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Negatively Curved Sets on Surfaces
of Constant Mean Curvature iR3 are Large
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Abstract

It is proved that the negatively curved d9dt. on a nonparametric surface
M of constant mean curvature R® must extend to the boundafgM , if M_
is nonempty. FoM parametric, ifM_ is compactly included in the interior of
M, thenM_ is at least as large as an extremal domain. The results imply certain
convexity results on elliptic partial differential equations. Second-order calculus
of variation is employed.

In this paper we show that on a nonparametric surfdcef constant mean
curvature inR3 the negatively curved séfl_, if non-empty, must extend to the
boundaryoM of M [Theorem 3]. By thenegatively curved setve mean the
set of all saddle points, i.e., the pointsMf at which the Gaussian curvature is
negative. Geometric intuition suggests that if a surface of constant mean curvature
has saddle points in the interior, then the set of such points cannot be confined
to a small region. Theorem 3 proves this assertion in the sense that the set must
extend to the boundary. More generallyMf is parametrically immersed iR3
and if M_ is compactly included in the interior dfl, we show [Theorem 2]
that it must contain a relatively large area called théremal domainDefi-
nition 2.1].

Our results relate to the convexity problem for solutions of nonlinear elliptic
differential equations, such as the capillarity equation. In the case of nonzero
contact angley on the boundary wallsF'inn [F] and KorEvAAR [K] found
nonconvex capillary surfaces defined on certain convex domaii®’ ofvhile
CHEN & HuaNG [C-H1] and KOREVAAR [K] showed that fory = 0, capillary
surfaces over convex domains are necessarily convex. In the examglesrof
and KOREVAAR the negatively curved sets extend to the boundary, consistent
with our result. A similar behavior prevails for the convexity problem with con-
stant Dirichlet boundary condition. That is, we may have a liquid drop resting
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in zero gravity on a plane domain, such that the wetted area on the plane is
convex and simply covered by the drop, but the drop itself is not convex and the
negatively curved set on it extends to the boundary [F2].

Although in both the Dirichlet and capillary cases, convexity of the surface
cannot be expected, we may still ask about the level cunésyc [WA] has
given an example of nonconvex level curves, with the solution surface defined
over a ring domain between two convex curves, wihilenN [F2] constructed
a nonconvex solution surface defined over a simply connected domain with the
level curves all convex.

The main results of this paper may provide a clue toward re-examination of
our intuition on convexity. For a nonparametric solution surfaceu(x) over a
domain) € R?, Theorem 3 is equivalent to

D2u>0o0on dQ = D?u=0 in Q, (*)

with D2u > 0 denoting the nonnegative or semidefinite Hessian. In geometrical
terms,
K(p)20 Vpedl = K(p)20 Vpeq,

whereK (p) denotes the Gaussian curvature of the solution surfapelat[H3]
HuaNaG expressed the viewpoint that it is not the zeroth or first boundary con-
dition, such as constant Dirichlet data or constant contact apglehich in
conjunction with convexity of2 makes the surface convex; rather, some proper-
ties of the second derivatives on the boundary play the crucial role. He examined
the known convexity theorems @fHEN & HUANG, FINN and KOREVAAR, as
well as those ofBrascAaMp & LiEB [B-L] and CAFFARELLI & FRIEDMAN
[C-F]. It is remarked in [H3] that the possibility of concluding convexity de-
pends on whether or not the given zeroth or first boundary condition has as a
consequence that

D2u >0 on 9.

With regard to the level curves, the second-order boundary condition must be
replaced byD?g(u) = 0 on 92 for a suitable functiorny(u), with the property
that the convexity ofy(u) implies that of the level curves af.

Our Theorem 3 supports this viewpoint. It asserts that a solution surface
w = w(x) is convex over if and only if D?w > 0 ond2, wherew = u or g(u).
Hence the convertibility of the given boundary conditions iBttw > 0 on 92
is decisivefor w to be convex. This seems to express the intrinsic nature of the
convexity problem. As an example, the conditions of con@eand~ = 0 imply
by a simple geometric reasoning th&tp) > 0 for p € 9. ThereforeD?u > 0
on 90 and by &), u is convex. So Theorem 3 yields a simple intrinsic proof
of the theorem ofCHEN & HuaNaG. On the other hand, when# 0 convexity
of Q does not yield control oveD?u on 9f). That is why nonconvex solution
surfaces exist as shown BjINN.

