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Abstract

It is proved that the negatively curved setM− on a nonparametric surface
M of constant mean curvature inR3 must extend to the boundary∂M , if M−
is nonempty. ForM parametric, ifM− is compactly included in the interior of
M , thenM− is at least as large as an extremal domain. The results imply certain
convexity results on elliptic partial differential equations. Second-order calculus
of variation is employed.

In this paper we show that on a nonparametric surfaceM of constant mean
curvature inR

3 the negatively curved setM−, if non-empty, must extend to the
boundary∂M of M [Theorem 3]. By thenegatively curved setwe mean the
set of all saddle points, i.e., the points ofM at which the Gaussian curvature is
negative. Geometric intuition suggests that if a surface of constant mean curvature
has saddle points in the interior, then the set of such points cannot be confined
to a small region. Theorem 3 proves this assertion in the sense that the set must
extend to the boundary. More generally, ifM is parametrically immersed inR3

and if M− is compactly included in the interior ofM , we show [Theorem 2]
that it must contain a relatively large area called theextremal domain[Defi-
nition 2.1].

Our results relate to the convexity problem for solutions of nonlinear elliptic
differential equations, such as the capillarity equation. In the case of nonzero
contact angleγ on the boundary walls,Finn [F] and Korevaar [K] found
nonconvex capillary surfaces defined on certain convex domains ofR

2, while
Chen & Huang [C-H1] andKorevaar [K] showed that forγ = 0, capillary
surfaces over convex domains are necessarily convex. In the examples ofFinn
and Korevaar the negatively curved sets extend to the boundary, consistent
with our result. A similar behavior prevails for the convexity problem with con-
stant Dirichlet boundary condition. That is, we may have a liquid drop resting
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in zero gravity on a plane domain, such that the wetted area on the plane is
convex and simply covered by the drop, but the drop itself is not convex and the
negatively curved set on it extends to the boundary [F2].

Although in both the Dirichlet and capillary cases, convexity of the surface
cannot be expected, we may still ask about the level curves.Wang [WA] has
given an example of nonconvex level curves, with the solution surface defined
over a ring domain between two convex curves, whileFinn [F2] constructed
a nonconvex solution surface defined over a simply connected domain with the
level curves all convex.

The main results of this paper may provide a clue toward re-examination of
our intuition on convexity. For a nonparametric solution surfaceu = u(x) over a
domainΩ ∈ R

2, Theorem 3 is equivalent to

D2u = 0 on ∂Ω ⇒ D2u = 0 in Ω, (∗)

with D2u = 0 denoting the nonnegative or semidefinite Hessian. In geometrical
terms,

K (p) = 0 ∀ p ∈ ∂Ω ⇒ K (p) = 0 ∀ p ∈ Ω,

whereK (p) denotes the Gaussian curvature of the solution surface atp. In [H3]
Huang expressed the viewpoint that it is not the zeroth or first boundary con-
dition, such as constant Dirichlet data or constant contact angleγ, which in
conjunction with convexity ofΩ makes the surface convex; rather, some proper-
ties of the second derivatives on the boundary play the crucial role. He examined
the known convexity theorems ofChen & Huang, Finn andKorevaar, as
well as those ofBrascamp & Lieb [B-L] and Caffarelli & Friedman
[C-F]. It is remarked in [H3] that the possibility of concluding convexity de-
pends on whether or not the given zeroth or first boundary condition has as a
consequence that

D2u = 0 on ∂Ω.

With regard to the level curves, the second-order boundary condition must be
replaced byD2g(u) = 0 on ∂Ω for a suitable functiong(u), with the property
that the convexity ofg(u) implies that of the level curves ofu.

Our Theorem 3 supports this viewpoint. It asserts that a solution surface
w = w(x) is convex overΩ if and only if D2w = 0 on∂Ω, wherew = u or g(u).
Hence the convertibility of the given boundary conditions intoD2w = 0 on ∂Ω
is decisivefor w to be convex. This seems to express the intrinsic nature of the
convexity problem. As an example, the conditions of convexΩ andγ = 0 imply
by a simple geometric reasoning thatK (p) = 0 for p ∈ ∂Ω. ThereforeD2u = 0
on ∂Ω and by (∗), u is convex. So Theorem 3 yields a simple intrinsic proof
of the theorem ofChen & Huang. On the other hand, whenγ |= 0 convexity
of Ω does not yield control overD2u on ∂Ω. That is why nonconvex solution
surfaces exist as shown byFinn.

