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Abstract. Multiresolution representation of quadrilateral surface approximation (MRQSA) is a use-
ful representation for progressive graphics transmission in networks. Based on two requirements:
(1) minimum mean square error and (2) fixed reduction ratio between levels, this paper first trans-
forms the MRQSA problem into the problem of solving a sequence of near-Toeplitz tridiagonal
linear systems. Employing the matrix perturbation technique, the MRQSA problem can be solved
using about 24mn floating-point operations, i.e. linear time, if we are given a polygonal surface
with (2m − 1) × (2n − 1) points. A numerical stability analysis is also given. To the best of our
knowledge, this is the first time that such a linear algebra approach has been used for solving the
MRQSA problem. Some experimental results are carried out to demonstrate the applicability of the
proposed method.
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1. Introduction

In computer graphics, computer-aided design, finite-element method, and solid
modeling, we often model a polygonal surface by quadrangulations [8, 11–15, 17],
each quadrilateral surface with four points. In fact, a triangular mesh can be con-
verted into a quadrilateral mesh under a variety of constraints [16]. Given a quadri-
lateral surface, say P ′s , in three-dimensional (3D) space, the quadrilateral surface
approximation problem is to find a quadrilateral surface, say Ps , to approximate
P ′s under an error tolerance. Basically, Ps can be viewed as a coarse representation
of P ′s . In network communication, a 3D quadrilateral surface can have different
levels/resolutions of representations, i.e. multiresolution. The lower-level repre-
sentation has higher resolution, but is more complex. Each level of representation
should not be totally independent of the others. This multiresolution representation
is a typical paradigm for progressive transmission in the network.
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In progressive transmission, a coarse rendering of the quadrilateral surface is
sent first to give the receiver an early impression of content, i.e. a high-level rep-
resentation, then subsequent transmission provides details of progressively finer
resolution, i.e. a low-level representation. At the receiving end, the initial quadri-
lateral surface appears very coarse and comes steadily into ‘focus’. Progressive
transmission allows the receiver to terminate the transmission of a quadrilateral
surface as soon as its shape is recognized, or as soon as further details of the
quadrilateral surface cease to be of interest. Progressive transmission of a complex
quadrilateral surface over a low speed channel, such as Internet applications, is
superior and has many advantages over transmission in a single step.

Suppose we are given a quadrilateral surface with (2m − 1) × (2n − 1) points
[8, 11]. Based on two requirements: (1) minimum mean-square error and (2) fixed
reduction ratio between levels, this paper first transforms the MRQSA problem
into the problem of solving n near-Toeplitz tridiagonal linear systems (NTTLS’s),
where the coefficient matrix in each NTTLS is of order m × m. Employing the
matrix perturbation technique, the MRQSA problem can be solved using about
24mn floating-point operations, i.e. linear time. To the best of our knowledge, this
is the first time that such a numerical linear algebra-based approach is presented for
solving the MRQSA problem. Furthermore, a numerical stability analysis is also
given. To the best of our knowledge, this is the first time that such a linear algebra
approach has been presented for solving the MRQSA problem. Some experimental
results are carried out to demonstrate the applicability of the proposed method.

The rest of this paper is organized as follows. Section 2 presents how to trans-
form the MRQSA problem into NTTLS’s. Section 3 presents the proposed linear-
time algorithm for solving NTTLS’s. The numerical stability analysis is given in
the same section. Two experimentations are carried out in Section 4 and some
concluding remarks are addressed in Section 5.

2. Transforming the MRQSA Problem into NTTLS’s

For clarity, this section first shows how to transform the multiresolution represen-
tation of the polygonal curve approximation (MRPCA) problem into the problem
for solving one NTTLS. Then our nontrivial derivation is given to extend this
transformation to map the MRQSA problem into a problem for solving multiple
NTTLS’s.

