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Design Of 2-D Recursive Digital Filters Using
Nonsymmetric Half-Plane Allpass Filters

Yuan-Hau Yang and Ju-Hong Lee

Abstract—A novel structure using recursive nonsymmetric
half-plane (NSHP) digital allpass filters (DAFs) is presented for
designing 2-D recursive digital filters. First, several important
properties of 2-D recursive DAFs with NSHP support regions for
filter coefficients are investigated. The stability of the 2-D recursive
NSHP DAFs is guaranteed by using a spectral factorization-based
algorithm. Then, the important characteristics regarding the
proposed novel structure are discussed. The design problem of
2-D recursive digital filters using the novel structure is considered.
We formulate the problem by forming an objective function
consisting of the weighted sum of magnitude, group delay, and
stability-related errors. A design technique using a trust-region
Newton-conjugate gradient method in conjunction with the ana-
lytic derivatives of the objective function is presented to efficiently
solve the resulting optimization problem. The novelty of the
presented 2-D structure is that it possesses the advantage of better
performance in designing a variety of 2-D recursive digital filters
over existing 2-D filter structures. Finally, several design examples
are provided for conducting illustration and comparison.

Index Terms—Allpass filter, nonsymmetric half-plane (NSHP),
nonlinear optimization, 2-D recursive filter.

1. INTRODUCTION

ANY techniques have been presented for the design of

1-D recursive digital filters using the parallel combina-
tion of 1-D allpass sections [1]-[5]. The designed 1-D recur-
sive digital filters structures possess very low passband sensi-
tivity and doubly complementary (DC) properties. The design
of 1-D DC digital filters using two complex allpass sections is
considered in [2] and [3] and using two real allpass sections is
discussed in [4] and [5]. One-dimensional allpass filters are fur-
ther utilized to construct the analysis/synthesis filters of quadra-
ture-mirror filter (QMF) banks. It has been shown in [3]-[5] that
the designed infinite impulse response (IIR) QMF banks provide
approximately linear phase response without magnitude distor-
tion. In [14], 1-D allpass filter structures have been successfully
applied to the design of two-channel nonuniform-division filter
(NDF) banks.
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Recently, the extension of the 1-D allpass structure to the de-
sign of 2-D recursive digital filters has been widely considered
in the literature [6]-[9]. In [6], 2-D recursive circularly sym-
metric lowpass filters with quarter-plane (QP) support region
for filter coefficients are constructed by using a parallel connec-
tion of a 2-D all})ass filter and an appropriate delay element in
the form of z; ™'z, 2. However, this structure induces some
undesired passbands so that a noncausal system and a 1-D low-
pass guard filter are required to eliminate the extra spikes and
achieve the circularly symmetric characteristics. To get rid of
the delay elements, a modification to the technique has been re-
ported in [7] by utilizing a parallel connection of two allpass sec-
tions with appropriate filter orders. Nevertheless, causality and
stability of the designed filters are not guaranteed by using these
two techniques. Unlike [6] and [7], the techniques presented in
[8] and [9] employ four allpass building blocks with appropriate
delay elements to achieve arbitrary cut-off boundaries for 2-D
recursive digital filters with QP coefficients. During the design
process, the stability of the 2-D recursive digital filters is guar-
anteed by assigning a two-variable very strictly Hurwitz poly-
nomial to the denominator of a 2-D analog allpass function and
discretizing the analog function through double bilinear trans-
formation. The main limitation of these design techniques is that
none of them possesses the capabilities in designing the most
general 2-D causal recursive digital filter subject to the approx-
imation of frequency response in some optimal sense.

