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Being based on the generalized sampling theorem(€) presented by the
authors, some series-expansions of functions are given as its special examples,
including Krolls expressions@). The discussions are also made on the con-
ditions under which our generalized sampling theorem holds.

][N the previous pape?’, the authors presented a generalized sampling theorem

with some of its examples, which includes Someya-Shannon®S sampling
theorem®*® as a special case. Recently the authors were informed that the
sampling theorem was also generalized by Isomichi®® in connection with the
generalized frequency domain.

Here in the present paper, the authors wish to discuss the series-expansion of
functions in an orthogonal set of functions, and to consider the conditions under
which our generalized sampling theorem holds, and also to mention new formulae
which were not given elsewhere.

Let f(t) belong to L,, and let the following reciprocity relations hold:

F(s)=L-f={ K(s t)f(t)at, fors B (1)
and
f(t) = FI’FEka(t, s)F(s)ds, forteE A (2)

in the domains A and B, respectively.
From (1) and (2), we obtain at once:

fA K(s, 1)K(t, 0)dt=d(s—0), (3)
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and
fo{(t, $)K(s, t)ds=d(t—1), (3)

with delta function o T (2).
Further we assume that
F(s)=0, for s&EDCB (5)

in the outside of the domain D. Accordingly, we obtain from (2) and (5)
=T, = 7
f(t) =L F= [ _K(t, s)F(s)ds. (6)
Let F(s) be expanded in a complete orthogonal set of functions:
{#a(s); fD $m(S)bn(S)dS=T *Om,n (m, n=integers)}, (7)
in the domain D € B;i. e.
F(s)=>a, ¢.(s), for s & DC B. (8)
The expression (8), being multiplied by ¢.(s) and integrated over D, gives:
fD F(s')cﬁm(S)ds:Zan-fD Om(s) $u(s) dS=2an"Tm*Omn=Tm"Gm. (9)
From (6),(7), (8) and (9), we obtain:
J(t)=LT"F=Za, L' 6a
=z(.LfD F(S) $x(s) ds) ‘ 7/, K(t,s) 6a(s) ds. (10)
n rm

If the functions f(t), {#.(s)}, and the integral kernels K(s,t) and Kl(t,s),
are given, then we can construct a series-expansion of f(t) by means of (10).
If we can take

$n(s)=K(2,, s), forsED (11)

with constants i, i. e. if the kernel K(2.,s) can be put equal to #(s), then the
expression (10) is simplified into

1
7 wn

=2 P Rns)a) @ B9 & 1,9 ds

=3 L fi) 0 /, Kit,9) K(1,S) ds, (12)

by means of (6). The expression (12) gives a generalized sampling theorem(€).
The points at the variable ¢:

=2, (n=integers) (13)
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are called sampling points, and the function ¢.(¢), defined by

gﬂ(t)ELrl'(?Sn:fD k(t, s) ¢nls) ds:fD k(t, s) .f{(/ln, s) ds,

(n = integers) (14)
is the sampling function.
If the set of functions {K(2s, s) ; n=integers} is not necessarily orthogonal,
but complete and linearly independent, we can find normalized biorthogonal set
{¥'m (s); m=integers} by the method given by Iizima®™", in such a way that

J . Bl 5) ¥a(s) ds=om,», (15)

is to be satisfied. From the completeness of the set {K( A,, s); m=integers}, we
have :

SR {2, 8) ¥ (0) =0 (s=0). (16)

Isomichi®® expanded F(s)in {v¥. (s) ; n=integers}, and obtained:

F(s)=2ﬂ b, v4(s), for s&eDCB (17)
with

bu= [ K(h, 5) F(s) ds. (18)
From (6) and (18), we obtain at once:

ba=f0a) = [ KU, s) F(s) ds. (19)

Operating L:* on (17), we obtain, by means of (6) :

f(t) =L7F=3b, [ K(t,5)va(s) ds
=2 1) o 7 Klts)9a(s) ds. (20)
The expression (18) or (19) becomes to:

fOn) = [ ds-R, 9). [ at-Ki(s, 1) £

=fA di- f(t) .fD ds-K(In, s) K(s, 1), (21)

(10) Y. Isomichi: Research Group of Information Theory, Report IT 67-36 (FizEu: fEEaHIge et
BT 67-36) BET-MfEHEy (1967), 1.