In a previous work [4], Chan and Chin first transformed the MRPCA problem
into the problem of solving a NTTLS. Then, they presented a filter’s convolution
scheme to solve that NTTLS, but in [4] it lacks the time complexity analysis
and numerical stability analysis in their approximate solution due to the filter’s
approach. Instead of using the filter’s convolution scheme, a matrix perturbation
technique is used here to solve the transformed NTTLS. The detailed number of
floating-point operations required in our method and the related stability analysis
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for solving the MRPCA problem and the MRQSA problem will be given in the
next section.

For completeness, we revisit the transformation to map the polygonal curve
approximation problem into a NTTLS. Suppose we are given a polygonal curve
P ′c with (2m − 1) points which are represented by the set {P ′k = (xk, yk, zk)

for k = 1, 2, . . . , 2m − 1}. Without loss of generality, we first want to obtain a
coarser optimal approximation representation of P ′c , say Pc, under the minimum
mean-square error and such that the reduction ratio between P ′c and Pc is 1/2. This
two-level polygonal curve approximation problem is called the polygonal curve
approximation problem. Later, we will extend it to the MRPCA problem.

Following the similar approach used in [4], as shown in Figure 1, the coarse
approximation Pc is denoted by the set {Pk = (xk, yk, zk), k = 1, 2, . . . , m},
which will be determined later. For k = 1, 2, . . . , m, let Qk be the midpoint of
the line segment PkPk+1. As shown in Figure 1, the three points Pk, Qk, and Pk+1

in the polygonal curve Pc corresponding to the three points P ′2k−1, P ′2k, and P ′2k+1
in the polygonal curve P ′c , respectively, will be used to measure the mean square
error.

Based on the minimum mean-square error criterion, equivalently, the polygonal
curve approximation problem is to determine {Pk for k = 1, 2, . . . , m} such that
the sum of the following square of distances is minimized:

f =
m∑

k=1

d2(Pk, P
′
2k−1)+

m−1∑
k=1

d2(Qk, P
′
2k)

2

= f1 + f2 + f3,

where

f1 =
m∑

k=1

(xk − x′2k−1)
2 +

m−1∑
k=1

(
xk + xk+1

2
− x′2k

)2

,

f2 =
m∑

k=1

(yk − y′2k−1)
2 +

m−1∑
k=1

(
yk + yk+1

2
− y′2k

)2

,

Figure 1. The relation between P ′c and Pc.
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and

f3 =
m∑

k=1

(zk − z′2k−1)
2 +

m−1∑
k=1

(
zk + zk+1

2
− z′2k

)2

.

To minimize f , we must minimize f1, f2, and f3 separately. We only derive the
formula for minimizing f1 since the related derivation is also applicable to derive
the formulas for minimizing f2 and f3, respectively.

Let di,j be 0 when i = j and 1 when i �= j . Differentiating f1 with respect
to xk , it yields

df1

dxk

= 2(xk − x′2k−1)+ dk,1

(
xk−1 + xk

2
− x′2k−2

)
+ dk,n

(
xk + xk+1

2
− x′2k

)
,

for k = 1, 2, 3, . . . , m. In order to obtain the set {xk for 1 � k � m} for minimiz-
ing f1, let df1/dxk = 0. Then we have

4(xk − x′2k−1)+ dk,1(xk−1 + xk − 2x′2k−2)+ dk,m(xk + xk+1 − 2x′2k) = 0.

Hence, we have

dk,1xk−1 + (4+ dk,1 + dk,m)xk + dk,mxk+1 = bk,

where

bk = 2(dk,1x
′
2k−2 + 2x′2k−1 + dk,mx′2k).

Let

Ap =




5 1
1 6 1
· · ·

1 6 1
1 5




p×p

,

we thus have

Am




x1

x2
...

xm


 =




b1

b2
...

bm


 . (1)

Up to now, we have transformed the polygonal curve approximation problem
into the problem for solving one NTTLS with order m×m. We now return to our
main research issue, the MRQSA problem.

Following notations and definitions similar to the ones used in [5, 6], suppose
we are given a polygonal surface P ′s with (2m − 1) × (2n − 1) points which are
represented by the set

{P ′k,l = (xk,l, yk,l, zk,l) for k = 1, 2, . . . , 2m− 1 and l = 1, 2, . . . , 2n − 1}.
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Figure 2. The relation between P ′s and Ps .