In this paper, a novel structure, composed of nonsymmetric
half-plane (NSHP) allpass filters, for the design of 2-D recur-
sive filters is presented. It has been shown in [10]-[13] that 2-D
recursive NSHP filters outperform 2-D recursive QP filters in
terms of approximating more general frequency response spec-
ification. We first develop some results of 2-D recursive NSHP
digital allpass filters (DAFs). The stability of the designed 2-D
recursive NSHP DAFs is guaranteed by using a penalty function
involving a stability error computed by using spectral factoriza-
tion-based algorithm [11]. Several important properties of the
developed 2-D recursive NSHP DAFs are investigated. Then,
the 2-D recursive NSHP DAFs are utilized as the fundamental
building blocks to construct 2-D recursive digital filters. By se-
lecting appropriate filter orders and parameters for the 2-D re-
cursive NSHP DAFs, the proposed 2-D recursive NSHP dig-
ital filters possess general approximation capabilities without
requiring additional delay elements for the design specifica-
tions with various cutoff boundaries. We formulate the design
problem of 2-D recursive NSHP digital filters by forming an
objective function consisting of the weighted sum of magni-
tude, group delay, and stability related errors. The derivatives
of the objective function required for performing optimization
are derived analytically. A technique based on a trust-region
Newton-conjugate gradient method [15], [16] is presented to
efficiently solve the resulting nonlinear optimization problem.
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The effectiveness of the research work is shown by several de-
sign examples.

This paper is organized as follows. Section II presents the
theoretical results of 2-D recursive NSHP DAFs. The spectral
factorization-based algorithm for stability is briefly reviewed.
Section IIT presents the results of 2-D recursive NSHP filters
using the 2-D recursive NSHP DAFs. In Section IV, we for-
mulate the problem for designing 2-D recursive digital filters.
A design technique based on a trust-region Newton-conjugate
gradient method is presented. Section V presents several design
examples for illustration and comparison. Finally, we conclude
the paper in Section VI.

II. TWO-DIMENSIONAL RECURSIVE NSHP
DIGITAL ALLPASS FILTER

A. Conventional 2-D Recursive Digital
Allpass Filters (DAFs)

For a conventional 2-D recursive DAF with order M x N, its
transfer function is given by

vD (2t

A(z1,22) = 27 M2g D (z1,22)

ey

The real coefficient array d(m,n) of D(z1, z2) has the support
region restricted in the first quadrant plane (QP) of the (m,n)
plane. The denominator of (1) can be expressed as

Zden )

m=0n=0

21722

B. Two-Dimensional Recursive NSHP DAF's

Here, we develop a 2-D recursive DAF which possesses a
more general causality than the conventional 2-D recursive
DAFs. Consider a 2-D recursive DAF A(z1,22) with order
M x N and the NSHP support region for its real coefficient
array d(m,n). Fig. 1 depicts the NSHP support region for
d(m,n) with M = 3 and N = 2. Accordingly, the denomi-
nator D(z1,22) of A(z1,29) is given by

de()
N
+ Z Zd(m,n)zfmz;". 3)

m=—M n=1

21722
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Fig. 2. Support region of N (2, 22) in (4) with M = 3 and N = 2.

Replacing the denominator of (1) with (3) gives the transfer
function of a 2-D recursive NSHP DAF with order M x N as
shown in (4), at the bottom of the page, where

ZdM m,0)z
2M N-—

-I—ZZdM m,N —n)z

m=0 n=0

Zl Z2

denotes the numerator of the 2-D recursive NSHP DAF and has
the support region shown by Fig. 2 for its coefficients. Consid-
ering the frequency points (termed as the crucial points in [§]
and [9]) in the (w1, we) plane, as shown by the open circles in
Fig. 3, we investigate the frequency characteristics of the 2-D
recursive DAF and present two important properties as follows,
where (2cp denotes the set of the crucial points (CPs).

1) Property 1: The phase response ¢ (wi,ws) =
arg {D (e/*1,e72)} of D (el*1,e/*2) is equal to zero

M
> d(M —m,0)z; "z

M N-1

2
SN+ Y Y dM —m, N —n)zy "2y

m=0 n=0

A(Zl, Zz) = m=0

M
> d(m,0)z;™

M N
+ 2 X dim,n)z ™"

m=—M n=1

“
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Fig. 3. Crucial points (indicated by the open circles) in the (w1, w2 ) plane.

