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ABSTRACT: The influence of volume-fraction of inclusions on the overall stress-strain
of a rubber-matrix composite is investigated at the level of dilute concentration. The
method developed is based on the approximate mean-field theory developed by Weng and
coworkers for plasticity of two-phase composites (Tandon and Weng, 1988; Zhao and
Weng, 1989; Qiu and Weng, 1992), using Berveiller-Zaoui’s (1979) approximation ap-
proach. The constraint due to the matrix phase is characterized by the secant moduli of the
matrix, while the interaction of the inclusion is accounted for by the Mori-Tanaka mean-
field theory. It is shown that this simple, but approximate theory is capable of predicting
the volume fraction dependence of the nonlinear stress-strain relation. An asymptotic
solution for this composite system is obtained. By introducing a nonlinear stretch parame-
ter I, and a stress parameter 7,, the stress-stretch master curve of the hardbead-reinforced
silicone rubber composite is obtained. The theoretical predictions are in good agreement
with the experimental results.

1. INTRODUCTION

THIS PAPER IS concerned with the quantitative determination of the nonlinear
stress-strain relation of solid-filled rubber composite, where solid particles
are homogeneously dispersed in the rubber matrix. Here we assume that the
solid particle and the rubber matrix are perfectly bonded with no voids or nuclea-
tion growth. Since the stress-strain relation of the rubber matrix is strongly
nonlinear, the solid-filled rubber composite system is nonlinear. With the incom-
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pressible characteristics of the rubber matrix, we only need shear modulus to
describe its elastic behavior. However, the solid-filled rubber composite doesn’t
display the incompressible property as the pure rubber matrix. Most people use
the Kerner’s experience equation (Kerner, 1956) or modified Kerner equation
(Lewis and Nielsen, 1970) to determine the effective shear modulus.

As the composite material is under loading, although the matrix already has the
nonlinear deformation, the inclusion still can behave as a linearly elastic
material. Due to the plastic deformation of the matrix, its constraint of the inclu-
sion’s deformation will also be weakened. This weakened phenomena was dis-
covered by Hill (1965), as he studied the plastic deformation of the polycrystals.
He proposed the self-consistent scheme and the relation of tangent moduli for
each incremental step to predict the plastic deformation of the polycrystals. Due
to the plastic deformation, the tangential moduli keep decreasing and therefore,
the constraint of the inclusion’s deformation is also weakened as the loading is in-
creasing. The tangent moduli and the Eshelby’s transformation tensor are all tan-
gent tensor; therefore, they are anisotropic. In computation, they become cum-
bersome. Berveiller and Zaoui (1979) took the undeformed state of the material
as the reference point, using the secant modulus of the total stress-strain relation.
Via the secant modulus approach the elastic modulus now becomes isotropic;
therefore, the computation will become easier. Weng (1982) adopted the approach
of secant modulus of Berveiller and Zaoui to evaluate the plastic deformation of
the polycrystals. His result was very close to Hill’s model.

When such a composite is subjected to monotonically increasing, external
stress, the initial response is elastic, and its overall elastic strain can be deter-
mined from its effective moduli. In Tandon and Weng (1988)-Zhao et al. (1989),
an approach based on Mori-Tanaka’s method in conjunction with Eshelby’s (1957)
solution of an ellipsoidal inclusion was adopted with some success.

In this paper, we have adopted the mean stress idea of Mori-Tanaka (1973) and
put it together with the eigen-strain idea of Eshelby (1957) to predict the effective
elastic moduli of this composite system. At dilute concentration of particles,
however, the stress field and strain field in the matrix are reasonably uniform,
and therefore the mean-field approach will serve as a good approximation.