Without loss of generality, we first want to obtain a coarser optimal approxima-
tion representation of P ′s , say Ps , under the minimum mean square error and such
that the reduction ratio between P ′s and Ps is 1/4. This two-level polygonal sur-
face approximation problem is called the PSA problem. Later, we will extend it
to solve the multiresolution representation PSA problem, i.e. the MRQSA prob-
lem.

In what follows, we want to extend the above transformation to map the so-
called PSA problem into the problem for solving n NTTLS’s, each one with order
m×m. The related derivation is somehow nontrivial.

As shown in Figure 2, the coarse approximation Ps is denoted by the set

{Pk,l = (xk,l, yk,l, zk,l), k = 1, 2, . . . , m and l = 1, 2, . . . , n},
which will be determined later. For k = 1, 2, . . . , m, l = 1, 2, . . . , n, we let Qk,l

be the midpoint of the line segment Pk,lPk,l+1 and let Rk,l be the midpoint of the
line segment Pk,lPk+1,l. We let Sk,l be the midpoint of the line segment Rk,lRk,l+1.
In fact, the point Sk,l is the midpoint of the line segment Qk,lQk+1,l. The point
Sk,l also can be considered as the midpoint of the quadrilateral polygon with four
corners Pk,l , Pk,l+1, Pk+1,l, and Pk+1,l+1.

The four points Pi,j , Qi,j , Ri,j , and Si,j in the polygonal surface Ps correspond-
ing to the four points P ′2i−1,2j−1, P ′2i−1,2j , P ′2i,2j−1, and P ′2i,2j in the polygonal
surface P ′s , respectively, will be used to measure the mean square error.

Based on the minimum mean square error criterion, equivalently the PSA prob-
lem is to determine

{Pk,l for k = 1, 2, . . . , m, l = 1, 2, . . . , n}
such that the sum of the following square of distances is minimized:
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f =
m∑

i=1

n∑
j=1

d2(Pi,j , P
′
2i−1,2j−1)+

m∑
i=1

n−1∑
j=1

d2(Qi,j , P
′
2i−1,2j )

2 +

+
m−1∑
i=1

n∑
j=1

d2(Ri,j , P
′
2i,2j−1)+

m−1∑
i=1

n−1∑
j=1

d2(Si,j , P
′
2i,2j )

2

= f1 + f2 + f3,

where

f1 =
m∑

i=1

n∑
j=1

(xi,j − x′2i−1,2j−1)
2 +

m∑
i=1

n−1∑
j=1

(
xi,j + xi,j+1

2
− x′2i−1,2j

)2

+

+
m−1∑
i=1

n∑
j=1

(
xi,j + xi+1,j

2
− x′2i,2j−1

)2

+

+
m−1∑
i=1

n−1∑
j=1

(
xi,j + xi,j+1 + xi+1,j + xi+1,j+1

4
− x′2i,2j

)2

,

f2 =
m∑

i=1

n∑
j=1

(yi,j − y′2i−1,2j−1)
2 +

m∑
i=1

n−1∑
j=1

(
yi,j + yi,j+1

2
− y′2i−1,2j

)2

+

+
m−1∑
i=1

n∑
j=1

(
yi,j + yi+1,j

2
− y′2i,2j−1

)2

+

+
m−1∑
i=1

n−1∑
j=1

(
yi,j + yi,j+1 + yi+1,j + yi+1,j+1

4
− y′2i,2j

)2

,

and

f3 =
m∑

i=1

n∑
j=1

(zi,j − z′2i−1,2j−1)
2 +

m∑
i=1

n−1∑
j=1

(
zi,j + zi,j+1

2
− z′2i−1,2j

)2

+

+
m−1∑
i=1

n∑
j=1

(
zi,j + zi+1,j

2
− z′2i,2j−1

)2

+

+
m−1∑
i=1

n−1∑
j=1

(
zi,j + zi,j+1 + zi+1,j + zi+1,j+1

4
− x′2i,2j

)2

.