TABLE I
FREQUENCY RESPONSE OF A 2-D IIR ALLPASS FILTER AT THE CPS
Crucial
poige | Orderof A (0. ,) A(o,0,)
Q.0 For all M and N 1
M odd -1
Q.
M even 1
M+N odd -1
Q(‘pl
M+N even 1
N odd -1
Qqﬂ
N even 1

at the CPs. As a result, the phase response 6 (w1,ws) =
arg {A (ejwl , ejw2)} of A (ejwl , ejW) is given by

= arg {A (ejwl ) eng) |(w1,wz)€QCP }
= —Mu_}l—N(.Uz. (5)

0 (w1, w2) |(w1,w2)6901)

2) Property 2: The frequency responses of the 2-D recursive
DAF A (ejwl , ejWQ) are restricted to be 1 or —1 at the CPs. The
details of this property are listed in Table I.

Therefore, the values of M and N for the orders of the 2-D
recursive DAF must be appropriately specified to avoid possible
unwanted passbands or stopbands.

C. Stability of 2-D Recursive NSHP DAFs

To ensure the stability of a 2-D recursive NSHP DAF during
the design process, the spectral factorization-based algorithm of
[11] and [12] that constrains stability by use of a penalty func-
tion involving a stability error computed using the cepstral sta-
bility test of [10] is utilized. We briefly review the 2-D stabiliza-
tion scheme based on the spectral factorization-based algorithm.

Consider a 2-D transfer function R(z1, z2) with two spectral
factors shown as follows:

R(Zh ZQ) = R+(Zl7 ZQ)R,(2;17Z£1) (6)

where R (z1, z2) denotes the causal spectral factor with a co-
efficient array r(m,n) of an NSHP support region 2 and
R_(27", 25") the anti-causal spectral factor with a coefficient
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Fig. 4. Systems of the (a) homomorphic transform and (b) inverse homomor-
phic transform.
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Fig. 5. Two-dimensional spectral factorization with NSHP window function
w(m,n).

array r_ (m,n) of an NSHP support region R_. These NSHP
spectral factors can be obtained by using the 2-D spectral fac-
torization approach as shown by Fig. 4. The approach performs
an NSHP projection to a factorization involving the region of
homomorphy for (6) as

Ri(z1,22) #0, for (21,22) € {|za| =1, 22| 2 1} (7)
Ry (z1,00) #0, for z; € {|z1] = 1} 8)

and

R_(Zl,ZQ) #0, for (21,22) € {|Zl| =1, |22| g 1} ©)]
R_(z1,00) #0, for z; € {|]z1| £ 1}. (10)

As aresult, the coefficient array r(m, n) is decomposed into two
factors as follows:

Y

r(m,n) =ry(m,n)*r_(m,n)

where “x” denotes 2-D convolution operation. Moreover, the
factor 4 (rm,n) with support on SR possesses two analytical
properties: i) r4(m,n) is mix-min phase due to (7) and ii)
r4+(m,0) is 1-D min phase due to (8).

We apply the above theoretical result to stabilize the 2-D re-
cursive NSHP DAF with transfer function given by (4). Fig. 5
shows a spectral factorization of the filter denominator’s square
magnitude, where d(m,n) denotes the denominator’s coeffi-
cient array of (4) and ds(m,n) is the causal spectral factor of
|D(e?*1, e3%2)|2, The window function w(m,n) in Fig. 5 is
employed to truncate and smooth the generally infinite-dimen-
sional coefficient array (1, n) to obtain a finite-order approx-
imation czs(m7 n). We adopt the simplest one for performing
simulation examples: w(m,n) = 1 forn > 0, and for n = 0,
m > 0,w(0,0) = 1/2, and w(m,n) = 0, elsewhere. The trun-
cation-type windowing provides a direct manner of generating a
finite-order factor ds(m, n). The stability of the truncated factor
ds(m,n) should be considered during the design process. A sta-
bility error is given by
12)

es(m,n) =d(m,n) — ds(m,n).
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Fig. 6. Block diagram of the proposed structure (13).

