S1:3, 52:4, S3:5 and S4:6
(ms) and the sampling time is 10 ms. The choice of this
delay characteristics is based on the performance analy-
sis of one type of priority-based control networks such as
DeviceNet ™+ (Lian er al. 2001 a). Also, based on the
assumptions used in § 5, equation (27) has the form

1 0009 0 0
0 08338 0 0
kD=0 0 1 g00s0 W
0 0 0 08365
00323 0
39787 0
+ v(k)
0 00342
0 3.4630
T 00104 0 0 0
04032 0 0 0
+ vik—1)+ v(k—2)
0 00175 0 0
| —0.0088 0.7912 0 0

Furthermore, the new delayed state-variable model (28)
becomes

1 0.0090 0 0 0.0104 0 0 07
0 0.8338 0 0 0.4032 0 0 0
0 0 1 0.0090 0 0.0175 0 0
2+ 1) = g g 8 0.8565 0.2088 0.7312 8 ((; 2(0)
0 0 0 0 0 0 00
0 0 0 0 1 0 0 0
LO 0 0 0 0 1 0 0/
[0.0323 0 1
3.9787 0
0 0.0342
n 0 3.4630 V()
1 0
0 1
0 0
L 0 0

T DeviceNet is a sensor bus communication protocol
commonly used as in an NCS. DeviceNet utilizes a non-
destructive collision resolution scheme through message
priority.
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For the LQR optimal controller design, we first choose
the weighting matrices

Q, = diag(20,0.05,20,0.05)

R, = diag(0.1,0.1), R; =diag(0.1,0.1)
and

R, = diag(0.001,0.001)

Most of the cost function is weighted upon position
tracking. Since v(k),v(k — 1) and v(k — 2) are not inde-
pendent, we discount the weights on previous inputs. By
using the discrete-time system matrix A and input
matrix B, and the weighting matrices Q, and R, the
LQR state feedback gain, called K, is computed as

3.6038 0.1829 0 0
fa 0 0 3.5879 0.1827

The gain is the same as the standard LQR design for the
delay-free systems. On the other hand, by using the NCS
system matrix A., input matrix B, and the weighting
matrices Q and R, the NCS-LQR state feedback gain,

called KJ,;, is obtained as
3.7917 0.1802 0 0

0.0002 0 4.0722  0.1881

0.1102 0 0 0
—0.0016 0.2145 0 0

nes
Iqr

K}, is computed based on the proposed NCS delayed
state-variable model discussed in §6.
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Simulation results of the first LQR design are shown
in figures 4-6. Figure 4 shows the location of eigenvalues
of three different closed-loop systems: (1) the discrete-
time LQR (DT-LQR) controller for the delay-free
system, (2) the DT-LQR controller for the delayed
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Standard LQR controller design: K, for delay-free system.
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system, and (3) the NCS-LQR controller for the delayed
system. The eigenvalue locations for the NCS-LQR case
are closer to those of the DT-LQR for the delay-free
system than those of the DT-LQR for the delayed
system.

Figure 5 shows the simulation results of the tracking
performance of the two-axis system, i.e. X and Y axes,
with the DT-LQR controller for the delay-free system.
Here, two constant feed-rates for forward and backward
motions are considered as the desired trajectory for both
X and Y axes. For this standard LQR case where time
delays are not considered, v(k) = —K, [x(k) —d(k)] is
used as controller input. The plot on the left-hand side
is the top-view trajectory, and the four plots on the
right-hand side are the positions and velocities of X
and Y axes. This case can be used as a basis for compar-
ison. Figure 6 shows the summary of the tracking errors

Ratio of RMS of Tracking Error

40
O
30 O
20
O

10

g & 0§

0 1 2 3 4

1: 07 (sec), 2: 01 (sec), 3: 57 (sec)

with different indexes. The left-hand plot is the root-
mean-square tracking errors of (1) the entire simulation
time (0-7s), (2) the first second (0-1s), and (3) the last
two seconds (5-7s). The right-hand plot is the result of
the integral of the time multiplied by the absolute values
of the error (ITAE). The NCS-LQR controller improves
the control performance over the DT-LQR controller
when considering the time delays.

The simulation results of two other desired trajec-
tories, a circle with a radius of 100 mm, and constant
trajectories for both position and velocity, are also
shown in figures 7-10. The circular trajectory can be
viewed as a time-varying trajectory; the constant trajec-
tory is a regulation case for both position and velocity.
For both types of trajectories, the proposed NCS-LQR
guarantees better control performance than the DT-
LQR. Especially, the 2-D top-view plots in figures 7
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Figure 7. The 2-D top view of ‘circular’ X-Y axis system: Left: K, for delayed system; right: K} for delayed system.
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and 9 show the dramatic improvement of the proposed
NCS-LQR controller design.

8. Summary and future work

In this paper we analysed and modelled a MIMO
networked control system with multiple time delays.
The time delays between sensor-controller and control-
ler-actuator and the time skews at different devices’ sam-
pling instants were considered and included in the
derivation of a discrete-time MIMO model. By includ-
ing these time delay parameters, both the control system
and network system designers can utilize this model to
design networked control systems and optimize their
overall performance.

The closed-loop NCS model discussed in §4 only
included a standard controller designed without consid-
ering the time delay effect a priori. Therefore, this
closed-loop stability analysis was used as a verification
tool for the stability and performance of an NCS. Based
on the time-delay modelling algorithm and considering
the case of constant communication delays, a delayed
state-variable model was formulated for the standard
LQR controller design in § 6. This NCS-LQR controller
improved the control performance over the DT-LQR
controller when considering the time delays.
Simulation studies provided in §§5 and 7 demonstrated
the utility of the proposed design algorithms for stability
analysis and performance improvement.

The advantage of having an NCS architecture is that
it provides the flexibility to quickly reconfigure the
system architecture, and to easily share information
with other subsystems. The change of system configura-
tion may also change the time delay of a networked
device even in a deterministic NCS. Hence, the advanced
networked controller should be able to maintain a
proper level of network traffic load and adaptively mod-
ify the controller algorithm. This slowly changing situa-
tion can be modelled as an adaptive control problem
which can adjust on-line to the changing system par-
ameters. Also, before a truly deterministic network is
available for control applications, the time-varying
delays should be included in the modelling algorithm,
and a stochastic controller design could be adopted. For
the uncertainties existing in an NCS such as the variance
of time delays and system uncertainty, a robust control-
ler design could then be applied. In addition, an intelli-
gent controller design that incorporates both network
and control parameters to further improve both net-
work and control performance should be studied in
the future. This intelligent networked controller can
identify/estimate network performance and operate
among multiple modes of control action, depending on
network traffic or control performance.
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