To minimize f , we must minimize f1, f2, and f3 separately. As described previ-
ously, we only derive the formula for minimizing f1 since the related derivation
is also applicable to derive the formulas for minimizing f2 and f3, respectively.
The polygonal surface Ps consists of many quadrangulations, each quadrangulation
with four line segments.
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Differentiating f1 with respect to xk,l , yields

df1

dxk,l

= 2(xk,l − x′2k−1,2l−1)+ dl,n

(
xk,l + xk,l+1

2
− x′2k−1,2l

)
+

+ dl,1

(
xk,l−1 + xk,l

2
− x′2k−1,2l−2

)
+

+ dk,m

(
xk,l + xk+1,l

2
− x′2k,2l−1

)
+ dk,1

(
xk−1,l + xk,l

2
− x′2k−2,2l−1

)
+

+ 1

2
dk,mdl,n

(
xk,l + xk,l+1 + xk+1,l + xk+1,l+1

4
− x′2k,2l

)
+

+ 1

2
dk,mdl,1(

xk,l−1 + xk,l + xk+1,l−1 + xk+1,l

4
− x′2k,2l−2)+

+ 1

2
dk,1dl,n

(
xk−1,l + xk−1,l+1 + xk,l + xk,l+1

4
− x′2k−2,2l

)
+

+ 1

2
dk,1dl,1

(
xk−1,l−1 + xk−1,l + xk,l−1 + xk,l

4
− x′2k−2,2l−2

)

= 1

8
[16+ 4(dk,1 + dk,m + dl,1 + dl,n)+ (dk,1 + dk,m)(dl,1 + dl,n)]xk,l +

+ 1

8
(4+ dl,n + dl,1)dk,mxk+1,l + 1

8
(4+ dl,n + dl,1)dk,1xk−1,l +

+ 1

8
(4+ dk,m + dk,1)dl,nxk,l+1 + 1

8
(4+ dk,m + dk,1)dl,1xk,l−1 +

+ 1

8
(dk,1dl,1xk−1,l−1 + dk,1dl,nxk−1,l+1 +

+ dk,mdl,1xk+1,l−1 + dk,mdl,nxk+1,l+1)−
− 2x′2k−1,2l−1 − (dl,nx

′
2k−1,2l + dl,1x

′
2k−1,2l−2 +

+ dk,mx′2k,2l−1 + dk,1x
′
2k−2,2l−1)−

− 1

2
(dk,mdl,nx

′
2k,2l + dk,mdl,1x

′
2k,2l−2 +

+ dk,1dl,nx
′
2k−2,2l + dk,1dl,1x

′
2k−2,2l−2),

for k = 1, 2, 3, . . . , m and l = 1, 2, 3, . . . , n.
In order to obtain the set {xk,l for 1 � k � m and 1 � l � n} for minimizing f1,

let df1/dxk,l = 0. Then we have

(4+ dk,1 + dk,m)(4+ dl,1 + dl,n)xk,l +
+ (4+ dl,n + dl,1)dk,mxk+1,l + (4+ dl,n + dl,1)dk,1xk−1,l +
+ (4+ dk,m + dk,1)dl,nxk,l+1 + (4+ dk,m + dk,1)dl,1xk,l−1 +
+ (dk,1dl,1xk−1,l−1 + dk,1dl,nxk−1,l+1 + dk,mdl,1xk+1,l−1 + dk,mdl,nxk+1,l+1)

= bk,l, (2)
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where

bk,l = 16x′2k−1,2l−1 + 8(dl,nx
′
2k−1,2l + dl,1x

′
2k−1,2l−2 +

+ dk,mx′2k,2l−1 + dk,1x
′
2k−2,2l−1)+

+ 4(dk,mdl,nx
′
2k,2l + dk,mdl,1x

′
2k,2l−2 + dk,1dl,nx

′
2k−2,2l + dk,1dl,1x

′
2k−2,2l−2).