The stress-strain relation of the solid-filled rubber composite is highly
nonlinear. In order to capture the elastic modulus response of every loading sta-
tus, we have used the secant moduli in our theoretical derivation. The theory
makes use of a linear comparison material, whose elastic moduli at every instant
is chosen to coincide with the average secant moduli of the rubber matrix to
reflect its nonlinear state. By using Eshelby’s (1957) equivalent-inclusion princi-
ple and Mori-Tanaka’s (1973) mean-field method, the composite is subsequently
replaced by the comparison material filled with equivalent transformation strains.
This approach allows us to find the average stress of the matrix in terms of
macroscopic stress, and then by appealing to the constitutive equation of the rub-
ber matrix, the overall stress-strain relation of the two-phase system can be easily
determined. By introducing a nonlinear stretch parameter I',, and a stress param-
eter 7,,, the stress-stretch master curve of the solid-filled rubber composite is ob-
tained. The theoretical results are then checked by experiments.
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2. NEO-HOOKEAN RUBBER ELASTICITY AND THE
ASSOCIATED SECANT MODULI

Let \; be the principal stretches of deformation associated with the Cauchy-
Green deformation tensor so that for a Neo-Hookean material characterized by a
single constant 8 the principal Cauchy stress components #, are determined by
Truesdell and Noll (1965)

Thk = Xi - D, k = 1,2,3 (2.1)

where 7., = /8 are dimensionless stress components and p an unknown hydro-
static stress. The above equation is augmented by the constant volume constraint
relation

)\1)\2)\3 = 1 (2.2)
Consider now the following generalized tensile loading

t t 2
§=133=P’é=é=‘rn=1‘l=g (23)

where Q vanishes for a simple tensile loading. When loading is known, Equation
(2.1) is the third order polynomial equation. There are three roots, two are com-
plex conjugate and the other is positive. Since \; is defined as the stretch defor-
mation, the positive real root therefore must be chosen. It follows from Equations
(2.1) and (2.2) that the associated deformation is

A = ARR) = MR) + 3174% 2.4)
A=\ o= A2 2.5)
M®R) = % + [i - (g)slm}m 2.6)
R=P-Q Q.7
and
R=A - % 2.8)

It is clear from the above that the desired material constant 8 may be deduced by
fitting Equation (2.8) to an experimentally measured curve for the simple tension
test
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M 9=0 2.9)

R=P= ,
B

Recalling that the three principal engineering strains ¢, are related to the princi-
pal stretches by €, = M\ — 1, we have

&3 = eR) = AR) — 1 (2.10)
€n = €2 = er(R) = A2R) — 1 2.11)

The generalized tensile loading [Equation (2.3)] and the above calculated
strains may be made to satisfy the following linear elasticity relations

€1 = %[Tu - U’(Tzz + 733)]
_B .
€2 = E [722 — v*(722 + 733)] (2.12)

€33 = %[Tsa — V(T + T2)]

Provided both E* and v* are the so-called secant moduli associated with P and Q,
ie.,

E_ RR + 30)
B ~ R[A — 1] + 2Q[A — A7) (2.13)

. R[ — A7 + Q[A — A7)
V"= "RIA = 1] + 20[A - A7

(2.14)

which are respectively, the secant Young’s modulus and secant Poisson’s ratio.
Secant shear modulus p* and secant bulk modulus »* follow from the usual defini-
tions. We have

s

R + 30

x 1

B=3A+202_3 215
w1 R
E = '2- A —AV2 (2.16)

For convenience, both indicial and symbolic notations will be used in the text.
In the latter case second order tensors will be denoted by boldface, lower case
Greek letters and fourth-order tensors by capital letters. Typically, a fourth-order
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elasticity tensor C is used to relate the dimensionless stress 7 to the strain e
through the representation

Br = C%, C* = (Bx*, 2w) 2.17)
where the last expression signifies the fact

—_ 2,,3

3 s
T = w0 + 84064 + X 3 6,10k (2.18)

in which 8, is the Kronecker delta. In case 7 and e are associated with a general-
ized tensile state in the sense of Equations (2.3), (2.10) and (2.11), the fourth
order tensor C* is called the secant elasticity tensor. In fact, only generalized ten-
sile states will be considered in this paper. The following notation will be used
to characterize Equation (2.3):

T = (P,0) (2.19)

3. SECANT MODULI OF GLASS BEAD-REINFORCED
SILICONE RUBBER

Our object in this section is to establish the basic relation for the average stress
of the constituents and the overall strain € and the overall secant moduli C* of
the composite.

