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Abstract: The authors present an efficient technique for computing the eigensubspace spanned by
a received array data vector. First, the sensor array is partitioned into several subarrays without
overlapped sensors. The basis matrix for the signal subspace of each subarray is computed. Using
these basis matrices, an additional subarray is constructed and the basis matrix for the
corresponding signal subspace is also computed. By using these subarray basis matrices, the
basis matrix for the signal subspace of the original sensor array can be computed with reduced
computing cost. The statistical performance and computational complexity for adaptive beam-
forming and for bearing estimation using the proposed technique are evaluated. The theoretical
results are confirmed and illustrated by simulation results.

1 Introduction

Adaptive array signal processing based on the eigenspace-
based (ESB) techniques has been widely considered in
bearing estimation [1, 2] and adaptive beamforming [3-5].
Using eigenvalue decomposition (EVD) to eigendecom-
pose the observation vector space into a signal subspace
and a noise subspace is inevitably required when employ-
ing the ESB techniques. However, repeatedly updating the
data correlation matrix and, hence, its eigen-decomposition
to cope with changing conditions in signal or environment
makes the computing cost huge.

Recently, many algorithms have been presented in [6—
13] for alleviating the above difficulty. In [6, 7], the
subspace computation problem was formulated as a
constrained optimisation problem to be solved for mini-
mising the required computing cost. The algorithms of [8—
11] adopt the rank-one update of the data correlation
matrix at each sampling time. As a result, the subspaces
must be updated when receiving one more data snapshot.
As to the two algorithms proposed by [12, 13], the
subspaces are computed based on partitioning the original
linear array into some specified subarrays. However, the
principal hypothesis of unambiguity in developing these
two algorithms may not be valid for an array with arbitrary
configuration. Unfortunately, to determine whether an
array with an arbitrary configuration is unambiguous or
not is a very difficult task. Moreover, the effectiveness of
these two algorithms cannot be guaranteed when the
number of signal sources is overestimated.

In this paper, we develop a technique for efficiently
computing the subspaces when processing the data
received by an array with arbitrary configuration. Based
on the partition of the original array into several nonover-
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lapped subarrays, it is shown that the array signal subspace
is included in a subspace which is constructed from the
subarray signal subspaces. From the basis matrices which
span the subarray signal subspaces, we construct an addi-
tional subarray by appropriately selecting the array sensors
and compute its signal subspace. Using the obtained
subarray signal subspaces, the array signal subspace can
be computed with much less computing cost as compared
to conventional techniques. Moreover, the proposed tech-
nique possesses the advantages of the algorithms presented
by [12, 13] but eliminates their disadvantages of requiring
unambiguity in array configuration. The statistical perfor-
mance and computing cost of applying the proposed
technique to bearing estimation and to adaptive beamform-
ing are also evaluated. The experimental results of using
the proposed technique confirm the theoretical work.

2 Array processing based on eigensubspace
concept

Consider an array with arbitrary configuration and M array
sensors located on the X-Y plane as shown in Fig. 1.
Assume that P(P <M) narrowband signal sources are
impinging on the array from P distinct direction angles
0, o) fori=1,2,..., P, where 8; and ¢; are the elevation
and azimuth angles of the ith signal source, respectively.
Let a,,(0, ¢) be the response of the mth sensor to a signal

Fig. 1 2-D array configuration



source with unit amplitude and direction angle (6, ¢).
Then, the received data of the mth sensor is given by

. P
2,0 =Y @03 $)s,(O) + 1,n(0) )
i=1

where the uncorrelated signal sources sf) have powers
equal to m;, i=1, 2,..., P. n,(?) is the received additive
white sensor noise with mean zero and equal variance 7,
That is, the noise is uncorrelated from sensor to sensor and
with the signal. The corresponding data vector Z(f) = [z(9),
25(0), . . ., za(H)]T received by the array is then given by

P
Z(6) = Y A(0:, §)s(0) + N(D) = AS@O + N (2)
i=1

where the response vector of the ith signal is A(6,
¢i):[al(0i7 (/)1')’ aZ(ei, ¢i)5"'7 aM(gis (bi)]T’ the Signal
vector is S() = [51(6), $2(0), . . ., sp()]T, the noise vector is
N =[n(5), nxb),..., npt)]7, and the array response
matrix of all signal sources is Ag=[4(0,, ¢;) A(02, P2)
... A(Bp, ¢p)]. The superscript ‘7" denotes the transpose
operation. The ensemble correlation matrix of Z(¥) is given
by