Also in the case of parametric surfaces, the original expectations on convex-
ity conditions need to be adjusted. The many initial attempts to proveHopf’s
conjecture were based on a feeling that closed immersed surfaces inR

3 of con-
stant mean curvature were necessarily convex. The conjecture would in fact be
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a consequence of such a result.Wente’s counterexample [W] opened up new
fields of investigation, among them that of classifying the abundant examples of
such immersions. Thus the general intuition turned out to be unfounded. But it
seems to us that a related geometrical insight still makes sense. For example, it is
correct to us that the negatively curved set must be relatively large, as is shown
by the main result of this paper. For the nonconvex closed immersed surfaces of
constant mean curvature, we show the geometrical property that the negatively
curved seton one sideof each such surface must extend continuously to itsother
side. More generally, the negatively curved set must be at least as large as an
extremal domain on the surface.

The concept ofextremal domainthat we introduce in Section 2 admits an em-
pirical interpretation, which has an independent interest. We blow up a spherical
balloon from the inside while holding the part outside a domainM fixed. If M
is contained properly in a hemisphere, then the mean curvatureH (chosen pos-
itive) increases with the interior volumeV of the balloon. That is,dH/dV > 0,
or equivalently, the interior pressure increases with the interior volume. When
M is a hemisphere, the mean curvature is initially stationary, i.e.,dH/dV = 0.
However, whenM properly includes a hemisphere, we havedH/dV < 0. In
Theorem 1, we establish this phenomenon for general stable surfaces of con-
stant mean curvature inRn. The critical domain determined by the criterion
dH/dV = 0 is the extremal domain, which basically generalizes the notion of
the “extremal domain” defined byGiusti [G] for nonparametric surfaces. As a
corollary of Theorems 1 and 2, we see that the negatively curved set on a stable
surface of constant mean curvature has its mean curvature decreasing as it blows
up. This behavior provides geometric insight as to how large a negatively curved
set must be.

1. Preliminaries

Let X : M n ↪→ R
n+1 be an immersion of ann-dimensional connected hyper-

surface into an Euclidean spaceR
n+1. We consider a smooth variationX(t) ≡

X + tϕN , whereN is a unit normal vector ofM n in R
n+1, ϕ is the variation

function with ϕ |∂M = 0 andt ∈ (−δ, δ). For convenience, the notationF (t) in
this paper does not necessarily mean a function of a single variablet . It may
also depend onp ∈ M n.

Let A(t) ≡ ∫
M dMt be the area functional and

V (t) ≡ 1
n + 1

∫
M

〈X(t), N (t)〉dMt

be the volume of the cone with baseMt ≡ X(t)(M n) and vertexO ≡ the origin
of R

n+1. Here V (t) counts the multiplicity, andN (t) denotes the unit normal
vector ofMt in R

n+1, chosen continuously inp ∈ M n as well as int ∈ (−δ, δ).
It is well known that

dA
dt

(0) = −
∫

M
nHϕdM ,

dV
dt

(0) =
∫

M
ϕdM ,



108 Wu-Hsiung Huang & Chun-Chi Lin

whereH is the mean curvature with its sign determined by

⇀
H = HN ,

with
⇀
H the mean curvature vector defined by∆M X = n

⇀
H . Here∆M denotes the

Beltrami-Laplacian operator ofM n relative to the Riemannian metric induced by
X, i.e., ∆M X =

∑n
i =1 Xii , whereXij ’s are the second-order covariant derivatives

relative to an orthonormal frame at every pointM n. We denote

F ≡
{

ϕ ∈ C∞(M ) ; ϕ |∂M = 0
}

,

G ≡
{

ϕ ∈ C∞(M ) ; ϕ |∂M = 0 and
∫

M
ϕdM = 0

}
⊂ F .