(11) T. lizima: Method of Functional Analysis I, Theory of Biorthogonality ({if &% EEEEHTO T
I, FSIEACHERER) (1966), 1. WHSEHEBNTA ~ b <+ v IS ETT.
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by means of (1). The expresion (20) is the generalized sampling theorem obtained
by Isomichi®®, and the expression

gn(t) =fD K(t, s) ¥a(s) ds, (n=integers) (22)
is the the sampling function, with sampling points ¢=2,(n=integers) and with
g,,(l,,,) sz E(me 5) 1//';;(5) ds=20.,

The idea of the generalized sampling theorem was given by one of the present
authors, Takizawa, in his book® of information theory.

If we take {K(1», s)} to be orthogonal, then we have at once
{‘.»”n(s)}={¢n(3)}={k(in, s)}, (23)

as was given in (11), the expression (20) reduces to the sampling theorem (12),
the dual vector {¥.(s)} for {K(1., s)} reducing to {K(Z, s)} itself.
The corresponding expressions of F(t) for (20) and (21) are as follows:

F(t)=ZF(u) - [ Kt s) va(s) ds, (24)
and

Flu) = [ dt-Fit)- [ds-K(un, 5) Kis, 8), (25)
with the sampling function:

pait) = [ K(t, 5) ¥als) ds, (26)

and the sampling points ¢=u. (n=integers) , under the condition that for the
complete set {K(u.,t}; n=integers} we have a set of biorthogonal functions
{¥.(s); n=integers} in the domain EC A, i.e.

o K, 1) Fa()dt =5, for tEES A (27)

From the completeness of the set {K(us, s); m=integers}, it follows that the
expression;

%K(ﬂn, S) 1;;1(0) =0 (3_0), (28)
holds.

Now, let us take sampling functions {g.(¢); n=integers}, {.(t); n=integers},
{P.(¢); n=integers}, and {g.(¢);n=integers}, defined as follows:

(6) E. I. Takizawa: Information Theory and its Exercises (1966), (in Japancese). Hirokawasyoten, TOky6,
p. 275. fek—: WHMOWMBR LT (1966), BE)IEE, BN
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o ()=[ _K(t, 5) ¥u (s) ds, (29)

fu(t)y=[ K(s,8)¢x (s) ds= [ K(s, 1K(%, 5) ds, (30)

pt)= [ _K(t, s) als) s, (31)
and

()= [ _K(s, 1) Klu, 5) as. (32)

From (3) and (4), we have

Yu(o), for e &ED
K(o, ) gs(t) dt=[ _4a(s)-3(o—s) ds={ 33
/A ' f” 0, for o D
N K(l, o), f ED
[ Etomwa=f o ® a(o-s)ds={( ?) for e (34)
4 b 0, for c& D
- N Yuls), for e EE
Rio, 1) pu(t)dt= 1/fn(s)'5(0—s)ds={ o
fB ’ fE 0, for & E (35)
and
K(un, o), for c=F
K(t,0)an(t)dt= [ K(zns) ® 6(0—S)a’s={ o
fB fE 0, for ot E. (6)

By means of (3) and (15), we obtain
[ o) hu@ydt= [ as- [ do-vn(s) 4u(0) -0 (0=s)
=fD Vo (S) ¢u (s)ds= fD K (2, ) ¥ (5) ds=0p, n, (37)

for any integers m and ». This expression (37) shows that any function of
{9 (¢); n=integers} and any function of {k.(¢); n=integers} are mutually or-
thogonal in the domain D. Similarly, we obtain, from (4) and (27) :

[ pn®) aat) @t = [ Fuls) Kla, ) ds=t, . (38)

We shall return to the expressions (20),(21),(24),(25). They are written
as follows :

ft) =2 F(2)9a(t), (39)

n

fl2) = fA f(t) ha(t) dt, (40)
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F(t) =X F(ua) P4(2), (41)

and
F(u) = [ _F(t) a.(t) at, (42)

in terms of (29) ~ (32).
Let £(t) be any function which can be expanded in {g.(¢);n=integers}, i.e.

£(t) =n2 CagnCn (), (43)
with constants c., then the integral operator:

G=[deZgu) hale) = [ de-ot—0), (44)
applied to (43), is the identical operator, in the sense that

g &(c)=¢(2). (45)

The proof of (45) is quite obvious, if we put (43) into (45) and refer (37).
Considering (4) and (44), we shall take

Fei) =f Rt sy foa (46)
with

F) = [ K(s, 1) F*(s) as, (47)
and

o) =f et fa, (48)
with

F&) =3 f*(2a) hal). (@9)

n

Then we obtain, from (2),(3),(47),(39),(49), and (37), the following expres-
sions :

||f||2=fA dt-fBa’s-K(s,t) F*(s)-dea-ii’(t, o) Flo)
= f Bds'F*(s). - ds. F(s)3(5—a) = fBF*(s)F(s) ds, (50)
and

