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Abstract

In this report, the results obtained during
the last year of the three-year project on
vibration problems related to high speed
railroads will be presented. There are two
major components contained in this project.
One is the application of the finite/infinite
element developed previously, along with the
2.5D modeling method, to simulating the
time-history response of the vibration of soils
induced by moving trains. Using the results
obtained, the three different vibration
isolation countermeasures in reducing the
train-induced soil vibrations were assessed.

The other is the development of a 3D
vehicle-rail-bridge interaction (VRBI)
element and associated procedure by using
the dynamic condensation technique. This
procedure is then employed to investigate the
dynamic responses of the train, track and
bridge to different system parameters.
Moreover, the procedure was augmented to
include the effect of ground motions to
evaluate the stability of trains moving over
bridges under earthquakes.

Keywords: high speed train, bridge, track,
soil vibration, finite/infinite
element, vibration isolation
countermeasure, vehicle-rail-
bridge interaction element,
stability
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CURVED BEAM THEORIES AND RELATED
COMPUTATONAL ASPECTS

Yeong-Bin Yang

Department of Civil Engineering, National Taiwan University
Taipei, Taiwan 10617, R.O.C.

E-mail: yvbvang@ce ntu edu tw

ABSTRACT

The thecries of buckling for horizontal curved beams presented by Timoshenko, Vlasov, Yoo, and Yang
and Kuo are first reviewed, with their key features identified. The previous argument concerning the
incapability of straight beam elements to predict the buckling loads of curved beams in incorrect, due 1o
overlook of the conditions of equilibrium for structural joints connecting non-aligned members in the
deformed position, as implied by conventional finite element approaches. If such conditions are duly taken
into account, then the straight beam elements derived, which are referred to as the sermitangential elements.
can be used as a reliable tool for predicting the buckling loads of curved beams. Moreover, by simulating
a curved beam in the limit as an infinite number of infinitesimal elements, the theory for straight beams can
be manipulated through use of the concept of transfer matrix to yield the ones for curved beams for the
cases of uniform bending and uniform compression. It is in this sense that the theories of straight beams and
curved beams are unified. :

KEYWORDS
Buckling, curved beam, curved beam element, joint equilibrium, stability, straight beam element

INTRODUCTION
The cut-of-plane buckling of horizontally curved beams under in-plane loads has been a subject of intensive

research. In this paper, some recent theories proposed by researchers (Yoo 1982; Yang and Kuo 1936.
1987) are reviewed, along with the classical theories of Timoshenko and Gere (1961) and Vlasov (1961).
For a curved beam under the two special cases of uniform bending and uniform compression, most of the




existing theories can be used to obtain closed-form
solutions for the buckling loads, based on which
comparison can be made among the various theories.

An old argument in the literature has been that
straight-beam elements cannot be relied upon to
predict the buckling behavior of curved beams
{Bazant and El Nimeiri 1973; Rajasekaran and Ramm
1984; Yoo 1984). Historically, such an argument was
made at the time when the lack of equilibrium of
"angled joints" of space frames in the deformed Figure 1 Curved Beam.

position pointed out by Argyris et al. (1979) in his

series of works was not made fully known to researchers. Moreover, very few researchers have realized that
simulation of curved beams by straight beam elements creates a number of "angled joints" that share the
same nature as that of the problems encountered in the buckling analysis of space frames. This implies that
the approaches used to remedy the problem of angled joints in space frames can be adopted as well in the
simulation of curved beams by straight-beam elements. Based on such an idea, a series of analytical and
numerical studies were carried out by the author and co-workers (Yang and Kuo 1991a; Yang et al. 1991.
Kuo and Yang 199%; Yang 1993). It has been demonstrated that if due consideration is taken of the
equilibrium conditions of "angled joints" in the deformed position, which are created by representation of
the curved beam by a number of piecewise straight elements, then the straight-beam element approach can
be reliably used to produce accurate buckling selutions for curved beams.