Also in the case of parametric surfaces, the original expectations on convex-
ity conditions need to be adjusted. The many initial attempts to pibwer’s
conjecture were based on a feeling that closed immersed surfaB&sahcon-
stant mean curvature were necessarily convex. The conjecture would in fact be
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a consequence of such a resBNENTE'S counterexample [W] opened up new
fields of investigation, among them that of classifying the abundant examples of
such immersions. Thus the general intuition turned out to be unfounded. But it
seems to us that a related geometrical insight still makes sense. For example, it is
correct to us that the negatively curved set must be relatively large, as is shown
by the main result of this paper. For the nonconvex closed immersed surfaces of
constant mean curvature, we show the geometrical property that the negatively
curved sebn one sidef each such surface must extend continuously totier

side More generally, the negatively curved set must be at least as large as an
extremal domain on the surface.

The concept oéxtremal domainhat we introduce in Section 2 admits an em-
pirical interpretation, which has an independent interest. We blow up a spherical
balloon from the inside while holding the part outside a domirfixed. If M
is contained properly in a hemisphere, then the mean curvitufehosen pos-
itive) increases with the interior volumé of the balloon. That isgH/dV > 0,
or equivalently, the interior pressure increases with the interior volume. When
M is a hemisphere, the mean curvature is initially stationary, did/dV = 0.
However, whenM properly includes a hemisphere, we halld/dV < 0. In
Theorem 1, we establish this phenomenon for general stable surfaces of con-
stant mean curvature iiR". The critical domain determined by the criterion
dH/dV = 0 is the extremal domain, which basically generalizes the notion of
the “extremal domain” defined b§1usTt [G] for nonparametric surfaces. As a
corollary of Theorems 1 and 2, we see that the negatively curved set on a stable
surface of constant mean curvature has its mean curvature decreasing as it blows
up. This behavior provides geometric insight as to how large a negatively curved
set must be.

1. Preliminaries

Let X : M" — R"™! pe an immersion of an-dimensional connected hyper-
surface into an Euclidean spaB&*!. We consider a smooth variatiof(t) =
X +toN, whereN is a unit normal vector oM" in R, ¢ is the variation
function with ¢|,,, = 0 andt € (—4,0). For convenience, the notatidf(t) in
this paper does not necessarily mean a function of a single vatiatienay
also depend op € M".

Let A(t) = f,, dM; be the area functional and

V() = g [ QN ) am

be the volume of the cone with babk = X(t)(M") and vertexO = the origin
of R™!, HereV (t) counts the multiplicity, andN (t) denotes the unit normal
vector of M; in R™?, chosen continuously ip € M" as well as int € (-4, 9).

It is well known that

dA dv
FO==[ mHeam. TO= [ pam.
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whereH is the mean curvature with its sign determined by
H =HN,

with H the mean curvature vector defined iy X = n H. HereAy, denotes the
Beltrami-Laplacian operator &l " relative to the Riemannian metric induced by
X, i.e.,, AyX = Zinzl Xii, whereX;’s are the second-order covariant derivatives
relative to an orthonormal frame at every pomit'. We denote

.75{@€C°°(M);30\8M 20},

ffz{gaecm(M);@\aM:o and / <dez0}C.;7.
M

For the constrained variational problem for the area functidnalbject to
the volume constraint that be constant int, we obtain that

O:6¢(A—)\V):/(—nH — N pdM
M

for any ¢ € .7, X being the Lagrange multiplier. We have that
A=—nH,

and therefore the mean curvatureMfin R™1 is constant. We hereafter assume
thatH = a constantg and consider the functional

J(t) = A(t) + nHoV (t).

It is evident that
dJ oX
g AGLLORUDICR LTS

wheredM; is the area element induced b(t) andH (t) is the mean curvature
of M; in R"™1, We have the well-known second variation formula Jor

L d2 OH

= / (— @A, o — BI2o?) dM,

where the first equality follows by-nH (t) + nHy = 0 whent = 0, and the second
equality is valid based on a straightforward computation (cf. [B-C]). H&fe
denotes the Beltrami-Laplace operatodfand||B|| is the length of the second
fundamental formfg;) of M" in R™, i.e.,

n
IBII*=>_h=ai+---+al,
i,j=1

whereay, ..., an are the principal curvatures ™" in R, andh; = (X;j,N).
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Definition 1.1. Let X : M" — R"*1 be such that the mean curvature is constant.