Ifle=f | @t S F (an) b (t) f (1) 0 (0)
=2 f* (2n)f(A) +0m, n=3 f* (1) f(22), (51)
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with the norm [ /]| of function f(t) :
1= [ [F@)] a. (52)

The expressions (37),(45), and the generalized Parseval equalities (50) and (51)
are given by Isomichi®®.
Now we shall lifferentiate (39) with regard to ¢, then we have

f(#)=% F(2) ga(2). (53)

On the other hand, we apply the generalized sampling theorem (39) to ¥ (t), then
we obtain

F)=3 F(2) ¢x(8), (54)

n

with

£ =[],

From (53) and (54), we obtain

}n: S (2n) gu (2) —-; S (2a) gu(t) =0. (55)
Accordingly, from the m-th derivative of f(t), we obtain:

2 S (1) gx(2) —= f(2) gam(2) =0, (56)

with

m

fm(z)=-2"_1(2), and ¢i(z) =2

«(2), (m=integers).
— (), gers)

Here, we shall mention an expansion-formula, which contains both Taylor¥s
and sampling formulae. If a function f(t) is expressed in (39),7.e.

f(2) =Z f(24) gn(2), (57)
and if we can expand f(¢4¢) in a Taylor series, as
f+e)= 3 ,,1! gmefom (), (55)
then we have an expansion-formula:
ft+e)= 3 B emefm () 6.) (59)
= ggél-é'"-f(zn) g (). (60)
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For the special case of =0, the expressions (59) and (60) reduce to (57).
While, for the special case of ¢=2, (with % fixed) in (59) and (60), we have

futd)= E 8 L e m ) ) =SE e () 0n s
= ;fo ,i'iff'"~f<'">(xk), (61)
and
flurey= 5 T L e f i) 08 (). -

The expression (61) is nothing but the usual Taylor expansion of f(¢+ €), while
the expression (62) gives f(1¢+¢£) in terms of the derivatives of sampling functions
g» at the sampling point Az

Example 1
We shall take the Fourier transforms in (1) and (2), and take

K(s, t) =~é1—exp[ist], A= (—00, + )
T

K(t, s) =exp[-its], B=(—c0, + @),
$s(s) =K (s, s) =expl—ilas], D= (-4, 7),

n—Fk

Ap = =, n=integers, k=real number given arbitrarily,

] ] .
f expl—2Ams]-expl+24:8] ds=7*0m, u, T2a=283,
-8

then the sampling theorem (12) reads as follow:

1 g n—=k 2 sin[pt+ (n—k) =]
f(t)‘—“é[; FZ_mf(—- 3 ) ,, o=k
to k i — k)x
= 1 Smﬂ[tﬂt— (,(,"_Z)i] : (63)

The expression is nothing but Someya s sampling ® given in 1949. The expression
(63) gives f(t) in terms of the sampling function sin[f¢ —(n+ K) z]/[5t — (n+k) =],
with values of f((nz+kz)/3) at sampling points t = (n+ k) z/3 (n=integers). if
we put k=0 in (63), we have Shannon TS sampling theorem® .

Example 2
We shall take the Fourier cosine transforms for (1) and (2), and take:
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Ki(s, t) =~72~zcos(st), A= (0, + ),

K(t, s) =cos(ts), B= (0, + ),

$a(s) =K (2n, s) =cos(2.s), D= (0, 8),

sin (2/1,:!9) }

A
n=— 14
g 2{ 2248}

where 2.s are the roots (arranged in ascending order of magnitude) of the equation:

2n tan (1a8) =M, (64)
with a constant M. Then the expression (12) takes form:

2 1 # . s ,

f(t) —;? . S (@8] (/0. F(s)cos(2s)ds) 'K cos (1s)cos (1a8) ds
22,8
_2 cos (1x8) ! tan (At) ~M
=3 () e — S8 0P) L tAn L t),
,9§f( ) o sin(208) gl cos(ft) (65)
2248

with sampling points ¢=2,(n=integers), and the sampling function:

gu(t) =1 a0 =M g (g1 (66)

=22

Example 3

We shall take the Fourier sine transforms (1) and (2), and take:
K(s,t)=2sin(st), A= (0, + ),
T
K(t, s) =sin(ts), B= (0, +®),