Furthermore, it can be demonstrated that the buckling equations for curved beams under uniform bending
or uniform compression can be denived from those for straight beams using the concept of transfer matrix.
if a curved beam is approximated in the limit as an infinite number of infinitesimal chordwise straight
elements. Also, by letting the radius of curvature of a curved beam approach infinity, the curved beam
equations reduce to those for straight beams. In this sense, it is seen that the buckling equations for both
the straight and curved beams can be unified.

REVIEW OF EXISTING BUCKLING THEQORIES
The horizontally curved beam discussed in

this paper is shown in Figure I, for which R =~ __— L T o L— -

denotes the radius of curvature and L is the - .
length of the curved beam. In order to y .7 M, Mgt L
concentrate on the fundamental aspects of R B R 8

instability for the curved beam, only solid, O el
rectangular cross sections are considered. 4 .

The effect of cross-sectional warping 1s {a) (b)

omitted so as to simplify the mathematical

complexities involved. Figure 2 Uniform Bending.



loading cases, i.e, uniform bending and ¢ @
uniform compression, as shown in Figures 2~ P - m ) >
and 3, respectively, will be adopted as the P S hd
test cases, since for these two cases, the f, RNy F‘:/ \\/Ej},-/é \
member forces appear to be constant along

the beam axis x, which allow the problems to
be analytically solved. In particular, Figures
2(2) and (b) are referred to as positive and
negative bending cases, respectively, and Figures 3(a) and (b) as uniform tension and compression cases.
The uniform tension case in Figure 3(2) will just be omitted from here on, since no critical load exists for
this case.

Throughout the present study, two special / f‘\ /’ F\\,
Ny L S G U N

(5

Figure 3 Uniform Compression.

The following is a summary of the relevant existing theories on the buckling of curved beams:

Timoshenko and Gere's (1961) Theory

Based on an equilibrium approach, Timoshenko and Gere derived the differential equations for a sokid
curved beam. This theory is not general, since it works only for solid beams and for two types of loadings,
i.e., uniform bending and uniform compression. However, for the special cases considered, the results have
been quite good, compared with the numertcal results,

Vlasov's (1961) Theory

Assuming the existence of an analogy between the generalized strains for straight and curved beams, Vlasov
derived the differential equations for curved beams from the straight-beam equations by replacing the
generalized strains for straight beams with those for curved beams. One question with this approach is that
the existence of analogy is essentially questionable.

Yoo's (1982) Theory ,

Yoo adopted basically the same analogy approach, but worked onthe potential energy instead. By replacing
the generalized strains in the potential energy for straight beams with those for curved beams, he obtained
the potential energy for curved beams. The differential equations for curved beams are then obtained as the
Euler-Lagrange equations of the functional. The fact that the differential equations derived by Yoo are
generally different from those of Vlasov's is indicative of the inherent lack of consistence with the analogy
approach. In particular, Yoo's theory yields iwo zero eigenvalues for a hinged semi-circular arch under
uniform bending, which is not physically justified since only a rigid body mode is allowed for this speciat
case (Yang and Kuo 1986).

Yang and Kueo's (1987) Theory
By the principle of virtual work given below, the differential equations were derived for the curved beam:

|, 5,66,dv = EV.W. M

where 5, denotes the stresses, 8¢, the variation of strains, ¥ the volume of the element, and E V. W. is the



external virtual work. In the study by Yang and Kuo (1986), three components of stresses, i.e., the axial
stress 5, and shear stresses S, S,_, are considered. From this study, the following conclusions can be drawn-
(1) There is no one-to-one correspondence between the generalized strains for curved beams and those for
straight beams. (2) Due to the effect of coupling between in-plane and out-of-plane deformations, the axial
stress formula that is valid for the straight beam cannot be adopted for the curved beam. (3) For the hinged
semicircufar arch under uniform bending, only a single zero eigenvalue was obtained, which is physically
sound. However, the critical [oads predicted by this theory shows large deviations from those of
Timoshenko and Vlasov for the case of uniform bending.

In the 1987 paper by Yang and Kuo, the fourth stress component, 1.e., the radial stress S_ which is of
comparable order of magnitude as that of the axial stress S, for curved beams, was included in formulating
the potential energy. The critical ioads obtained from this new set of differential equations for curved beams
under uniform bending appear to be very close to those of Timoshenko and Vlasov.