R =E{ZWOZW)") = AWAY + 7,1, 3)

where the superscript ‘H’ denotes the complex conjugate
transpose. W= E{S()S(®)"} = diag{n|, 7ns,..., ®p} has
rank P <M and I, is the M x M identity matrix. From the
EVD of eqn. 3, we have

M
R=YJnenen = EsAsEY + EyAyEf )
m=1

where ;> ... > Ap>Aps1= ... =Ayy=m, are the eigen-
values and e, is the eigenvector associated with 4,,. The
basis matrix Es=[e; e>...ep]l and Ex=[ep. €p+2...epl
both are orthogonal and span the signal subspace (SS) and
the noise subspace (NS) of the array, respectively. The
P x P diagonal matrix Ag diag{4;, 42,..., Ap} and the
(M—P) x (M—P) diagonal matrix Ay=mn, Iy_p. Many
ESB techniques employing the basis matrices Eg and Ey
to deal with the problem of bearing estimation and adaptive
beamforming have demonstrated the advantage of better
performance over conventional techniques. However,
performing the EVD of eqn. 3 requires about 12M°
complex multiplications (CM) [15].

3 Proposed technique

Let the original M-element array be partitioned into &
nonoverlapped subarrays. Let the kth subarray have M,
sensor elements selected from the original array in such a
manner that the data vector Z,(¢) received by this subarray
is given by

Zi (1) = J L Z(1) = AgS(8) + Ni(1) Q)

where the M, x M matrix J, denotes the row selecting
matrix containing the appropriate rows of the M x M
identity matrix. Ag, =J; As and Ny(f) = J; N(¥) represents
the corresponding response matrix and noise vector for the
kth subarray, respectively. Based on eqn. 5, we note that J,
JT=0 for ki, Ji JL =1y, and IX | M, =M since the K
subarrays do not overlap. Assume that the basis matrices of
the SS and NS spanned by Z,(r) are designated as G and
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G, which have sizes M; x Py and M x (M;—P)), respec-
tively, where Py < M,. Then, we have

range{Gg) =range{dg}, and Gidg =0 (6)
From eqn. 6, it follows that

Lemma 1: range {J,{ Gy} Crange {Ag}*, where range
{Ag}t is the complement of range {Ag}.

Lemma 1 shows that the vectors of JI Gy are contained
in range {43 }. Next, we construct two full rank matrices as
follows:

Cy =Gy, J5Gy,, ..
Cs =] G5, J1 G, -

.y J[T;GNK], and
- Tk Gsg]

From Lemma 1, we note that range {Cy} Crange {Ag}*.
Accordingly, range {45} € range {Cs} since Cs is the
basis matrix of range {Cy}*. This reveals that a basis
matrix for range {Ag} can be found from Cg with signifi-
cantly reduced computing cost. Assume that G has rank
equal to P;. Then, G, contains a set of P, rows which are
linearly independent. Let H) be the P, x M, row selecting
matrix which selects the P linearly independent rows from
Gg.. A row selecting matrix H based on J; and H, is
constructed as follows:

H=[HJ) HDY ... HI )T ©®)
Using eqn. 8, a data vector with length

K
=3 r
k=1
is then formed as follows:

Z(f) = HZ(t) = AgS(H) + N(2), )

A~S=HA~S and N(t)=HN(f). The SS spanned by Z(1) is
range {Ag}. It is also easy to show that A5 and Ag have
the same rank because Hj selects the linearly independent
rows of G;. Based on the above results, it has been shown
in the Appendix (Section 9.1) that

Theorem I: Let Gs be a basis matrix that spans range {As},
then the matrix given by:

Gy = C4(HCy) ™' Gy (10)

spans range {Ag}.