$n(8) =K (2, 5) =sin(2.s), D= (0, B),

_ﬂ Sln(zlnﬂ)
=0 5in(228)
=gt 20,8 )

where 2,s are the roots (arranged in ascending order of margnitude) of the
equation :
2s COt (2,8) =N, (67)

with a constant N. Then the expression (12) becomes to:
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e 2 1 o o
fit)= ;9*%. _sin 28] (j(; F(s)sin(2.s)ds) _/; sin (2s)sin (1.s)ds
228
—_2 sin (4»8)  teot(ft) =N o, 63)
'Bgf(ln)- T sin (28] g sin(4 t), (
228

with sampling points ¢=2.(n=integers), and the sampling function:

. (2) = ¢ cot (l?,t),:N sin(4t). (69)

12 =)n

The formulae (65) and (68) were obtained by Kroll® in connection with the
solution of an integral equation.
Example 4

Let us take the Hankel transforms of order »(v>>—1/2) for (1) and (2), and
take the Fourier-Bessel series™ for F(s) :

vt ft) €L, (0, +0),
K(s, t)=t J, (s t), A= (0, + ),
K(t, s) =s J, (ts), B= (0, + ),
¢ (s) =1, (jus), D= (0, 8),

with the orthogonality relations :
8 . . N
L5 T Gis) T (G$) ds=T w0,
and

=B
Tn 9 ]v+1(]n19)y

where j.8(n=1, 2, 3,...) are the positive zeros of J,(z), being arranged in
ascending order of magnitude, z.e.
J.(jsB)=0. (70)

The expression (12) takes form :

10 =2 7 W([jsms)umwﬂ o ['s 15 Lijs)

g A 1
g 27U TG = ()

{(7) G.N.Watson: Theory of Bzssel Functions (1944), Cambridge Univ. Press. p. 576.
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with sampling points ¢=j,(n=positive integers), and the sampling function:

ga(t)= L BE) (72)
t—7a

The formula (71) was given- by the present authors in this journal.

Example 5

We shall take the Hankel transforms for (1) and (2) just as in Example 4.
The function F(s) is assumed to be expanded in the Deni expansion@) in the
domain D= (0, ). We shall take

K(s, t)=t J,(st), A=(0, + ),
K(t,S) =s J,(t S), B=(0,+),
$x (8) =1, (2a8), D= (0, A),

with the orthogonality relation -
8
L5 T (0ns) T 208) ds=7-3,
and

7= "zi'é'{(zﬁh?)ﬂz—v}fi (2:8),

where 2.s(n2=1,2,3,...) are the positive roots (arranged in ascending order of
magnitude) of the following equation:

2ad (2aB8) + 1], (2,8) =0, (73)

with a constant h.
Then the expression (12) becomes:

TO=2 2 i P T 1) (fo sF(S)L(zns)dS)-fo s J.(ts) ] (2s)ds
P ) A Lt Ju(81) + 1], (81) .
28 Elf(zn) {(23+h2)ﬂ2—1/2}];(2nﬂ) r£_j2 , (74)
with sampling points ¢=2,(z=positive integers), and the sampling function:
P MRS IACHN (75)

=2

The formula (74) was given by Kroll®” in this journal.
Letting h tend to infinity in the expressions (73) and (74), we see that they
reduce to the following expressions, respectively:

(8 ) G. N. Watson: Theory of Bzssel Functions (1944,. Cambridge Univ. Press. p.580.
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and
f(t):—*géf (21) ‘ L) ¢ t(z»?_,tii,,' (77)

The expressions (76) and (77) are nothing but the expressions (70) and (71),
respectively. Accordingly, the expression (71) is a limiting case of (74).
If we put v=1/2 in the expression (74), then we obtain
Any An )
{(2+h?) 52— i—}sin(lnﬂ)

fity=—28 2 f (1), X
t cos(8t) + (h—é%)sin(ﬂt)
V't (£2=23)

where 4.5 are positive roots of the following equations, being arranged in ascend-
ing order of magnitude:

; (78)

2 cOS (A0 B) + (h—%) sin(1.8) =O. (79)

In the expression (78), if we replace f(t) and f(1.) by f(£)/+/ ¢ and f(2) /v
respectively, then we obtain :

2
An

F)=—=28 > f (i) 1 7
AR B dsin (15)

tcot(8t)+(h— —1—)
L 285in (8. (80)

=

Further, if we put

1 _
=L =—nN 81
23 (81)

in the expressions (79) and (80), then the expressions (79) and (80) reduce to
(67) and (68), respectively.
If we put

h=2L1 N=o, (82)
23

in the expressions (80) and (79), then we obtain:

2 = 1 ¢ cos (8t)
8 Elf“") sin(2.8)  t*—in

Sl = (83)

with



112 E. I. TAIKZAWA, K. KOBAYAS! and J. L. HWANG

cos (2.8) =0, (84)

ie
_ 2n—1 _

In= 5 -z, (n=1,2,3,...) (85)
and

sin(2.8) = (—=1)**'. (n=1,2,3,...) (86)
Then the expression (83) reduces to :

e 2n—1 . Bt cos(4t)
4

The expression (87) correponds to Someya s sampling theorem (with k= +1/2)
for an odd function f(t) .
It we put v=-—1/2in (74), we obtain :
-0 23‘ Tn
fy=2s % £ (). v A <
" {(Z§+hz)ﬂz—z}cos(2,,ﬂ)

. 1
¢ sin (8t)— (R vﬁ)cos (At)

T (E—7) ’ (88)

with

. 1
An sin(M) _(h—ﬁ) cos(2.8) =O0. (89)

In the expression (88), if we replace f(t) and f(2,) by f(2)/+/ ¢ and f(As)v/ 7n
respectively, then we obtain

f(t)=28 iif(zﬂ) . - 1 g
{(%+ 1) 5~y cos (1.6)

t tan(pt) -(h--p)
I

cos (8t) (90)

Further, if we put

1
h———=M,

28 (91)
in the expressions (89) and (90), then the expressions (89) and (90) reduce to
(64) and (65), respectively.

If we put
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h= 1. m=o, (92)
23

in the expressions (90) and (89), then we obtain the following expressions :

2 = 1 ¢t sin(3t)
== — AP 93
) B n‘lf(l,,) cos (2,8) Y - (93)
with
sin (2.8) =0, (94)
i.e
L="", (2=1,23,...) (95)
and
cos(2.8) = (—1)7, (n=1,2,3,..). (96)
Then the expression (93) reduces to:
o onx .. Bt sin(3t)
f(t)=2n§1 f( '97)°(—') ﬁztz_nzn_z . (97)

The expression (97) corresponds to ShannonT®s sampling theorem for an even
function f(t).
Example 6

We shall take other Hankel transforms due to Weber® for (1) and (2),
namely

t S Lilp, +), ap>0,
F(s) = [ | Kls /(e for v>— (98)

and

G. (@) f) = [ _K(t,5)F(s)ds, for t€ A (99)

with
K(s, t) =t T,(ta, st), A= (P, +x),
K(t, s) =sT,(ta,ts), B= (a, +),
T,(x,2)=Y,(x) J.(2) =] (x) Y, (2), (100)

and
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G, (z)=e"". Y,(2) Y,(-2), (101)
under the condition that the integral:

JO:t f(t) dt<<+ oo,

is absolutely convergent.
We shall take another Fourier-Bessel expansion® for F(s) of the form:

F(s) = ﬁ;a én(s), for s€EDC B

with
¢n(s)=TV(;‘ﬂa7 Z"s)) D= (ay ﬂ)y

f‘;s TV(]‘may lms) T,(X,,a, ]-ns)zrm o 6mmy (102)
and

8% 1 a? o
7n='v2"Ty+1(lna, Zﬂﬂ)—7T:‘+1()‘”a: Ana)

— 2 [Ji(a) _
2t L2 (2,8) 1]’ (103)

where 1,5 are the positive roots of the equation:

T, (2aa, 228) =0, (104)
i.e.

Y, (na) J, QaB) =7, (20a) Y, (2.8).

From (99), the expression (12) becomes to:

_ e AN a, 7. (at, 1
PN Hemmy o) e R R vy Y Xy
T . GUae) Tua) L0WB) | Tuat, p1)
EI T Gy < T () (=126, (af) (109

with sampling points t=1,(2=1,2 3, ...), and the sampling function:

_ T.(at, 1)

. (t
gn (2) oy

(106)

In the expression (105), if we replace f(¢) and f(2.) by f(#)/G,(at) and
F(a) /G, (a2s) respectively, then we obtain

I. N. Sneddon: Fourier Transforms (1951), McGraw-Hill. p.56.
G. N. Watson: Theory of Bzssel Functions (1944), Cambridge Univ. Press. p.470.
C. J. Tranter: Integral Transforms in Mathematical Physics (1956), hlethuen, London, p. 89.

(9)
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o BIL0wa) LUa8) T, (at, )
FW == B T ey — i) T P2 (107)

with sampling points ¢= 4. and the sampling function:

= ,lu,,(ﬁt{wﬂt)
ontt) = Tlet 0

(108)

The expressions (63),(65),(68),(71),(74),(78), (SO), (87),(88), (90), (97),
(105) and (107), are examples of the sampling formulae derived from our gene-
ralized sampling theorem (12).