STRAIGHT-BEAM ELEMENT APPROACHES

As for the straight-beam element, the virtual work equation is identical in form to the one givenin Eqgn. (1).
Conventionally, only the axial stress S, and two shear stresses Sg» S are considered. By the updated
Lagrangian procedure, the virtual work equation can be recast in an incremental form. From the strain
energy part, the elastic stiffness matrix [£,] can be derived, and from the potential energy part, the geometric
stiffness matrix [£,] that accounts for the instability effects of member actions can be derived: Typically, the
following is the equation of equilibrium for the element in incremental form:

([ke]’* [kg]){u} ={*r)-{'7} 2)

where {7} and {!f} denote the external loads acting on the element nodes at the initial (C,) configuration
and the deformed or buckling (C,) configuration, respectively, and {u} represents the incremental or
buckling displacements generated during the motion from C, to C,. Here, it should be stressed that by Eqn.
(2), the equilibrium is established only for discrete efements, but not for the joints.

The idea herein is to simulate a curved beam as a number of chordwise elements as shown in Figure 4.
Undoubtedly, this will introduce a number of
"angled joints”, 4, B, C, ..., as shown in
Figure 4. A model like this is the result of
natural thinking. However, there has been
argument that the model shown in Figure
4(b) cannot be used to simulate the buckling
of the curved beam shown in Figure 4(a). In
the following, we'll explain what is wrong
with this argument using the "conventional”
finite elements.

(b)

Figure 4 Straight Beam Model.



Conventional Buckling Approaches

One essential step in the finite element analysis is to assemble all z.
the element stiffness matrices to form the structure stiffness matrix. 1
The key point here is the configuration of reference. Ifthe element
matrices are assembled with reference to the initial configuration,
then all the equilibrium and compatibility conditions are established
for the same initial configuration. Such an approach is good only
for linear analysis, but not for buckling analysis, since it is a
viclation of the principle that all the equilibrium and compatibili : :
conditions of the structure should be expressed with reffrence g Figure 3 Angled Joint

the deformed configuration in a buckling analysis. The equilibrium conditions that are really affected in this
regard are those involving moments and torques undergoing three-dimensional rotations. Consequently, the
conventional approach of assembling both the [£,] and [k,] matrices withe reference to the initial
configuration of the structural frame is not regarded as 2 valid one. One typical example is the work by
Hasegawa et al. (1985).

Consistent Buckling Approach

Consider the angled joint B of part of a plane frame shown in Figure 5, which is subjected to an initial
moment A, Here, we are interested in the out-of-plane buckling behavior of the frame. As was stated, all
the equations of equilibrium should be established for the buckling configuration. In this regard, all the
forces and moments should be expressed for the same configuration. In particular, the bending moment A,
and torque M, should be written as

M. = EN"+ M4
M, =GJE" - My

where 8 is the angle of twist, v the lateral deflection, G/ the torsional rigidity, £/ the flexural rigidity, M,
=M, is the initial bending moment, and ( )' denotes differentiation with respect to x.

300 - -

By substituting the preceding equations into the
equilibrium conditions for the angled joint B in the
buckling position, a joint matrix [£] can be derived Em_
(Yang and Kuo 1991a; Yang et al. 1991). If the joint ¥

matrices [4] looped over all nodal points are combined <

with the [%,] and [%,] matrices looped over all the beam §

elements, then a structural stiffness matrix [K] with full §"’“' SN
account of structural compatibility is obtained. By so Seos Yong, Timeshenko & Viasow <.
doing, the inability of the conventional approach to cope | O Fresent am, Ny
with the deformed configuration is remedied. Suchan —_— . i
approach is qualified for the buckling analysis of space ? Subtended Angle g Elzinegree) 1

frames, which in some cases has been referred to as the

semitangential (ST) approach. Figure 6 Positive Bending Case.



In fact, the conventional approach of assembling the [£,]
and [£,] matrices with respect to the initial shape of the
structure is equivalent to using the following relations:

M, = Ev"

M, = GJo'
which are obviously not qualified for buckling analysis
{(Yang and Kuo 1991b).