Consider the practical situation where the numbers P
and P, are not known a priori. Then, we estimate these
numbers from the received finite data samples by utilising
the AIC or MDL algorithm presented in [14]. However, the
estimates may be greater than the actual numbers. In the
Appendix (Section 9.2) it is shown that the results
presented in theorem 1 can be modified as:

Theorem 2: Assume that the G given by eqn. 6 are full
rank basis matrices such that range {Ag} C range {Gg}
for k=1, 2,..., K. Then we have (a) If Gs is a full rank
matrix such that range {Ag}=range {Ggs}, then range
{Ags} =range {Ggs}. (b) If Gy is a full rank matrix such
that range {As} C range {Gs}, then range {4s} C range
{Gs}.

From the above theorems, we note that the proposed
technique possesses the capabilities of dealing with the
situation where the impinging sources are ambiguous to
the subarrays or the situation where either P, or P is
overestimated. Moreover, any existing technique that can
provide the basis matrices Gg; and Gs to satisfy the
conditions described in the above theorems is eligible to
be used for finding the basis matrices of the subarrays. If M
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is still too large when considering the computation of G,
the proposed technique can be further repeatedly utilised to
partition the data vector Z(¢) into nonoverlapped subvectors
and then compute the required basis matrix G as described
above.

According to the development of the proposed tech-
nique, it should be noted that the proposed technique can
generate the exact signal subspace as the conventional
techniques . presented in [12, 13] if the exact signal
subspaces of the subarrays are available. Moreover, the
methods for computing the required signal subspaces for
the subarrays are not specified. For example, one can
employ the conventional EVD-based methods or the
cross-correlation method presented in [12] or the methods
presented in [8—11] to compute Gg;.

Next, we evaluate the computational complexity
required by using the proposed technique. Let f(Q)
denote the number of CM required for obtaining the
matrix Q. From eqn. 10, we note that the total number of
CM required for obtaining Gy is given by:

K K

F(G) =1@9)+3 (G50 + 3 @ P+ PP+ PP,
k=1 k=1

an

where the last term of eqn. 11 represents the cost required
for computing Gy after obtaining G5 and Gg;. Consider the
use of EVD for obtaining the basis matrix Gg, for SS
spanned by Z(f). It requires about 12M; CM [15].
Furthermore, assume that the size of each subarray
becomes M,>»> P and the number of signal sources
viewed by each subarray is about P. Then we can easily
show that the number of CM shown in eqn. 11 is approxi-
mately given by:

D‘ d—1
169~ 1 (1) 12

d=1 s

where D ~log(M/M;)/log(M,/P) is the times of applying
the proposed technique required for computing the
subspaces of subarrays. Since M, > F, the first term for
d =1 of (12) dominates and, hence, f(G5) is approximately
equal to 12MM? which is much less than 12M3 required by
using conventional EVD techniques. For practical applica-
tions, computing the signal subspaces for the K subarrays
can be performed in parallel to further reduce the required
computing time.

4 Array processing using the proposed technique

4.1 Bearing estimation

According to the theoretical result presented in [18], a
search function for finding the signal bearings is
constructed from the basis matrices G as follows:

DO, $) = A0, $)"' Uy — G5(GY G5)™' GEHA©, §) (13)

Since range {Gyg} =range {Ag}, the direction angles (0;,
¢ fori=1, 2,..., P can be determined by locating the
minima of D(6, ¢)

In practical situations, we gan only obtain the sample
correlation matrices R, and R from finite data snapshots
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rather than the ensemble correlation matrices R, and
R=E{Z(t) Z(H™}, respectively. They are given by:

R 1<& " A L
R, =Z;Zk(n)zk(t,) , and R:Z;Zo,)zo,)

(14)

respectively, where Zy(1,) and Z(#) denote the associated
sample snapshots at the time instant 4 and L the number of
snapshots used. Similar to eqn. 4, we have the following
expressions:

Ry = EqAgEl + Ey Ay Efy,  and
R=EgAES + EyAyEy 15)

Using the resulting basis matrices Eg and Es instead of
Gy, and G, respectively, to compute the corresponding
basis matrix G from (10), we have the resulting search
function as follows:

D@, ¢) = A, )Ty — G5(GH )" GEHA0, §) (16)

In the following, we investigate the finite sample effect of
bearing estimation using the proposed technique. To
simplify the evaluation, we let the elevation angle 0 of
each signal source be equal to 90° and, hence, the variable
0 in eqn. 16 can be deleted. Thus, eqn. 16 becomes

D(¢) = A9 Uy — G(GHG)T'GA()  (17)