According to the 2-D spectral factorization approach illus-
trated in Fig. 5, if the denominator coefficients d(m,n) of a
2-D recursive filter are stable minimum-phase coefficients, the
d(m,n) equals the coefficient ds(m, n) for each (m, n). Other-
wise, there exists a difference between d(m,n) and ds(m,n).
Therefore, to obtain a stable design, the difference between
d(m,n) and ds(m,n) (termed as stability error) can be utilized
as a constraint or a penalty function to penalize the deviation of
d(m,n) from ds(m,n) during the design process.

III. TWO-DIMENSIONAL RECURSIVE FILTER STRUCTURE
USING 2-D NSHP DAFS
Here, we develop the results for the structure of a 2-D recur-
sive digital filter using the 2-D recursive NSHP DAFs presented
in Section II. We also demonstrate its applications in designing
several widely used 2-D digital filters.

A. Proposed 2-D Recursive Filter Structure Using 2-D NSHP
DAFs

Using the 2-D recursive NSHP DAF, we construct a 2-D re-
cursive digital filter H (21, z2) of Fig. 6 as follows:

[Al (21,22) + (—1)I Ay (21, 22)] }

H (21, 22) = {;

. {% [Ag (71,22) + (=1)" 44 (ZI’ZQ)] }ﬁ

+ % |:A1 (21,22) = (—1)" Ay (31722)} (13)

where A;(z1,22) is the 2-D recursive NSHP DAF with order
M; x N; and transfer function given by (4) for: =1, 2, 3, 4.
The values of «, (3, I, and .J are set to 0 or 1 according to the
filter design specifications. From (13), we consider two filter
subsections as follows:

1 .
S+ (21, 22) = 5 [Az (21, 22) + Ai+1 (21, 22)] ,fort =1, 3
(14)
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and

S_ (21,22) = [Al (21,22) — Ai+1 (2’172:2)] s for: = 173
(15)

It has been shown in [1] that the structure of two parallel-con-
nected 1-D DAFs provides very low passband sensitivity.
Moreover, its superior roundoff noise performance could make
shorter coefficient wordlengths possible. It would be expected
that the structures of (14) and (15) also enjoy these favorable
properties.

Let the frequency response of the 2-D recursive NSHP DAF
of (4) be expressed by

N =

A (ej““,ej“’?) = lf(ww2) (16)
where the phase 6(wq, w2) is given by
0 (wy,ws) = arg [A (ejwl,ej“”)]
= — Mw; — Nws — 2¢ (w1, w2) (17

and ¢ (wy,ws) = arg [D (e/**,e/*2)]. Substituting (16) into
(14) yields
S+ (ejwl , ejwz)

= % [Ai (ejw1 ) em) + At (ej“" , ej“’ﬂ)]

1
Substituting (17) into (18) yields (19), shown at the bottom
of the page. As shown in Property 1 of Section II, the
phase functions have the values ¢; (w1,ws) 0 and

¢it1 (wi,wa) = 0 for (w1,w2) € Qcp. Hence, the fre-
quency response S (e“1, e7“2) becomes

I:ejai(‘*’ly“-’Z) + ej9i+1(w17w2)i|
— cos { [91' (wl; w2) - 91:+1 (Wl-, w2)]
2

% eIl0i(@wr,w2) 401 (wi,02)]/2

(18)

jw Jws
St (6J 'el 2) |(W17W2)€QC'P
— cos <_ Mi— My Ni— Nip

2 2 wQ)
X exp{j <—

M; + M; N; + N;
+2 +1w1_ +2 +1

)} e

M; — M; N; — N;
+1w1— +1w

S, (ejw1 , ejwz) — cos |:_ 5

2

2 — ¢i (w1, wa) + diy1 (whwz)]

{{ M; + M;4q N; 4+ Nit1
Xexpsyg|— w1 —

2

wo — ¢; (W1,wa) — Piy1 (w17w2)} } 19

2
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TABLE II
RELATIONSHIP BETWEEN | S (e7%1, e7“2 )| FOR (w1,w2) € 2cp AND THE ORDERS OF ALLPASS FILTERS

magnitude
response |S (e/wy elm;) =1 |S (em emz) =0
+ > + >
(o.,)
for all M,. 7Mx+l