We callM stableif
A’'(0)=0

for any volume preserving variatiad(t) that is fixed onoM .

Remark 1.1.1t is known, from an example from [B-C], thadl is stable if and
only if J”(0) = 0 for any variationX(t) = X +teN with ¢ € <.

2. Extremal Domains

Let M" have constant mean curvaturg. Let
Lo=—Awp —|B||%p for ¢e.7.
Then we have
J"(0) 2/ Ly - @dM.
M

Let ¢; be ani-th eigenfunction oL on.7 with i-th eigenvalue\; = \(M). It
is clear that\;(M) = O implies the stability ofM. Yet the converse is not true
in general.

Definition 2.1. M is called anextremal domainf A;(M) = 0.

The reason to name it “extremal” is motivated by nonparametric surfaces.
Assume thaM " is nonparametrically defined over a bounded operfsiet R",
i.e., it is defined byu = u(x), x € Q C R". If
|DU(X)‘ — 00 as X — 01,
thenM" is extremal, i.e.\;(M") = 0. In fact, let{ = (N, A), whereN is the
upward unit normal oM" in R™! andA = (0,0,...,0,1) € R™. It is easy

to see that{ is the first eigenfunction of on .7 with eigenvalue\; = 0. To
show this, we present a quick computation using the method of moving frames

as follows. Letg, i =1,2,...,n, be a local orthonormal frame d1"; then
AmN =Ni = (—hjg)i = —hjg —hjh;N
= —hjj§ — hfN = —|B|°N, (A)

wherehjy is symmetric in any of its two indices in space forms, and therefore
hiji =hi =H; =0, sinceH is constant. Hence we have

L¢ =0.

But ¢ |,y =0 and¢ has no zero point itM". ThereforeA;(M") = 0.

On the other handy1" is called afirst boundary-conjugate domaih OM is
the first conjugate boundary with respectltmn &, i.e., if there exist a Jacobi
field Y = gN with g € & = & (M), but no such a field exists on any smaller
domainM’ ¢ M. Let M be a first boundary-conjugate domain. The Morse index
theory shows thaW is stable ifM C M and unstable otherwise.

Sinces C .7 but¢ .7, an extremal domaiM in general is smaller
than a first boundary-conjugate domaih and therefore is stable.
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Remark 2.1.We remark thaM, C My == A1(Mz) = A1(Myp). Let a domain be
enlarged gradually along a given surface of constant mean curvature, starting
with a domain so small that it contains no extremal domain and is stable. As it
is enlarged enough, it becomes extremal and is still stable. Further enlargement
converts the domain into a first boundary-conjugate domain. After this stage, the
domain becomes unstable.

Now we perturbM in a one-parameter familyM; : t € (—e,¢)}, eachM;
having constant mean curvatusgg with Mg =M andoM; = dMg. For example,
we hold a soap bubble fixed except at a north cap, i.e., a geodesic disk centered
at the north pole. LeM be the north cap. As we blow up the soap bubble,
M deforms intoM; of constant mean curvatutd;,. We may reparametrize the
family {M;} by the enclosed volum¥ in place oft. In order to compare the
general surface of constant mean curvature with the soap bubble, we have to
readjust the signs dfi andV as follows. The normaN is chosen opposite to
H,ie,H =H - (—N) with H > 0. Also the coordinate origi® is put so that
v=_>1 Ju (X,N)dM > 0. This makesV increase as the surfadé perturbed
alongN.

Theorem 1. Let M be deformed in a one-parameter famiMy;V € (Vo — 4,
Vo + )}, each M, having constant mean curvature, i.e.,

H (V) = constantHy .
If M = My, is stable, then

0] ﬂ—\H, > 0 if and only if M is properly contained in an extremal domain,

(i) 9 =0 ifand only if M is extremal,

(iii) g—\H, < 0 if and only if M properly contains an extremal domain.

Proof. Consider the bilinear fornh defined byl” on.7, i.e.,
I(f,g)E/ Lf -gdM V f.ge.7.
M

Let ¢ = the deformation functiorhd—, i.e., the position vectoK(V) of My is
X(V)=X+VeN. Then for allg € & C .7, we have

dH dH
l(sa,g)—/MLw-ng—/Mnd—v-ng—nd—V/Mng_o

sincedH/dV is constant orM andg € . This perpendicularity ofp to &
with respect td is the key point of the following proof.