For the constrained variational problem for the area functionalA subject to
the volume constraint thatV be constant int , we obtain that

0 = δϕ(A − λV ) =
∫

M
(−nH − λ)ϕdM

for any ϕ ∈ F , λ being the Lagrange multiplier. We have that

λ = −nH ,

and therefore the mean curvature ofM in R
n+1 is constant. We hereafter assume

that H = a constantH0 and consider the functional

J (t) ≡ A(t) + nH0V (t).

It is evident that

dJ
dt

=
∫

M

( − nH (t) + nH0
)〈∂X

∂t
, N

〉
dMt ,

wheredMt is the area element induced byX(t) andH (t) is the mean curvature
of Mt in R

n+1. We have the well-known second variation formula forJ :

J ′′(0) ≡ d2J
d2t

(0) =
∫

M
−n

∂H
∂t

(0) · ϕdM

=
∫

M

( − ϕ∆M ϕ − ‖B‖2ϕ2
)

dM,

where the first equality follows by−nH (t) +nH0 = 0 whent = 0, and the second
equality is valid based on a straightforward computation (cf. [B-C]). Here∆M

denotes the Beltrami-Laplace operator ofM and‖B‖ is the length of the second
fundamental form (hij ) of M n in R

n+1, i.e.,

‖B‖2 =
n∑

i , j =1

h2
ij = α2

1 + · · · + α2
n,

whereα1, . . . , αn are the principal curvatures ofM n in R
n+1, andhij = 〈Xij , N〉.
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Definition 1.1. Let X : M n ↪→ R
n+1 be such that the mean curvature is constant.

We call M stableif
A′′(0) = 0

for any volume preserving variationX(t) that is fixed on∂M .

Remark 1.1.It is known, from an example from [B-C], thatM is stable if and
only if J ′′(0) = 0 for any variationX(t) = X + tϕN with ϕ ∈ G .

2. Extremal Domains

Let M n have constant mean curvatureH0. Let

Lϕ = −∆M ϕ − ‖B‖2ϕ for ϕ ∈ F .

Then we have
J ′′(0) =

∫
M

Lϕ · ϕdM.

Let ϕi be ani -th eigenfunction ofL on F with i -th eigenvalueλi = λi (M ). It
is clear thatλ1(M ) = 0 implies the stability ofM . Yet the converse is not true
in general.

Definition 2.1. M is called anextremal domainif λ1(M ) = 0.

The reason to name it “extremal” is motivated by nonparametric surfaces.
Assume thatM n is nonparametrically defined over a bounded open setΩ in R

n,
i.e., it is defined byu = u(x), x ∈ Ω ⊂ R

n. If

|Du(x)| → ∞ as x → ∂Ω,

then M n is extremal, i.e.,λ1(M n) = 0. In fact, letζ ≡ 〈N , A〉, whereN is the
upward unit normal ofM n in R

n+1 and A = (0, 0, . . . , 0, 1) ∈ R
n+1. It is easy

to see thatζ is the first eigenfunction ofL on F with eigenvalueλ1 = 0. To
show this, we present a quick computation using the method of moving frames
as follows. Letei , i = 1, 2, . . . , n, be a local orthonormal frame onM n; then

∆M N = Nii = (−hij ej )i = −hiji ej − hij hji N

= −hiij ej − h2
ij N = −‖B‖2N, (A)

wherehijk is symmetric in any of its two indices in space forms, and therefore
hiji = hiij = Hj = 0, sinceH is constant. Hence we have

Lζ = 0.

But ζ |∂M = 0 andζ has no zero point inM n. Thereforeλ1(M n) = 0.
On the other hand,M n is called afirst boundary-conjugate domainif ∂M is

the first conjugate boundary with respect toJ on G , i.e., if there exist a Jacobi
field Y = gN with g ∈ G = G (M ), but no such a field exists on any smaller
domainM ′ $ M . Let M̂ be a first boundary-conjugate domain. The Morse index
theory shows thatM is stable ifM ⊂ M̂ and unstable otherwise.

SinceG ⊂ F but G |= F , an extremal domainM in general is smaller
than a first boundary-conjugate domain̂M and therefore is stable.