The silicone rubber is referred to by the matrix, and the volume fraction of the
glass bead is denoted by c,. Following the exposition of Tandon and Weng (1988)
and Weng (1990), we introduce an identically shaped comparison sample made
of pure silicone rubber. Let the composite and the pure silicone rubber compari-
son sample be both subjected to the boundary traction which would give rise to
a uniform generalized tensile state

=P, 0, R=P-0 3.1
The strain €® in the comparison sample is related to the above by
BT = Cie®, Cy = (Bxd, 2ud) 3.2)

where x3 and p§ are determined by Equations (2.15) and (2.16) with the substitu-
tions

x = xo(R, @), ps = pe(R) (3.3)
The introduction of the Eshelby’s equivalent transformation strain €* combined
with Mori-Tanaka’s mean-field stress concept, the average stress 7'’ and strain

€' of the glass bead are different from the one in the matrix of the composite and
can be shown as
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€V =€ + &+ € 3.4
™™ =7+7+7° 3.4)
The above are related by the ordinary elasticity tensor of the beads via
BrM = Cie, C; = (3x,2u) 3.6)
ie.,

BrY = Ci(e* + & + €°)

Co(e® + € + € — € 3.7
where €” and €* are related by
€? = Sje* 3.8)

in which S} is the Eshelby tensor associated with spherical inclusions and Cj.
After introducing the decomposition, we conclude that

0
— €xx

eh = por 3.9
a+ (1 =)o + r‘oxo
37
€X' = ! > (3.10)
a+ (1 - + .
1 ( €1) N0 PR

The average stress of the matrix 7 and the average stress of the glass bead 7"
can be shown as

T = A0y T, T = boyTix 3.11)
TH = anTw, ™' = b(l)?t:k (3.12)
where
Xo

o) + .

Xy — Xo
dey = p (3.13)

Xo

o+ (1 — c)éo, + pa——

Downloaded from http://icm.sagepub.com at NATIONAL TAIWAN UNIV LIB on December 19, 2008


http://jcm.sagepub.com

Secant Moduli of a Glass Bead-Reinforced Silicone Rubber Specimen 75

s

Ny + " ’f “
b(m = “, (3.14)
a+ (1 - chne + P — e
T
an = — p (3.15)
o+ (1 — c)éoy + X
1+ —E—
b(l) = £ o . (316)
a+ (1 = c)ney + P

The total strain of the composite is given by the weighted average of those of the
matrix and inclusion, i.e.,

€=(1 — ) + e = cre* + €° 3.17)

Using the decomposing and substituting Equations (3.9) and (3.10) into it, we
finally conclude that

87 = C¢, C° = (3xs, 21s) (3.18)
where
R T (3.19)
1] ()
(1 - CI)S(O) + (”l _ x‘s))
% =14+ 2! " (3.20)
[
° 10 = e +
where

204 — 5w) 1+ w)
Ny = 15(1 - v,o)y E(O) - 3 (1 _ U) (321)

and C” is the secant elasticity tensor for the composite at the stress level [Equa-
tion (3.1)], %° and & are the bulk moduli and shear moduli of the coniposite, re-
spectively. It is noted that this theoretical model can also lead to identical expres-
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sions for the effective moduli under a prescribed displacement (landon and

Weng, 1988).
Consider the loading condition as Equation (3.1), then
0 0 0
7=10 Q0 0 (3.22)
0 0 P
and
- R_ “
—3 0 0
7 =10 —g 0 3.29)
0 0 2R
o 3
Equation (3.18) leads to
fu = %’2 (3.25)
e = 5T (3.26)
2

The overall stress-strain relation of the composite material then can be derived as

. _ o _ & _, _BR+30) BR

€33 = € = 3 + €3 = o + e 3.27)
c - _ 5 _ &, _, _BR+30) PR
€ = €2 = €r = 3 + & = 0% - 6% (3.28)

where %* and p* are defined as in Equations (3.19) and (3.20), respectively.
For the measurement convenience in the simple tension test we need to use the
relation between the engineering stress T and true stress 7,; as