Q(po i Impracticable

and N,. - Nm
Q[pl Mi7M1+l even ]MI.*M,+l odd
Q /\4’—]\/[,+l even, N,— 4 even ]M’—]MHl even, N,—]VH] odd

cp2
M, _M,+1 odd, N, _N1+1 odd M, _Mm odd, N, _Nz+1 even
gch3 N‘ - N,+1 even N, _N1+1 odd
TABLE III

RELATIONSHIP BETWEEN |S_ (€71, €7“2)| FOR (w1,w2) € f2cp AND THE ORDERS OF ALLPASS FILTERS

magnitude
response ‘S_ (e Jo; ae/"~"z )’ =1 |S_ (e jo, ﬂe/'m2 )| =0
(0.0)
for all Ml. —/\4,+1
Q('p” Impracticable
and N,. - N,erl
Q(‘p] M:_M:+l odd M,—M,H even
o M:_M:H even, N,—N,erl odd M:_M:H even, N:_Nm even
cp2 -
M, */\/I’I.Jrl odd, Ni *N,erl even M, 7M,+1 odd, N, 7Ni+l odd
Q N, —N., odd N, —N_,, even
cp3 i i+l i i+l

for (w1, ws) € Q¢ p. Equation (20) shows that the frequency re-
sponse S (ej“’l , eﬂm) |(W1,W2)eQCP is only a function of M;,
M;11, N;,and N; ;. Therefore, the orders M; x N; and M; 41 X
Niiq1 of A;(ed“r ei*2) and A; 1 (eI“r, e7“2) should be appro-
priately chosen to approximate the desired filter specifications.
The details regarding the relationship between |S L (edwr edwz) |
for (w1, w2)Qcp and the orders M; X N; , M1 X N;4 are
listed in Table II. Similarly, the frequency response of (15) is
given as follows:

S (ejWI , ejwz)

N =N =

[Ai (ejw17ejw2) — A1 (ejw17ejw2)]
I:ej9z' (w1,w2) _ ej9i+1(w1,w2)]
sin { [91‘ (w1,w2) _29i+1 (Wl; wz)]

. ej[ei(w17w2)+9i+1(w17w2)+ﬂ']/2
M; — M; N; — N;
sin {— +1w1 — +1w2

2 2
— ¢ (w1, w2) + dit1 (w17w2)}

Mi Mi Ni Ni
|:_ + +1w1 _ + +1w2

2 2
— ¢i (w1, w2) — diq1 (wr,w2) +

2

X exp{j

ey

According to Property 1, S_ (ei*1, ¢3“2) becomes

)

S_ (ejwl,ejw2) |(w1,w2)€QcP
. <_Mi _2Mi+lw N —2Ni+1w

1

M;+M; N;+N;
xexp{j(— t M it +1w2+5)}. (22)
2 2 2
Again, (22) shows that the frequency response

S_ (ej“’l,ejw) |(W1,W2)eQCP is only a function of M;,
M;11, N;, and N; 4. Table III lists the relationship between
|S_ (ejwl,ej“’2)| for (w1,ws) € Qcp and the orders
M; X N;, M;11 X N;iy1. Table IV summarizes the frequency
characteristics of the 2-D recursive filter structure shown by
(13). The transfer function of (13) does not involve the filter
subsections [Aj3(z1,22) £ A4(z1,22)]/2 for the cases with
(= 0. We do not have to consider the values for J, M3 x N3,
and M, x Ny as denoted by “X” in Table IV.