110 Wu-Hsiung Huang & Chun-Chi Lin

Remark 2.1.We remark thatMa ⊂ Mb =⇒ λ1(Ma) = λ1(Mb). Let a domain be
enlarged gradually along a given surface of constant mean curvature, starting
with a domain so small that it contains no extremal domain and is stable. As it
is enlarged enough, it becomes extremal and is still stable. Further enlargement
converts the domain into a first boundary-conjugate domain. After this stage, the
domain becomes unstable.

Now we perturbM in a one-parameter family{Mt : t ∈ (−ε, ε)}, eachMt

having constant mean curvatureHt with M0 = M and∂Mt = ∂M0. For example,
we hold a soap bubble fixed except at a north cap, i.e., a geodesic disk centered
at the north pole. LetM be the north cap. As we blow up the soap bubble,
M deforms intoMt of constant mean curvatureHt . We may reparametrize the
family {Mt} by the enclosed volumeV in place of t . In order to compare the
general surface of constant mean curvature with the soap bubble, we have to
readjust the signs ofH and V as follows. The normalN is chosen opposite to
⇀
H , i.e.,

⇀
H = H · (−N ) with H > 0. Also the coordinate originO is put so that

V = 1
n+1

∫
M 〈X, N〉dM > 0. This makesV increase as the surfaceM perturbed

alongN .

Theorem 1. Let M be deformed in a one-parameter family{MV ; V ∈ (V0 − δ,
V0 + δ)}, each MV having constant mean curvature, i.e.,

H (V ) = constantHV .

If M ≡ MV0 is stable, then

(i) dH
dV > 0 if and only if M is properly contained in an extremal domain,

(ii) dH
dV = 0 if and only if M is extremal,

(iii) dH
dV < 0 if and only if M properly contains an extremal domain.

Proof. Consider the bilinear formI defined byJ ′′ on F , i.e.,

I ( f , g) ≡
∫

M
Lf · gdM ∀ f, g ∈ F .

Let ϕ = the deformation functiond
dV , i.e., the position vectorX(V ) of MV is

X(V ) = X + V ϕN . Then for allg ∈ G ⊂ F , we have

I (ϕ, g) =
∫

M
Lϕ · gdM =

∫
M

n
dH
dV

· gdM = n
dH
dV

·
∫

M
gdM = 0

sincedH/dV is constant onM and g ∈ G . This perpendicularity ofϕ to G
with respect toI is the key point of the following proof.

Lemma 1. “M is stable and dH/dV = 0” if and only if λ1(M ) = 0.
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Proof of Lemma 1. To show the necessity, letϕ1 be a first eigenfunction ofL
on F . Thenϕ1 = αϕ + βg for someα, β ∈ R and someg ∈ G . It is seen that

I (ϕ1, ϕ1) = α2I (ϕ, ϕ) + 2αβI (ϕ, g) + β2I (g, g)

= n
dH
dV

α2
∫

M
ϕ (sinceI (ϕ, g) = 0 andI (g, g) = 0)

= n
dH
dV

α2 (since
∫

M ϕ = dV
dV = 1).

But
I (ϕ1, ϕ1) = λ1

∫
M

ϕ2
1.

Hence dH/dV = 0 implies λ1 = 0. Conversely, ifλ1 = 0 then I ( f, f ) =
0 ∀ f ∈ F . Thus I (g, g) = 0, ∀ g ∈ G andM is stable. AlsoI (ϕ, ϕ) = 0. But
I (ϕ, ϕ) = ndH/dV . HencedH/dV = 0.

Lemma 2. Let λ1(M ) < 0 5 λ2(M ), then

(a) dH
dV < 0 if M is stable, and

(b) dH
dV > 0 if M is unstable.

Proof of Lemma 2. The statement (a) is trivial by Lemma 1. For the statement
(b), we consider inF the coneK defined by{ f ∈ F | I ( f, f ) < 0}. Suppose
M is unstable butdH

dV 5 0. Let f ∈ G be such thatI ( f, f ) < 0; it is evident that
for all h ∈ the linear span ofϕ and f , i.e., h = αϕ + β f , we haveI (h, h) < 0.
In fact,

I (h, h) = α2 dH
dV

∫
M

ϕ + β2I ( f, f ) < 0,

since dH/dV 5 0,
∫

M ϕ = 1 and I ( f , f ) < 0. But λ2 = 0 and the space of
the first eigenfunctions ofL on F is only one-dimensional. This leads to a
contraction.