Let the estimate of the azimuth angle be qAﬁi for the ith signal
source and the resulting estimation error be Ag,= ¢,—¢;.
As shown in the Appendix (Section 9.3), the mean-squared
estimation error is approximately given by

E{A¢})p ~ L) CTH()Im, 5N

@D C‘2<4>,.)(|| Po)IRIBGII?
K
+ 3 IV @I 1B
k=1

K
sul@van(Yaap)]) o
k=1

C(¢) = A" Gy (GH Gy) ' GHA(D)),

B(;) = (GG ' GRAPIV (9P
= [(m, Y5 Y FH (7, Y5 i 1V @I

= [(m, Y5 YF s F§(m, 5 i

where

Fg = (EfAq)™" Fs = (E4y)™
Q, = JTEGFi(n, W5 up)B ()" EfJ .
Q@ = H'EgF{ (n, V5" up)B(¢)"ENH.

Bi(¢;) contains the entries of B(¢;) from the (Zf‘;ﬁ
(M;—P)+ 1)th entry to the (} &, (M;—P))th entry,
while B(¢;) contains the last M—P entries of B(¢;). up;
denotes the ith column of the identity matrix Ip. Moreover,
the term (2L)~! C~!(¢,) [r, ¥5'l; is proportional to (m,/
n,)~!, while the second term of eqn. 18 is proportional to
(m/m,)~* when all the signal sources are uncorrelated.
Thus, eqn. 18 approaches (2L)~' C! (¢)) [=, ¥5']: as
the input signal-to-noise ratio (SNR) increases.
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In contrast, the MUSIC algorithm of [1] performs the
following search function for estimating the signal bear-
ings when using L data snapshots:

D($) = A@B) (1), — EsED)A() (19)

where Es denotes the corresponding basis matrix of the
signal subspace associated with eqn. 4. In fact, the MUSIC
algorithm is equivalent to the proposed technique by
setting the number K of subarrays equal to one and the
matrix H=1I,. Hence, from eqn. 18, the corresponding
mean-square estimation error is given by

E{AG7)y = QL)' C (), s
+ L)' TN @I, Y5 IFsFS (7, W5 D)
(20)
where Fy=(E¥ A5)~'. We note that eqn. 20 approaches
QL)™' ¢! (¢) [m, ¥5']; as the input SNR increases
since the second term in the right-hand side of eqn. 20 is
proportional to (m;/7,) 2.

4.2 Eigenspace-based adaptive beamforming

Let the desired signal be the signal source incident from
the direction angle (6,, ¢,) and the other P—1 sources be
the undesired interferers. Consider that all the signal
sources are uncorrelated. The optimal weight vector
which minimises the array output power is given by
solving the following constrained optimisation problem:

Minimise W RW Subject to WHA(0,, ¢,) = 1
and W € range {G§} 21
The solution of eqn. 21 is given by
W, = kGsI's' G{A(0;, ¢1) (22)

where I's= G¥RGs and G is computed by using eqn. 10.
K denotes the normalisation constant. Since x does not
affect the result when computing the array output signal-to-
interference plus noise ratio (SINR), we can set x equal to
one for simplicity. For the situation of only finite snapshots
available, using R yields the optimal weight vector as
follows:

W, =GsI5' G400, ¢,) (23)
where
o= GG,
Next, the statistical performance of adaptive beamforming
using the proposed technique is considered. As shown in

the Appendix (Section 9.4), the output SINR of using the
proposed technique and L data snapshots, denoted as

SINR,,
has the following statistical property:
E{SINR,}p i
R A~ —_ _ 1
SIVR, (1 =L7'(SINR, + 1)(P —1))
Tr{(G Gy)”' )
WH (7 'Ry + )W,

where SINR, denotes the output SINR without finite
sample effect, R; the correlation matrix due to the inter-
ference only, and @ =E{LOGY{W,WH5Gy} with 6Gy=
Gy—Gy. It follows from eqn. 24 that

!