T = 71 + &)1 + &) (3.29)
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Figure 1. The engineering stress T versus strain € for different volume fractions of glass
bead-reinforced silicone rubber composites.
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The final product of this section is the composite stress-strain relation [Equa-
tions (3.18) or (3.27) and (3.28)]. The secant elasticity tensor C*, however, de-
pends on 7 via 7', the stress of the matrix of the composite. Thus an iteration
procedure must be improvised to facilitate the computation. We use the simpler
hard-bead approximation to illustrate the procedure described as follows. Using
Equations (2.13) and (2.14), E} and v are derived, therefore, Cj is obtained. Us-
ing Equations (3.19), (3.20), (3.27) and (3.28), C* and € are derived, respec-
tively. Finally, when we get the stress in the matrix, we go back to Equations
(2.13) and (2.14) to check Cj. By this iteration procedure we can have the stress-
strain solution of this composite system. The typical numerical solutions of T
versus € curve shown in Figure 1 are in very good agreement with our ex-
perimental results and the solution of Kerner’s and Modified Kerner’s Equation
1956), (see Appendix).

4. STRESS-STRAIN MASTER CURVE OF A
GLASS BEAD-REINFORCED SILICONE RUBBER

The stiffness of glass bead is usually much harder than the silicone rubber, in
the sense that

Downloaded from http://icm.sagepub.com at NATIONAL TAIWAN UNIV LIB on December 19, 2008


http://jcm.sagepub.com

78 CHAO-HSUN CHEN AND CHIANG-HO CHENG
P == P, M == a0 4.1)

setting u3/u, and x%/x, to zero in Equations (3.19) and (3.20) we obtain

z _ Cy (l - C])E(o) + a — 1 (4 2)
xy (1 -ty (A = ko A —-cyd )
w (%) (1 = ey + & 1
E_ = = 4.3
et Ao - A-cme d-ap &
where
£ 1
= , b= 4.4
4= T eyt + o a0 = o + a0 @9
Equation (3.11) then can be rewritten as
9 = dTu (4.5)
7/ = b7’ 4.6)

Substituting Equations (4.4)—(4.6) into Equations (3.25) and (3.26) leads to

1 — 1

€ = (—3:‘0& =1 = cet? @7
—_ 7 (0)

€= (1_%— =1 = c)e’® 4.8)

Equations (4.7) and (4.8) then can be written in tensor form as
€ =1 — c)e?® 4.9)

The total strain € of the composite is made of the strain of matrix and glass
beads. If the stiffness of the glass beads is much harder than the matrix. Then we
can treat the glass beads as rigid-body without any deformation, therefore, the
total strain € is just equal to the volume fraction of the rubber matrix (1 — ¢,)
times the strain of the rubber matrix e!®. Equation (4.9) suggests this result.

Using Equations (4.5) and (4.6) the stress distribution of the matrix 7® can be
written in its component form as

(0)

I&

T 2b
R =3+ =3R®R+30) + 3K (4.10)
0 o Tig) b
™ =1y = =3t H® =3 (R +30) - 3R @4.11)
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If we add [(b — d)/3] (R + 30) on both sides of Equations (4.10) and (4.11)
leads to

=19 + ("%d) R+ Q) =0bP 4.12)
h=1 + ("%’) R+ 0) =50 (4.13)

Equations (4.12) and (4.13) can be written in tensor form as
™ = b7 4.14)
Consider the simple tensile loading, 0 = 0, R = P, then similar to Equation

(2.8) we have the constitutive equation of hard bead-reinforced silicone rubber
composites

BTm = ()\,’n - )\i...) 4.15)
or

BTm = I'n 4.16)

where
Tm = bP 4.17)
)\,,,=1+e,,‘=1-l—1_—cl (4.18)
r, = ()\3,, - —L) 4.19)

Am

For pure silicone rubber ¢, = 0, and b = 1, Equations (4.15) and (4.16) reduce
to the constitutive equation of pure silicone rubber. Therefore Equations (4.15)
and (4.16) can be represented as the stress-strength master curve of different
volume fractions of hard bead-reinforced silicone rubber composites.