By combining Lemma 1 and Lemma 2, we complete the proof of The-
orem 1.

Remark 2.2.For λ2 < 0, it is clear thatM is unstable.

Example 2.1.Evidently, on a sphereSn, a hemisphereMh is an extremal domain.
If we consider a domainMa properly contained inMh, holding Sn − Ma fixed
while blowing upMa from the inside of the sphere, we would find that the mean
curvature ofMa increases by Theorem 1. On the other hand, if we consider
Mb ⊂ Sn properly containingMh, then the mean curvature ofMb decreases
while it blows up.

Example 2.2.Consider a Delaunay surface obtained by rolling an ellipse. A do-
main M generated by the segment between a pair of adjacent maximum and
minimum points of the generating curve is extremal. This is easily seen by tak-
ing ϕ1 = 〈N , B〉 whereB is a fixed vector along the axis of the Delaunay surface.
The application of Theorem 1 yields a phenomenon like that of the last example.
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Remark 2.3.Ruchert proved that if

1
2

∫
M

‖B‖2dM < 2π,

then M is “stable” in the sense that he defined in [R]. Using our terminology
here, this can be restated that the last inequality implies thatM is still contained
in an extremal domain, and thereforedH/dV > 0.

Remark 2.4.Theorem 1 may be explained empirically thus: Blowing up a small
piece of a soap bubble or soap film from inside would increase the inner pressure.
But if the piece is large enough to contain an extremal domain, then the inner
pressure decreases instead.

Remark 2.5.Stability domains on Delaunay surfaces in the capillary and the
Dirichlet sense had been considered in [VT, CS, HC].

3. Negatively Curved Sets

Theorem 2. Let M be a surface of constant mean curvature immersed inR
3, with

or without boundary∂M . Let the negatively curved set M− be compactly included
in M , i.e., the closure cl M− of M− in the interior int M of M be compact. Then
M− must contain an extremal domain, i.e.,λ1(M−) 5 0.

Proof. Let ζ ≡ K be the deformation function onM−. We haveζ |∂M− = 0.

Suppose thatλ1(M−) > 0. ThenIM− (ϕ, ϕ) ≡ ∫
M−

Lϕ · ϕdM > 0, ∀ ϕ ∈ F .
But we shall show that

IM− (ζ, ζ) 5 0,

which would yield a contradiction. In fact, for surfaces of constant mean curva-
ture, we have from [H2] that

∆M K = −4(H 2 − K )K − |∇K |2
H 2 − K

, (B)

I (ζ, ζ) = −
∫

M−

(
K∆M K + ‖B‖2K 2

)
dM

= −
∫

M−
K

(
− 4(H 2 − K )K − |∇K |2

H 2 − K

)
−

∫
M−

(4H 2K 2 − 2K 3)

= −2
∫

M−
K 3 +

∫
M−

K |∇K |2
H 2 − K

(when we have omitted the “dM ” under the integral sign for convenience). Let
the second integral in the last formula be denoted byS; then
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S =
∫

M−

2∑
i =1

K
H 2 − K

· K 2
i =

∫
M−

( K
H 2 − K

Ki

)
Ki

(by using the summation convention)

=
∫

M−

( K 2

H 2 − K
Ki

)
i
−

∫
M−

( KKi

H 2 − K

)
i
K (by integration by parts)

=
∫

∂M−

K 2

H 2 − K
· ∂K

∂n
−

∫
M−

( K 2|∇K |2
(H 2 − K )2

+
K |∇K |2
H 2 − K

+
K 2

H 2 − K
∆M K

)

= −S + 4
∫

M−
K 3 (by again using (B)).

Hence

S = 2
∫

M−
K 3,

and thereforeI (ζ, ζ) = 0. This completes the proof.

Remark 3.1.If we takeζ = K 1+γ , γ > 1
2, we find that

I (ζ, ζ) =
4γ2

1 + 2γ

∫
M−

H 2(−K )2+2γ = 0,

and the equality holds only whenγ = 0.