Before solving Equation (2), we must calculate bk,j for k = 1, 2, . . . , m and
l = 1, 2, . . . , n. In what follows, all the time complexity requirement is counted in
terms of the number of floating-point operations required.

LEMMA 1. It takes about 10mn floating-point operations for preparing all bkl’s.
Proof. From

bk,l = 16x′2k−1,2l−1 + 8(dl,nx
′
2k−1,2l + dl,1x

′
2k−1,2l−2 +

+ dk,mx′2k,2l−1 + dk,1x
′
2k−2,2l−1)+

+ 4(dk,mdl,nx
′
2k,2l + dk,mdl,1x

′
2k,2l−2 + dk,1dl,nx

′
2k−2,2l + dk,1dl,1x

′
2k−2,2l−2)

= 4dk,1(dl,1x
′
2k−2,2l−2 + 2x′2k−2,2l−1 + dl,nx

′
2k−2,2l)+

+ 8(dl,1x
′
2k−1,2l−2 + 2x′2k−1,2l−1 + dl,nx

′
2k−1,2l)+

+ 4dk,m(dl,1x
′
2k,2l−2 + 2x′2k,2l−1 + dl,nx

′
2k,2l),

we first calculate

ak,l = dl,1x
′
k,2l−2 + 2x′k,2l−1 + dl,nx

′
k,2l,

for k = 1, 2, . . . , 2m−1 and l = 1, 2, . . . , n and it needs about 6mn floating-point
operations. Further, we compute

bk,l = 4(dk,1a2k−2,l + 2a2k−1,l + dk,ma2k,l),

for k = 1, 2, . . . , m and l = 1, 2, . . . , n and it needs about 4mn floating-point
operations. In total, it takes about 10mn floating-point operations to prepare all the
bkl’s for k = 1, 2, . . . , m and l = 1, 2, . . . , n. We complete the proof. ✷

From the analysis in Lemma 1, it takes about 10mn floating-point operations to
calculate bk,l for k = 1, 2, . . . , m and l = 1, 2, . . . , n.

From the left-hand side of Equation (2), we have

(4+ dk,1 + dk,m)(4+ dl,1 + dl,n)xk,l +
+ (4+ dl,n + dl,1)dk,mxk+1,l + (4+ dl,n + dl,1)dk,1xk−1,l +
+ (4+ dk,m + dk,1)dl,nxk,l+1 + (4+ dk,m + dk,1)dl,1xk,l−1 +
+ (dk,1dl,1xk−1,l−1 + dk,1dl,nxk−1,l+1 + dk,mdl,1xk+1,l−1 + dk,mdl,nxk+1,l+1)

= dk,1[dl,1xk−1,l−1 + (4+ dl,n + dl,1)xk−1,l + dl,nxk−1,l+1] ×
× (4+ dk,1 + dk,m)[dl,1xk,l−1 + (4+ dl,n + dl,1)xk,l + dl,nxk,l+1] +
+ dk,m[dl,1xk+1,l−1 + (4+ dl,n + dl,1)xk+1,l + dl,nxk+1,l+1]. (3)
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Let

tk,l = dl,1xk,l−1 + (4+ dl,n + dl,1)xk,l + dl,nxk,l+1 (4)

for k = 1, 2, . . . , m and l = 1, 2, . . . , n, then by Equations (2) and (3), we have

dk,1tk−1,l + (4+ dk,1 + dk,m)tk,l + dk,mtk+1,l = bk,l,

for k = 1, 2, . . . , m and l = 1, 2, . . . , n.
Let

Ap =




5 1
1 6 1
· · ·

1 6 1
1 5




p×p

and from Equation (4), we have

Am




t1,l

t2,l

...

tm,l


 =




b1,l

b2,l

...

bm,l


 (5)

for l = 1, 2, . . . , n.
In fact, Equation (5) consists of n NTTLS’s to be solved, where the coefficient

matrix in each system is of order m × m. From Lemma 1, it is known that 10mn

floating-point operations are required to prepare all the bk,l’s.