@4

E{SINR,}»
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approaches SINR,(1—L~! (SINR, + 1)(P—1)) as the input
SNR increases. Moreover, the proposed technique is
equivalent to the conventional ESB technique if K=1
and H=1I,. Hence, substituting K=1 and H=1I,, into
eqn. 24 yields the normalised expectation of the output
SINR, denoted as

E{(SINR,)c
SINR,
as follows:
E{SINR,}¢ .,
20T R0IC & (1 — LNSINR, + 1)(P — 1
SIVR, a (SINR, + 1)( »

(M — PYWH (n,RY) + (m, REW,

_ I
WH(m 'Ry + )W,

(25)

for the conventional ESB techniques, where R{ =
EgAs—m, Ip)~" EZ. Eqn. 25 reveals that

E{SINR,}c

also approaches SINR,(1—L~'(SINR,+ 1)(P—1)) as the
input SNR increases.

5 Computer simulation examples

Several computer simulation examples are presented for
illustration and comparison. Let A denote the signal wave-
length. A measurement of subspace construction accuracy
(MSCA) is defined as the squared Frobenius norm given
by:

MSCA = I|(1 - G5(GY Gs) ™' GF ) (ds(af Ag) ™ )1}

where Gy is computed using the proposed technique and
Ay is the signal response matrix obtained from eqn. 2. It is
expected from theorem 1 and theorem 2 that the MSCA
approaches zero as the number of snapshots used
mcreases.

Example 1: A 2-D array with 21 sensors and three
nonoverlapped subarrays used are shown in Fig. 2a.
Three uncorrelated signal sources with SNR=0 dB are
impinging on the array from (u;, v;)=(0, 0), (uz,
v,)=(0.4, 0.6), and (u3, v3)=(0.2, 0.7), respectively,
where (u;, v;)=(sin(0;) cos(¢;), sin(d;) sin(¢;)). Hence,
P=P,=P,=P;=3. Fig. 2b shows the MSCA for three
cases where source numbers is correctly estimated or
overestimated. The corresponding MSCA achieved by the
conventional direct EVD technique which resorts to an
eigendecomposition of the correlation matrix of the whole
array is also plotted for comparison. Each simulation result
is the average of 100 independent runs. The subarray basis
matrices are computed from eqn. 15. The P and P, denote
the estimated values for P and P, respectively. As
expected, these MSCA curves approach zero as the
number of snapshots increases. This confirms the validity
of the theoretical work.

Example 2: A nonuniform linear array with 15 sensors
located at 04, /2, 34/2, 24, 34, 9A/2, 54, 64, 131/2, 84,
17472, 194/2, 104, 214/2, and 114 on the Y axis is
considered. Two uncorrelated and equi-powered signal
sources are impinging on the array from (6, ¢,)=(90°,
10°) and (0, ¢,)=(90°, —30°), respectively. The array is
partitioned into three nonoverlapped subarrays with each
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containing five sensors. Here, we only consider the estima-
tion of the azimuth angles as described in Section 4.1. Fig.
3 depicts the root mean squared error for ¢, against the
number of snapshots for the cases of SNR=3 dB and 10
dB. Each result is the average of 500 independent runs.
The curves represent the theoretical results based on the
formulas given by eqns. 18 and 20. The symbols represent
the simulation results using the proposed and MUSIC
techniques. This figure shows the the effectiveness of the
proposed technique and confirm the performance analysis
presented in Section 4.1.

Example 3: Here, we consider the ESB adaptive beam-
forming using the 2 D array and its partitioning shown by
Fig. 2a. The desired signal and two uncorrelated interferers
are equipowered and impinging on the array from
(u1,v1) =(0,0), (u2,v2) =(0.4,0.6), and (u3,v;)=(0.2,0.7),
respectively. Fig. 4 shows the results regarding the expec-
tation of the output SINR against the number of snapshots
for the cases of SNR =—2 dB, —6 dB, and —10 dB. Each
result is the average of 500 independent runs. The curves
represent the theoretical results based on the formulas
given by eqns. 24 and 25. The symbols represent the
simulation results using the proposed and conventional
techniques. Again, this figure shows the effectiveness of
the proposed technique and confirm the performance
analysis presented in Section 4.2.