Theorem 3. Let M be a nonparametric surface of constant mean curvature H0

defined over an open setΩ in R
2, i.e., M is defined by u= u(x), x = (x1, x2) ∈ Ω,

satisfying

Di

(
Di u√

1 + |Du|2
)

= 2H0 in Ω .

Then each component Mα− of the negatively curved set M− must extend contin-
uously to the boundary∂M or to infinity, i.e., Mα

− is not compactly included
in M .

Proof. We first need a lemma.

Lemma 3.1.For M∗ compactly included in M, λ1(M∗) > 0.

Proof of Lemma 3.1. Supposing the contrary, we may assume thatλ1(M∗) = 0
by shrinkingM∗. Let ϕ1 be the first eigenfunction of

L = −∆M − ‖B‖2

on M∗ with zero boundary value. Then

∆M ϕ1 = −‖B‖2ϕ1 in M∗,

ϕ1 = 0 in M∗,

ϕ1 |∂M∗ = 0.
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Let ζ ≡ 〈N , A〉 whereN is the unit surface normal
( −ux√

1+|Du|2
,

−uy√
1+|Du|2

, 1√
1+|Du|2

)
of M in R

3 and letA = (0, 0, 1) be perpendicular toΩ. Then

∆M ζ = −‖B‖2ζ in M∗,

ζ > 0 in M∗,

ζ |∂M∗ > 0.

Considerζ − αϕ1, α > 0. Forα small, we haveζ − αϕ1 positive. Now enlarge
α until ζ −αϕ1 has a zero pointP0. It is clear thatP0 |∈ ∂M∗. This would imply
that ζ − αϕ1 has a zero interior minimum. But

∆M (ζ − αϕ1) = −‖B‖2(ζ − αϕ1) 5 0,

contradicting the Hopf maximum principle. Lemma 3.1 is proved.

For the proof of Theorem 3, suppose that there is a componentM α
− of M−

compactly included inM ; then by Theorem 2,λ1(M α
− ) 5 0. Hence there exists

M∗ ⊂ M α
− with λ1(M∗) = 0, contradicting Lemma 3. This completes the proof

of Theorem 3.

Corollary 3.1. The results in Theorems 2 and 3 are still valid if the surface M
has mean curvature H satisfying a weaker condition:

D2H 5 0,

i.e., the Hessian of H on M is nonpositive-definite. In fact, we have

∆M K 5 −4(H 2 − K )K − |∇K |2
H 2 − K

,

and the proofs are similar to those of Theorems 2 and 3. The last inequality can
be seen in[H2].

Corollary 3.2. On a stable surface M of constant mean curvature immersed in
R

3, if a connected negatively curved set is compactly contained in M , then in the
procedure of blowing up the set as defined in Section 2, we have

dH
dV

5 0.

Remark 3.2.If the boundary segmentΓ ≡ ∂M α
− ∩ ∂M is compact andM can

be extended acrossΓ as a parametric surface of constant mean curvature, then
on the interior segment intΓ of Γ the Gaussian curvature is still negative. This
is easily seen from the argument in the proof of Theorem 3.

Remark 3.3.Lemma 3.1 also gives a simple proof of the known fact that a
nonparametric surface of constant mean curvature is stable. We, however, do not
know the existence of a proof in literature.
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Finally, we raise some related open problems:

Problem 1.Are the theorems about the negatively curved sets true for general
n-dimensional surfaces of constant mean curvature immersed inR

n+1 ? Let Kν

denote theν-th mean curvature of the surfaces inR
n+1 for 2 5 ν 5 n. In [H3],

∆ logKν has been computed and estimated.

Problem 2.For M simply connected, is it possible to estimate the size of an ex-
tremal domain quantitatively? More precisely, does each extremal domain contain
a geodesic ball with the radius independent of where the extremal domain is sit-
ting? What is the largest radius? The assumption of simply connectedness is
essential, since there exists a Delaunay surface with constant mean curvature 1
on which the area of extremal domain is arbitrarily small.

Problem 3.Are the theorems, especially Theorem 3, valid for some other kinds
of elliptic solution surfaces, e.g.,∆u = f (u,∇u)?
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