Lemma 1. “M is stable and dHdV = 0" if and only if Ay(M) = 0.
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Proof of Lemma 1. To show the necessity, let; be a first eigenfunction of
on.7 . Thenyp; = ap + Bg for somea, 5 € R and somgy € <. It is seen that

| (o1, 1) = &l (0, ) + 2081 (10, 9) + %1 (g, 9)
> ndH 2 [ @ (sincel(p.9)=0andi(5.9) 2 0)
av® J,
dH .
= nd—vaz (since [, o = I = 1).

But
I (p1, 1) = )\1/M i
HencedH/dV = 0 implies A\; = 0. Conversely, ifA; = 0 thenlI(f,f) =

0vfe.7.Thusl(g,9) 20, Vge & andM is stable. Alsdl (p, ) = 0. But
I (¢, ) =ndH/dV. HencedH/dV = 0.

Lemma 2. Let A\;(M) < 0 £ A\y(M), then
(@) & <0if M is stable, and
(b) 9 > 0if M is unstable.

Proof of Lemma 2. The statement (a) is trivial by Lemma 1. For the statement
(b), we consider in7 the coneK defined by{f € .7 | I (f,f) < 0}. Suppose

M is unstable bu% < 0. Letf € & be such that(f, f) < 0; it is evident that
for all h € the linear span ofp andf, i.e.,h = ap + 5f, we havel (h,h) < 0.

In fact,

dH
I(h,h):az—/ + 521 (f,f) <0,
av Jy 7

sincedH/dV < 0, [, ¢ =1 andl(f,f) < 0. But A, = 0 and the space of
the first eigenfunctions of on .7 is only one-dimensional. This leads to a
contraction.

By combining Lemma 1 and Lemma 2, we complete the proof of The-

orem 1.

Remark 2.2.For A\, < 0, it is clear thatM is unstable.

Example 2.1.Evidently, on a spher8", a hemispher#, is an extremal domain.

If we consider a domaiM, properly contained iMy, holding S" — M, fixed
while blowing upM, from the inside of the sphere, we would find that the mean
curvature ofM, increases by Theorem 1. On the other hand, if we consider
My, C S" properly containingM;, then the mean curvature &f, decreases
while it blows up.

Example 2.2.Consider a Delaunay surface obtained by rolling an ellipse. A do-
main M generated by the segment between a pair of adjacent maximum and
minimum points of the generating curve is extremal. This is easily seen by tak-
ing 1 = (N, B) whereB is a fixed vector along the axis of the Delaunay surface.
The application of Theorem 1 yields a phenomenon like that of the last example.
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Remark 2.3.RucHERT proved that if

1
f/ IB2dM < 27,
2 Jm

thenM is “stable” in the sense that he defined in [R]. Using our terminology
here, this can be restated that the last inequality impliesMhéat still contained
in an extremal domain, and therefatel/dV > 0.

Remark 2.4.Theorem 1 may be explained empirically thus: Blowing up a small
piece of a soap bubble or soap film from inside would increase the inner pressure.
But if the piece is large enough to contain an extremal domain, then the inner
pressure decreases instead.

Remark 2.5.Stability domains on Delaunay surfaces in the capillary and the
Dirichlet sense had been considered in [VT, CS, HC].

3. Negatively Curved Sets

Theorem 2. Let M be a surface of constant mean curvature immers&® jmvith
or without boundary)M . Let the negatively curved set Mbe compactly included
in M, i.e., the closure cIM of M_ in the interiorintM of M be compact. Then
M_ must contain an extremal domain, i.84,(M_) < 0.

Proof. Let ¢ = K be the deformation function oM_. We have(|,, = 0.
Suppose thah;(M_) > 0. Thenly_(¢,¢) = [, Ly-9dM >0, V p € 7.
But we shall show that

IM_(Cv C) § Oa

which would yield a contradiction. In fact, for surfaces of constant mean curva-
ture, we have from [H2] that

VK2

- 2 _
AuK = —4H? — KK — o

(B)

16,0) = —/M (KAuK + [BPK?)dM

:f/ NELGEEISIE VK|2)/'\;|(4H2K22K3)

. HZ—K
2
=-2 K3+/ KIVK|
M M. HZ—-K

(when we have omitted thedM” under the integral sign for convenience). Let
the second integral in the last formula be denotedSbyhen
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2. K K
s= [, Shrw k= [, (reeK
& .