3. The Proposed Algorithm and Stability Analysis

In this section, first a stable linear-time algorithm is presented to solve the PSA
problem. Employing the matrix perturbation concept used in [7], the PSA problem
can be solved using about 19mn floating-point operations. Further, we discuss how
the MRQSA problem can be solved using about 24mn floating-point operations.
Finally, a detailed stability analysis is given.

LEMMA 2. It takes 4p floating-point operations for solving one NTTLS.
Proof. For exposition, let x = t∗,l , b = b∗,l , p = m,

Lp =




1
1
a

1
· ·

1
a

1
1
a

1




p×p

, Up =




a 1
a 1
· ·

a 1
a




p×p
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and A′p = LpUp, then we have

A′p =




a 1
1 b 1
· · ·

1 b 1
1 b




p×p

,

where b = a + 1/a. Comparing the two matrices Ap and A′p , let b = 6. We thus

have a + 1/a = 6, so a = 3 ± 2
√

2. We select a = 3 + 2
√

2 to make the two
matrices Lp and Up diagonally dominant and we have

Ap − A′p =




2− 2
√

2

−1




p×p

.

To solve Apx = b, we first solve A′pz = b, since

Apz = A′pz+ (2− 2
√

2)z1e1 − zpep

= b+ (2− 2
√

2)z1e1 − zpep

= Apx+ (2− 2
√

2)z1e1 − zpep,

where

e1 = (1, 0, . . . , 0)t︸ ︷︷ ︸
p

and ep = (0, . . . , 0, 1)t︸ ︷︷ ︸
p

.

We thus have

Ap(z− x) = (2− 2
√

2)z1e1 − zpep.

From

Ap(c, c2, c3, . . . , ck︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
p−k

)t =

(5c + c2, c(1+ 6c + c2), c2(1+ 6c + c2), . . . , ck−2(1+ 6c + c2), ck−1(1+ 6c)︸ ︷︷ ︸
k

,

ck, 0, . . . , 0︸ ︷︷ ︸
p−k

)t ,

setting 1+ 6c + c2 = 0, we have c = −3 ± 2
√

2. We select c = −3 + 2
√

2 =
−0.172. As a result, we have
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Ap(c, c2, c3, . . . , ck︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
p−k

)t

= (−1− c, 0, 0, . . . ,−ck+1︸ ︷︷ ︸
k

, ck, 0, . . . , 0︸ ︷︷ ︸
p−k

)t .

Let

u = (c, c2, . . . , ck︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
p−k

)t ,

then we have

Apu = (2− 2
√

2)e1 − ck+1ek + ckek+1.

Similarly, let

v = (0, . . . , 0︸ ︷︷ ︸
p−k

, ck, ck−1, . . . , c2, c︸ ︷︷ ︸
k

)t ,

then we have

Apv = (2− 2
√

2)ep − ck+1ep−k+1 + ckep−k.

Therefore, it yields

Ap(z− x− z1u− 1

2− 2
√

2
zpv)

= z1[ck+1ek − ckek+1] + 1

2− 2
√

2
zp[ck+1ep−k+1 − ckep−k].

Let y = z− z1u+ 1
2(1+

√
2)zpv, we thus have

Ap(y− x) = z1[ck+1ek − ckek+1] − 1
2(1+

√
2)zp[ck+1ep−k+1 − ckep−k].

Since c = −3 + 2
√

2 = −0.172, the right-hand side of the above equality
is neglectable when k is large enough. For example, k = 10. Hence, we can
solve Apx = b approximately by first solving A′pz = b and then obtaining y =
z− z1u+ 1

2(1+
√

2)zpv. The vector y is an approximate solution for Apx = b.
To solve A′pz = b, we first solve Lw = b and it takes 2p floating-point opera-

tions; we then solve Uz = w which takes 2p floating-point operations. Finally, the
evaluation of y = z−z1u+ 1

2(1+
√

2)zpv needs constant floating-point operations
for fixed k, e.g., k = 10.