B. Application Examples of Proposed Structure

1) Fan Filters: The fan filters are widely used in geophysical
and seismic signal processing due to their ability to discriminate
certain directional information in 2-D signals [17]. Recently,
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they have been employed for broadband beamforming in array

TABLE IV

PARAMETERS OF (13) FOR VARIOUS SPECIFICATIONS

Parameters
of (13) o | remainder of | remainder of ﬂ ; remainder of | remainder of
Qcpi [M,=M,|/2 | [N, =N,|/2 [My=M|/i2 | [Ny=N,|/2
in passban
None 0 1 0 0 0 | X X X
All 010 0 0 0 | X X X
0,1 0 (0 0 1 0 [ X X X
02 0 (0 1 1 0 [ X X X
0,3 0|0 1 0 0 | X X X
1.2 0 |1 1 0 0 [ X X X
1,3 0 |1 1 1 0 | X X X
2.3 0 |1 0 1 0 | X X X
0 0 (0 0 1 1 0 1 0/1
0 (0 1 1 1 0 1 0
1 010 0 | 1 1 0/1
0 |1 1 0 1 1 1 1
0 (0 1 1 1 1 1 0
2 010 1 1 1 1 0 1
0 |1 1 0 1 1 0 1
010 1 0 | 1 0/1 1
3
0 |1 1 1 1 1 0 1
0 1 1 0/1
1 0
12,3 110 1 1 1|1
0 1
1 0 0/1 1
1 |0 0 1 1 0 1 0/1
0 1 1
1 1 0 1
02,3 | 1 0 1
0 1 0
1 1 1 1
1 0 1
0 1
1 {0 1 1 1 0
1 0
0 0 1
0,1.3 1 1 0 1
1 1 1
1
0 1 0
1 0 1 1
1 1 1
1 {0 1 0 1 0 0/1 1
0 0 1
1 1 1 1
0,1,2 1 1 0
1
0 1 1
1 0 1 1
1 1 0

signal processing [18]-[22] because an ideal fan filter with filter is given by
its wedged-shape frequency response is a kind of broadband

beamformer.

Ha(wr,00)| = {

1
0, otherwise
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Fig. 7. Specification of the £6 fan filter.
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Fig. 8. Specification of the 30° fan filter (40°-70°).

where g = tan(#). Fig. 7 shows the ideal specification where
Qepo and §2cp; are included in the passband if 6 is smaller than
45°. The value |H (ejwl , ej“’2)| of (13) equals 1 for (wq,ws) €
Qepo and (w1, w2) € Q¢p1. According to Table IV, the values of
a, 3, and I of (13) must be set to 0. Hence, the appropriate filter
structure required for the 6 fan filter has the transfer function
H(z1,22) given by
1
H (Zl, 22) = 5 [A1 (21, 22) + Ao (21, ZQ)] 24)
where A1 (21, 22) and Ay(21, 22) are 2-D recursive NSHP DAFs
with orders M7 x Ny and M» x N», respectively. Moreover, the
integers (M; — M>)/2 and (N7 — N3)/2 must be even and odd,
respectively.
30° Fan Filters: Fig. 8 depicts the magnitude specification
for a 30° fan filter with passband extending from 40° to 70°.
For applications, it can overcome a limitation of the £45° fan
filter because the £45° fan filter cannot discriminate based on
velocity but only on speed, and, hence, one cannot distinguish
two waves arriving at the array from opposite directions by using
a fan filter. In contrast, the 30° filter would be appropriate for

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 12, DECEMBER 2007

passing plane-wave signals arriving from one side of the array
while attenuating these signals outside this angular (velocity)
passband.

Due to the periodic nature of the frequency response of 2-D
discrete-time systems, the added transition bands are necessary
near the Nyquist frequency edges of the unit cell. From Fig. §,
we note that only €., is included in the passband of the desired
magnitude response. Therefore, the magnitude response of (13)
is equal to 1 for (wy,w9) € Qcpo only. From Table IV, we note
that the filter structure appropriate for the 30° fan filter has the
transfer function given as follows:

H (21, 2) :i [A1 (21, 22) + Az (21, 22)]

[A3 (21, 22)+As (21,22)]  (25)
where A; (21, 22), 1 = 1, 2, 3, 4, are transfer functions of the re-
quired 2-D recursive NSHP DAFs with the orders M; x N; listed
in the corresponding row in Table IV. From (19), it is noted that
(25) is the product of two responses shown by (19). If the design
specifications include the constant group delay response for the
30° fan filters, such as Example 2 presented in Section V, the
ideal group delays along the w; and woy axes, respectively, are
given by

(M + My + M3 + My)
2

9a, = (26)

and

(N1 4+ No+ N3+ Ny)
9d, = 2 .