6 Conclusion

This paper has presented an efficient technique for the
computation of signal subspace which is required for array
signal processing. We partition the entire array into several
nonoverlapped subarrays and compute the signal subspaces
spanned by these subarray data vectors. Then, these
subspaces are utilised to construct the entire signal
subspace. It has been shown that, as compared to existing
techniques, the proposed technique provides a significant
saving in computational burden. Moreover, the proposed
technique possesses the advantages of coping with the
situations of source number overestimated and array
ambiguity over conventional techniques. Statistical perfor-
mance for each of bearing estimation and eigenspace-based
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adaptive beamforming using the proposed technique has
been evaluated. The theoretical works have been illustrated
and confirmed by several simulation examples.
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9 Appendix

9.1 Proof of Theorem 1
Here, we prove Theorem 1.

Theorem 1: Let G be a basis matrix that spans range {4},
then the matrix given by:

Gs = C5(HC5) ™' Gy, (26)
spans range {Ag}.
Proof: Let GN be an M x (M—P) full rank matrix which
satisfies Al 14 Gn=0 or A% (H” G\)=0. Therefore, the rank
of Gy is M—P and the rank of H G is also M—P because
H is row selecting matrix which selects the linearly
independent rows of Gy. Since range {As} C range {Cg}
and we note from eqn. 7 that Cg is of size M x M and full

rank with rank equal to M, range {Cg} can thus be
decomposed into two orthogonal subspaces. One is range
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{As} which has rank equal to P and the other one is range
{Cs} N range {4 S}-L which has rank equal to A/—P. Due to
the fact that HCj is a full rank square matrix and the matrix
given by:

Cs(C{Cy) ' CYHGY) 27

represents a projection of the matrix H” Gy onto the range
{Cs}, it follows that the matrix given by eqn. 27 is a full
rank matrix with rank equal to M—P and spans range
{Cg} N range {4 S}L Moreover, by using the fact that
GY Gy=0 and HC; is a full rank square matrix, it is easy
to show that G¢ given by eqn. 10 is a full rank matrix which
is contained in range {Cs} and orthogonal to the matrix
given by eqn. 27. As a result, we have range {Gs} =range
{4s}. U

9.2 Proof of theorem 2
Here, we prove theorem 2.

Theorem 2: Assume that the Gg; given by eqn. 6 are full
rank basis matrices such that range {Ag} C range {Gs}
for k=1, 2,..., K. Then we have (a) If Gs is a full rank
matrix such that range {A st =range {Gs}, then range
{As} =range {Gs}. (b) If GS is a full rank matrix such
that range {As} C range {Gg}, then range {As} C Tange
{Gs}-

Proof: From the assumptions that range {Ag} & range
{Gs}, we note that range {45} C range {Cs} since Cy
given by eqn. 7 is still orthogonal to 4s. Moreover, it can
be shown that the matrix of eqn. 27 is contained in range
{Cs} and orthogonal to range {4} if range {As} C range
{Gs}. As aresult, the matrix G given by eqn. 10 is always
a full rank matrix with rank equal to that of G5 and range
{As} € range {Gs} C range {Cs}. Therefore, we have the
result of (a) if G5 has rank equal to P. In contrast, we have
the result of (b) if G5 has rank greater than P. O

9.3 Mean squared estimation error

Here, the mean squared estimation error using the

proposed technique for bearing estimation is derived.

From eqn. 10, we construct an NS basis matrix which

satisfies G Gs=0 as follows:
Gy =J1Ey,J3Ex,, ..., JREyg, H'Ey] (28)

Accordingly, the corresponding NS basis matrix of using
finite samples can be written as

Gy =WTEy, , JSEy,, ..., JRE\, HTEy) (29)

where Ene and Ey represent the basis matrices associated
with R and R, respectively. Thus, the search function under
finite samples becomes

D(¢) = A(9) Gy(GEGy) ' Gl A(P) (30)

Let the ith direction angle estimated be d),-. Using the first-
order approximation presented by [16], it can be shown
that the resulting estimation error is approximately given
by

Ap, ~ —(B() GRA(¢,))'Re(B(¢,)" 5GRA($)} (31)

where Re{x} denotes the real part of x. A (o)) is the first-
order derivative of A(¢) at ¢ = ¢;, 6Gy= Gy—Gy and

B(¢) = (GHGy) ' GRA(9) (32)
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From eqn. 31, we can show that the mean squared estima-
tion error is approximately given by

E{A$?} = 2C(¢,) > (2Re(E((B(¢)" 6GHA($)) 1}

+ 2E{|B(¢)" 5GHA($)I*) 33)
where

C(¢) = A(d)" Gy(GHGY) ' G A(e) (34)