The algorithm is:
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******Solve Lw = b******
α← 1/a

w1 ← b1

for i ← 2 to p

wi ← bi − α ∗ wi−1

end for
*****Solve Uz = w, then store z to y******
yp ← α ∗ wp

for i ← p − 1 downto 1
yi ← α ∗ (bi − yi+1)

end for
*****Calculate y← z− z1u+ 1

2(1+
√

2)zpv******
c← −3+ 2

√
2

t1 ←−y1

t2 ← 1
2 (1+√2)

for i ← 1 to k

*****k is a small integer, e.g., k = 10******
t1 ← t1 ∗ c

t2 ← t2 ∗ c

yi ← yi + t1
yp+1−i ← yp+1−i + t2

end for.

Consequently, solving Apx = b takes about 4p floating-point operations. Since

Ap(y− x) = z1[ck+1ek − ckek+1] − 1
2(1+

√
2)zp[ck+1ep−k+1 − ckep−k],

we have

‖Ap(y− x)‖∞
= ‖z1[ck+1ek − ckek+1] − 1

2 (1+√2)zp[ck+1ep−k+1 − ckep−k]‖∞
� |z1c

k| + 1
2(1+

√
2)|zpck|

� 3+√2

2
|ck‖|z‖∞.

In order to the measure the error between the approximate solution y and the
exact solution x, we need to prove that for any vector w, we have

‖w‖∞ � 1
4‖A′pw‖∞ and ‖w‖∞ � 1

4‖Apw‖∞.

The following will provide this proof:
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For exposition, we first let A′pw = d. From

A′p =




3+ 2
√

2 1
1 6 1

· · ·
1 6 1

1 6




p×p

,

we have

(3+ 2
√

2)w1 + w2 = d1,

wi−1 + 6wi + wi+1 = di, for 2 � i � p − 1,

wp−1 + 6wp = dp.

Suppose ‖w‖∞ = |w1|. Due to (3+ 2
√

2)w1 = d1 − w2, we thus have

(3+ 2
√

2)‖w‖∞ = |(3+ 2
√

2)w1| � |d1| + |w2| � ‖d‖∞ + ‖w‖∞,

that is, (2+2
√

2)‖w‖∞ � ‖d‖∞. Suppose ‖w‖∞ = |wi| for some i, 2 � i � p−1.
Because of 6wi = di − wi−1 − wi+1, we have

6‖w‖∞ = |6wi| � |di| + |wi−1| + |wi+1| � ‖d‖∞ + 2‖w‖∞,

that is, 4‖w‖∞ � ‖d‖∞. Suppose ‖w‖∞ = |wp|. Because of 6wp = dp − wp−1,
we have

6‖w‖∞ = |6wp| � |dp| + |wp−1| � ‖d‖∞ + ‖w‖∞,

that is, 5‖w‖∞ � ‖d‖∞. Combining the analysis in the three cases, we have

‖w‖∞ � max

(
1

2+ 2
√

2
,

1

4
,

1

5

)
‖d‖∞ = 1

4
‖d‖∞.

That is, we have ‖w‖∞ � 1
4‖A′pw‖∞. By the same arguments, it is easy to show

that ‖w‖∞ � 1
4‖Apw‖∞. We complete the proof. ✷

By the above analysis, we have

‖y− x‖∞ � 1
4‖Ap(y− x)‖∞ and ‖z‖∞ � 1

4‖A′pz‖∞ = 1
4‖b‖∞.

Further, we have

‖y− x‖∞ � 1
4‖Ap(y− x)‖∞

� 3+√2

8
|ck‖|z‖∞

� 3+√2

32
|ck|‖b‖∞,
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so the relative residual is bounded by

‖y− x‖∞
‖b‖∞ � 3+√2

32
|ck|.

Setting
√

2 = 1.4142135 and k = 10, the relative residual is bounded by
2.4 × 10−9. From a practical viewpoint, the proposed method for solving one
NTTLS is quite stable. We complete the proof. ✷

From Lemma 2, each NTTLS in Equation (5) can be solved using 4m floating-
point operations with a quite good relative residual. In fact, the proposed results
(see Lemmas 1 and 2) also provide a linear-time algorithm with good stability for
solving the polygonal curve approximation problem.