5. EXPERIMENTS

The basic elastomers were prepared from silicone rubber cured with the hard-
ener T409103 (from Wacker-Chemie GmbH). The material was cast into sheets
of 150 by 150 by 2 mm. The particulate composites were obtained by adding glass
spheres 66 to 88 um in diameter in quantities necessary to obtain volume frac-
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tions of 6.4%, 13.3% and 21% in the silicone-mixture. The Young’s modulus of
the glass beads is 68500 MPa. The Poisson’s ratio of the glass bead is 0.24. The
parameter 3 was found to be 0.4 MPa by the aid of Equation (2.8), and the
method of least squares with the data obtained from simple tensile tests.
Tensile specimens of gage lengths of 20 mm in accordance with ASTM D412
were cut from sheets. All specimens were kept in a desiccator for 15 days for post
curing and to stabilize their properties. All the tensile tests were performed in a
laboratory environment of 50% relative humidity (RH) and at 25°C.

6. RESULTS AND DISCUSSIONS

It is now of interest to examine the influence of volume-fraction of inclusions
on the stress-strain as predicted by the theory. To this end we assume in our
calculations that the inclusions and the matrix take the properties of glass beads
and the silicone rubber, respectively, at room temperature. The elastic constants
of both phases are listed in Section 5. The elastic modulus of glass bead-
reinforced silicone rubber can then be found by the aid of Equations (3.27) and
(3.28) and the method of least squares with the data obtained from uniaxial ten-
sile tests. Typical results are shown in Figure 2. It showed that the stress-strain

MPa

3.00 -
; ————— C‘:O »
250 . v €1 = =0.05
———— C1=0.10
bt - e+66-0 C1=(.20
i E sessa C1=(),30
0 1 eessn €120 .40 /
1 2.00
() : //
EANT.
L ]
= ]
£ 1.00
0.50 3 ({/
0.00-Y‘Ill‘l"]l‘lllllll7'[|lll|l|l||||llll’]
0.00 0.50 1.00 1.50 2.00
Strain &

Figure 2. The Cauchy-stress stress 7;; versus strain & for different volume fractions of
glass bead-reinforced silicone rubber composites.
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Figure 3. The generalized stress-stretch master curve of glass bead-reinforced silicone rub-
ber composites.

curve of the numerical solution is coinciding with the asymptotic solution [Equa-
tion (4.15)].

By introducing a nonlinear stretch parameter I, and a stress parameter 7., the
stress-stretch relation [Equations (4.15) or (4.16)] of different volume-fraction of
inclusions can be regressed to the pure silicone rubber curve. The stress stretch
master curve of the glass bead-filled silicone rubber can be found by the aid of
Equation (4.16). The results are shown in Figure 3.

7. CONCLUSIONS

The mechanical behavior of solid-filled silicone rubber is found to be
nonlinear, depending partly on the content of solid-fillers. To describe such
nonlinear characteristics, a nonlinear stretch parameter I',, and a stress parame- .
ter 7., which describe successfully the nonlinear behavior of hard bead-
reinforced silicone rubber composites verified by the uniaxial tensile test, have
been proposed to the authors’ knowledge, for the first time.

APPENDIX
For rubber-filler rigid particles the Kerner equation can be reduced to
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5 15(1 — v &

=1+ 7 —5v ¢ (Al

=%

In this equation, ¢, and c, are the volume fraction of the matrix and filler, respec-
tively, and it is assumed that the filler particles are approximately spherical in
shape.

Lewis and Nielsen (1970) showed how the Kerner equation can be generalized
as

M 1 + ABc,
M; = 1 - Bec, (A2)
where M is any modulus-shear, Young’s or bulk. The constant A takes into ac-
count such factors of the filler phase and Poisson’s ratio of the matrix. The con-
stant B takes into account the relative moduli of the filler and matrix phases. For
composites filled with rigid and nearly spherical particles the constants A and B
can be assumed as 1.5 and 1.0, respectively. The factor ¢ depends upon the maxi-
mum packing fraction c,. of the filler

1 —-c,
=14+ (c_z)c‘ (A3)

In our case the maximum packing fraction c,, is taken as 0.65.
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