(by using the summation convention)
_ K? KK; . .
= /M_ (WK.)i — /M_ (H2 K )iK (by integration by parts)

_/ K2 iK_/ (K2|VK|2 JKIVKP K2 K)
" Jow HZ—K on  Jy \(HZ—K)2 H2—K H2—K "

=-S +4/ K3  (by again using (B)).

s:z/ K3,

and thereford (¢, ¢) = 0. This completes the proof.

Hence

Remark 3.1.If we take( = K", v > 1, we find that

472
1+2y

16,0) = /M H2(—K)2?' > 0,

and the equality holds only when= 0.

Theorem 3. Let M be a nonparametric surface of constant mean curvatye H
defined over an open s@tin R?, i.e., M is defined by & u(x), x = (x%,x?) € Q,
satisfying

D .

D, ('”) =2H, in Q.
\/1+|Du|?

Then each component Mof the negatively curved set Mmust extend contin-
uously to the boundargM or to infinity, i.e., M* is not compactly included
inM.
Proof. We first need a lemma.
Lemma 3.1.For M, compactly included in M \1(M,) > 0.

Proof of Lemma 3.1. Supposing the contrary, we may assume thdM,) =0
by shrinkingM... Let ; be the first eigenfunction of

L=-Au —|B|?
on M, with zero boundary value. Then
A1 = —[Bl?e1 in M.,
P1 g 0 in M*a

P1 ‘aM* = 0.
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Let¢ = (N, A) whereN is the unit surface norm{!\/l_:r;u‘z, \/1_+Téu\2’ \/1+1\Du|2)
of M in R® and letA = (0,0, 1) be perpendicular t€2. Then

A, ¢ = —|B[P¢ in M,,
¢>0 in M,,
Clom. > 0.

Consider¢ — a1, a > 0. Fora small, we havel — ayp; positive. Now enlarge
a until { — a1 has a zero poin®g. It is clear thatPy ¢ OM... This would imply
that{ — ap; has a zero interior minimum. But

A, (¢ — apr) = —|BI*(C — ap) £ 0,

contradicting the Hopf maximum principle. Lemma 3.1 is proved.

For the proof of Theorem 3, suppose that there is a compdienbf M_
compactly included irM ; then by Theorem 2\;(M %) < 0. Hence there exists
M. € M2 with \1(M,) = 0, contradicting Lemma 3. This completes the proof
of Theorem 3.

Corollary 3.1. The results in Theorems 2 and 3 are still valid if the surface M
has mean curvature H satisfying a weaker condition:

D?H <0,
i.e., the Hessian of H on M is nonpositive-definite. In fact, we have

VK ?

AuK £ —4H? —K K—|7

M = ( ) H 2 K )

and the proofs are similar to those of Theorems 2 and 3. The last inequality can
be seen ifH2].

Corollary 3.2. On a stable surface M of constant mean curvature immersed in
R3, if a connected negatively curved set is compactly contained in M, then in the
procedure of blowing up the set as defined in Section 2, we have

dH

d

A

0.

Remark 3.2.If the boundary segment = OM* N oM is compact andM can

be extended across as a parametric surface of constant mean curvature, then
on the interior segment it of I" the Gaussian curvature is still negative. This
is easily seen from the argument in the proof of Theorem 3.

Remark 3.3.Lemma 3.1 also gives a simple proof of the known fact that a
nonparametric surface of constant mean curvature is stable. We, however, do not
know the existence of a proof in literature.
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Finally, we raise some related open problems:

Problem 1.Are the theorems about the negatively curved sets true for general
n-dimensional surfaces of constant mean curvature immers&ih? LetK,
denote thes-th mean curvature of the surfaces®i** for 2 < v < n. In [H3],
AlogK, has been computed and estimated.

Problem 2.For M simply connected, is it possible to estimate the size of an ex-
tremal domain quantitatively? More precisely, does each extremal domain contain
a geodesic ball with the radius independent of where the extremal domain is sit-
ting? What is the largest radius? The assumption of simply connectedness is
essential, since there exists a Delaunay surface with constant mean curvature 1
on which the area of extremal domain is arbitrarily small.

Problem 3.Are the theorems, especially Theorem 3, valid for some other kinds
of elliptic solution surfaces, e.gAu = f(u, Vu)?
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