Since there are n NTTLS’s to be solved in Equation (5), we overall need 4mn

floating-point operations for solving Equation (5). Combining the time required in
preparing all the bk,l’s (see Lemma 1), we have the following result:

LEMMA 3. Equation (5) can be solved using 14mn floating-point operations.

From Equation (3), we finally want to solve

An




xk,1

xk,2
...

xk,n


 =




tk,1

tk,2
...

tk,n


 , (6)

for k = 1, 2, . . . , m. Note that the vector at the right-hand side of Equation (6) has
been obtained in Lemma 3.

It is observed that Equation (6) consists of m NTTLS’s to be solved and the
coefficient matrix in each system is of order n × n. Each NTTLS in Equation (6)
can be solved using 4n floating-point operations. Since there are m equations to be
solved in Equation (6), we have the following result:

LEMMA 4. Equation (6) can be solved using 4mn floating-point operations.

Combining the results of Lemma 3 and Lemma 4, we have the result.

THEOREM 1. Following the method mentioned above, the PSA problem can be
solved using 18mn floating-point operations.

As described in Section 2, the reduction ratio between any two consecutive lev-
els in the MRQSA representation is 1/4. From Theorem 1, it takes about
18mn × 4

3 (= 18mn(1 + 1
4 + ( 1

4)
2 + · · ·)) floating-point operations to solve the

MRQSA problem. We thus have the main result.
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(a) (b)

(c) (d)

Figure 3. The first simulation with four levels.

THEOREM 2. Using the proposed algorithm, the MRQSA problem can be solved
in about 24mn floating-point operations, i.e. O(mn) time.

To the best of our knowledge, this is the first time that such a linear algorithm
with thorough time complexity analysis and stability analysis has been used for
solving the MRQSA problem.

If the given polygonal surface is circular, e.g., a torus, using the similar deriva-
tion mentioned in this paper, the sequence of the corresponding tridiagonal systems
is circular. For saving space of context, the detailed derivation is omitted.

4. Experimental Results

The algorithm that we have presented allows the representation of a mesh consist-
ing of a large number of quadrangulations at multiple levels of detail, satisfying
the two criteria: (1) minimum mean square error and (2) fixed reduction ratio, say
1/4, between levels, and requiring linear time.

We have applied the proposed algorithm to two meshes. Figures 3(a) and 4(a)
show the first mesh and the second mesh, respectively. Figures 3(b)–(d) and
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(a) (b)

(c) (d)

Figure 4. The second simulation with four levels.

4(b)–(d) illustrate the meshes at various levels. The experimental results demon-
strate encouraging results.

5. Conclusions

The MRQSA problem is practical in network progressive transmission. Given a
polygonal surface with (2m−1)×(2n−1) points, the main contributions are three-
fold: (1) providing a new derivation to map the MRQSA problem into a sequence
of NTTLS’s, (2) presenting a linear-time algorithm needing 24mn floating-point
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operations, and (3) giving a detailed stability analysis for the proposed algorithm.
The first contribution also extends the result of Chan and Chin [4] from the domain
of polygonal curves to the domain of polygonal surfaces. Two experiments have
been carried out to demonstrate the applicability of the proposed results.

If the given polygonal surface is circular, e.g., a torus, using the similar deriva-
tion mentioned in this paper, the sequence of the corresponding tridiagonal systems
is circular. To save space, the detailed derivation is omitted.

Another favored mesh used in many applications is the triangular mesh [3].
Constructing hierarchies for triangle meshes is also very important. In [9, 10], some
efficient triangle-collapse operations are presented for build the level-of-detail rep-
resentation of triangle meshes. From the transformation from the MRQSA problem
with reduction ratio 1/4 to the solutions of m+n NTTLS’s mentioned in this paper,
it is an interesting research issue to apply the results of this paper to designing a
numerical linear algebra-based algorithm for the multiresolution representation of
triangle meshes.
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