(4)

COMPARISON OF RESULTS

The results obtained by the theories of Timoshenko and
Gere (1961}, Vlasov (1961}, Yoo (1982) and Yang and
Kuo (1987) have been compared with the finite element
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Moment (in—kips)
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50 120 |
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Figure 7 Negative Bending Case.

solutions in Figures 6-8 for the three cases of positive bending, negative bending, and uniform compression.
All the finite element solutions were obtained by approximating the curved beam by ei ght chordwise straight
beam elements (Yang etal. 1991). In these figures, the solutions by Yang and Kuo {1987) have been marked

as Yang.

Several conclusions can be drawn from the results plotted in Figures 6-8:

For all the three cases considered, the solutions given by Yang and Kuo coincide with those by
The "semitangential” (ST) straight beam element solutions are generally close to the analytical

The "conventional” straight beam solution appears to be close to Yoo's (1982), which yields two

zero eigenvalues for the semicircular (180°) arch under uniform bending, which is unjustified.

For the uniform compression case in Figure 8, no difference can be made between the

"sernitangential" (ST) and "conventional" finite element approach, due to the fact that no bending

(1)
Timoshenko and Gere (1961).
@)
solutions of Yang and Timoshenko.
(3)
(4}
moments exist at the angled joints, which
implies that no difference can be made
between the joint equilibrium conditions atthe s ;
deformed and initial configurations. ’
(5)  For the uniform compression case, both the e -
solutions given by Vlasov (1961) and Yoo &
deviate significantly from those of Yang, Xos-
Timoshenko and the finite element solutions. g
[Ty, .
3
]

CURVED BEAM EQUATIONS DERIVED

FROM STRAIGHT BEAM EQUATIONS

A conceptual extension of the finite element approach

is to treat a curved beam in the [imit as the

composition of an infinite number of infinitesimal
elements, as shown in Figure 9, the only kinematic
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Figure 8 Uniform Compression Case.




assumption made here, and to derive the curved 2

beam equations directly from the classic straight Zoar _x, (g X
beam equations. This has been the attempt made |
by Kuo and Yang (1991).

Xjer

Z,

Seclion

As shown in Figure 9, a curved beam is *™ Xt Bt x
approximated by » straight elements. Based on (:] 8 t,‘] T
the classic theory for straight beams (Viasov Figure 9 Curved Beam Modeling.
1961), the differential equations for the jth straight element under uniform bending are
ENv!"+ M8=0
G~ MV = 0 (5)

For this case, the member force expressions are exactly those given in Eqn. (3) considering the buckling
displacements. By taking into account the conditions of compatibility and equilibrium at structural joints,
letting 7 ~ =, and by the concept of transfer matrix, the differential equations for straight beams can be
manipulated to yield the differential equations for curved beams under uniform bending. The same procedure
can be adopted to derive the differential equations for curved beams under uniform compression. The
equations as derived appear to be essentially the same as those by Yang and Kuo (1987). One merit with
such an approach is that the fewest number of assumptions have been adopted in the derivation, compared
with the conventional approaches based on the virtual work or energy pnnciples, in which assumptions have
always to be made concerning the order of magnitudes of, say, the curvature I/R and derivatives of
displacements and rotations.

CONCLUDING REMARKS

In this paper, some major theories on the out-of-piane buckling of curved beams subjected to in-plane loads
are briefly reviewed. The focus of this paper is to explain that the previous argument concerning the inability
of straight beam elements in simulating the buckling of curved beams lacks a solid foundation, mainly due
to overlook of the equilibrium conditions for angled joints in the deformed configuration, as implied by
"sonventional" finite element approached. If due account is taken of the equilibrium of angled joints in the
deformed configuration of a structural frame, then the straight beam elements derived, known as the
semitangential elements, can be reliably used to predict the buckling loads of curved beams. For the special
cases of uniform bending and uniform compression, the classic differential equations for straight beams can
be manipulated to yield the differential equations for curved beams, based merely on the assumption that
a curved beam can be approximated in the limit as an infinite number of infinitesimal beam elements.
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