Since Em is obtained from the EVD of ﬁk, it also can be
shown by using the first-order approximation presented by
[16] that

OEy, = Ey, — Eyy ~ —RGAREy,, and
0Ey = Ey ~ Ey ~ —R{ARE), (35)
where

AR, =R, —R, = J,(R— R)J] = J,ARJ},
RSJ‘rk = FSk(ASk - nnIP)_lE.IY{k
AR=R-R=H®RR-RH" =HSRH", and
Rf = Eg(Ag —m, ) 'EY
(36)
From eqgn. 29, we have
0Gy = [JTOEy,, JS0Ey,, ..., JL0Ey,, HTOE] (37)

Substituting eqns. 35-37 into eqn. 33 and using the
statistical property of AR [17]:

E{Q7ARQ,07ARQ,} = L™'Tr{QYRQ,}(QRQ,) (38)

where Q; for i=1,..., 4 are some matrices with appro-
priate sizes and Tr {F} denotes the trace of the matrix F,
we can easily show that

E{(B(¢)6GHA($))*) = 2L Tr{Q(Z,2,))
E{|B($)"6GHA($)1?) = L7 (I, V5 '1:C(8y)
+ 17 (@I 1B
+ Ze V@ 1B ()1
+ Tr{Q(Z,2,))
+ Tr{2E, 2 39)
where -
Q = J{EgF%(r, W5 up)B($) EtJ 1.
Q = H'EgF{ (n,¥5 " up)B() EXH.
7@ = [(m, ¥5YFsFE (m, ¥5 )i
IVl @I = [(m, V5 F 5 F i, s )i (40)
where Fg,=(Esf As0)™",
Fs = (E{45)7",
Bi(¢)) contains the entries of B(¢;) from the (Y%
(M;—P;)+ 1)th entry to the (3 %, (M,—P))th entry, and
B(¢,) contains the last M/—P entries of B(¢,). up; denotes

the ith column of the identity matrix Ip. Finally, substitut-
ing eqn. 39 into eqn. 33 yields the result shown by eqn. 18.
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9.4 Output SINR

Under finite data samples, the computed SS basis matrix
G5 can be expressed as

Gy = G + Gy (41)

where dGy approaches zero as the number of data snap-
shots increases. We decompose G into two components
which are in the signal and noise subspaces, respectively,
as follows

8Gs = G5(GY Gy) "' G 0G5 + G\ (G Gy) ' GRGs
(42)

Substituting eqn. 42 into eqn. 41 yields

G5 = Gs + 0Gs = (Gs + AGy)(Ip + (GI G5) ™' GH 6G)
(43)

where

AGs = (I — G5(G{ Gy) ™' GY)
x 0Gs(Ip + (GHG) ' GHoGg)™  (44)

We note from eqn. 43 that Ip +(GH G5! G%G is full
rank and hence invertible if G is small enough and then
the term (G G5)™! G G g can be neglected as compared to
Ip. Thus, these two matrices Gs+ AGs and G's span the
same subspace. As a result, ESB adaptive beamforming
based on these two matrices will produce the same optimal
weight vector. It follows that

AGy € range{Gy}, AGHIRGy =0, and

GHA;, ¢) = G40, $), 43)
for i=1, 2,..., P. Moreover, we have the following two

approximations from eqn. 23:
GYRGg ~ I's + AGYRAG (46)
and
I's =g+ Alg~I's + AGYRAG; (47
Computing the inverse of eqn. 47 and utilising the general-

ised matrix inversion lemma under the assumption of
A@''s &« I's, we obtain the following approximation:

Ig' ~ 15! - r3'arrs' @8)

Substituting eqn. 47 into eqn. 23 and taking the difference
of eqn. 23 and eqgn. 22, we obtain

AWo = Wo - Wo ~ AGSFEIG?A(HIY d)l)
— GsT's' AI'sT5' G A(0,, ¢)) (49)

Based on eqn. 49, we obtain the output power of the
desired signal and the total array output power as follows:

Py =milAO,, ¢1) ",
& p, + Apg + the first and higher-order terms

B = W, RV, ~ p + Apy + Ap
+ the first and higher-order terms (50)
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respectively, where p, and p, denote the output power of the
desired signal and the total array output power without
finite sample effect and are given by

Ds =T |A(01, ¢1)H Wo|2
= m(40,, )" GsI'5' GE A, ¢,))

P =W, RW, = A0, $)" GsI's' G 4(6,, ¢)  (51)
respectively, and
Apg = (A6, qbl)HGSTElAI"SI"EngA(BI, ¢1))2
Apy = A0y, ¢1)! GsT5' AT sI'5' AL G 4(6;, 1)

App = 1,40, ¢1)" GsT'5' AGI AGT5' GE A, ¢,)
(52)
represent the corresponding second-order terms, respec-

tively. Following eqn. 52 and the property of eqn. 51, we
can easily show that

1 P
E{Apy} = pr and E{Ap,}= ZP: (53)

Using the above results and taking the first-order approx-
imation, we can further show that the expectation of the
array output SINR is approximately given by

E{SINR,} ~ SI]VRa(l — L7\(SINR, + 1)(P — 1).

E
- {LAPzz}) (54)
P: —Ps
This approximation is possible because the expectations of
all first-order terms are zero and higher-order terms are
negligible as compared to the second-order terms, where
SINR, =p,/(p,—p) denotes the array output SINR without
the finite sample effect.
Similarly, the basis matrix for the noise subspace
obtained from finite snapshots can be expressed as
Gy = Gy + 3Gy (55)
Hence, we have
GiGg = (Gy + Gy (Gs +6Gs) =0 (56)
It follows from eqn. 56 that
GloGs ~ —5GiL Gy 57

by neglecting the second-order terms in eqn. 56. Substitut-
ing eqn. 57 into eqn. 44 and neglecting the higher-order
terms yields

AGs ~ —Gy(GHGy) ' 0GR G (58)
Based on eqn. 22, eqn. 52, and eqn. 58, we can obtain
E{LAp,} = 7, Tr{(G Gy) ™' @) (59)
where
@ = E{LOGEW, WH oGy} (60)
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Let @, forh, k=1,2,..., Kbe the submatrices containing
the rows from the (X!} (M;—P,;)+ 1)th row to the (%
(M;—P))th row and the columns from the (T2}
(M;—P;) + 1)th column to the (ZX_, (M;—P;))th column of
D, Dy for h=1, 2,..., K be the submatrices taking
the rows from the (4=} (M;—P) + 1)th row to the (Z%,
(M;—P))th row and the last M—P columns of &, and
D+ 1yx+1) be the submatrix taking the last M—P rows
and columns of @. Using eqns. 37 and 38, we can show
that the submatrix @, is given by

Dy = Y ENT WL Eny (61)
where
e = W) (EgeF§(n, W5 F 5,ES,
+ (W, R I 1 (T RENT W) (62)
for h, k=1,2,..., K
D1y = ey B H TEy (63)
where

sy = HWY (EgFY (r, ¥5"F g, EY,
+ (0, REHI | (n, RGN, W,) (64)
forh=1,2,..., K, and

D+ = Ixrnaand g—p (65)
where
Sanysn = HW Y (EgFY (n, P5"FEY
+ (m RODHW,). (66)

From eqn. 62, we observe that 9,; =0 because J, and J;
select two nonoverlapped subarrays if 2 # k. Since
n.RG =Eg FA n, Ws'Fs ES, we can easily show that
all of 4, Sux+1) and g+ 1y +1) decreases as the input
SNR increases.

Finally, consider the term p,—p, which represents the
array output interference plus noise power and can be
written as p,—ps= W (Ry+n, I) W,, where R; denotes
the correlation matrix due to the interference only. Based
on eqn. 59, we can rewrite the third term in the right-hand
side of eqn. 54 as follows:

(-1 B} 4 Tr(GHGy) ' @)
Pt — Ds szl(n;x-lRI +IM)W0

Eqn. 67 decreases as the input SNR increases since its
numerator decreases, while its denominator increases as
the input SNR increases. In contrast, the second term of
eqn. increases as the input SNR increases. Therefore, the
third term of eqn. 54 becomes negligible as compared to
the second term of eqn. 54 as the input SNR increases.
That is, eqn. 54 is approximately given by

(67)

E{SINR,} =~ SINR,(1 — L"\(SINR, + )P — 1))  (68)
when the input SNR is high enough.
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