27)

2) Circularly Symmetric Lowpass Filters: The ideal fre-
quency response of a circularly symmetric lowpass filter can
be characterized by

*J(gd w1+gd2w2) /2 2
Hy(wy,wp) =4 ¢ " oo w; +w§ S
0, for /wi + w3 > w,

(28)

where the passband and stopband edges are w, and w,, re-
spectively. Moreover, gq, and g4, are given by (26) and (27).
Equation (28) shows that only ()., is included in the passband
region. The filter structure H(z1,z2) shown by (25) is also
appropriate to meet the desired low-pass characteristics.

3) Diamond-Shaped Lowpass Filters: The ideal frequency
response of a diamond-shaped lowpass filter is given by
ei(an @1 t9092) - for |uwy | + |wa| < w,
0, for |wi | + w2 > ws

2

Hg (w1, w2) :{

It is widely used for processing image and video signals. From
the above discussions regarding 2-D recursive lowpass filters,
we note that the transfer function of (25) is suitable for the di-
amond-shaped lowpass filters since it is general for all kinds of
2-D recursive lowpass filters and not tied to any symmetric as-
sumptions on the ideal magnitude function.
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1V. DESIGN TECHNIQUE

A. Formulation of the Design Problem

The magnitude error between the magnitude response of (13)
and the ideal magnitude response |H; (w1, ws)| is given by

Em (UJ17 w?)
2

Wi (w1, w2) |:|Hd (wi,wo)| = |H (6jw17€jw2)|p} (30)

where W, (w1, ws) is a preset magnitude weighting function
and p = 1 or 2 depends on whether a causal or two-pass zero-
phase filter is to be designed. If constant group delay charac-
teristic is considered in the design, we define the group delay
errors as follows:

ggy (W1, w2) £ Wy (w1, w2) [GDl {H (ejwl,ej‘”z)} — gdl]
31
and

eg, (w1,ws) £ Wy (w1,ws) [GD2{H (e, 672)} — gq,]
(32)
where GD1 {z} and GD2 {«} are the group delays of z along
wj and wy axes, respectively. In addition, we calculate a stability
error €, ;(m, n) in the spatial domain from a spectral factoriza-
tion of the filter denominator’s square magnitude. It is given by

esi(m,n) =di(m,n) —ds;(m,n) (33)

where ds;(m,n) denotes the causal spectral factor of
|D;(e?*1, ei*2)|2 for i = 1, 2, 3, 4. Accordingly, we for-
mulate the objective function as follows:

E = llem (01,w2)||” + 75, lleg, (w1, w2)]”
+ 7 llege (w1, w2)II”
+ %, lles (m )| + 7, lles2 (m, n)|
+ % lless (m )|+ 7, lles.a (my )|

2
(34)

where ||x||? denotes the squared norm of x. The parameters Yy,
Vgr> Vgas Vsis Vsa» Vss» and g, represent the relative weights
between the squared error terms.

B. [Iterative Procedure

Here, we present a design technique based on the spectral
factorization method of [11] in conjunction with the trust-re-
gion Newton-conjugate gradient method [15], [16] for solving
the nonlinear minimization problem of (34). The main idea of a
trust-region Newton-conjugate gradient method is to define a re-
gion around the current iterate within which they trust the model
function my, (s) to be an adequate reflection of the behavior of
an objective function f (x) around xy, and then choose the step
Si to be the approximate minimizer of the model in this trust
region. The trust region is adjusted from iteration to iteration.
If the model function my, is considered to be a good approxi-
mation to the objective function f, the trust region is safe to be
expanded for the next iteration. Otherwise, the region should be
reduced. Compared with the conventional line search algorithms
like the Levenberg—Marquardt algorithm used in [11] and [12], a

5611

trust-region method does not require additional step size calcu-
lation. Importantly, when x is far from the solution, a negative
curvature is often encountered. The trust-region Newton-con-
jugate gradient method will perform a long step s; and move
away rapidly from nonminimizing stationary points. In contrast,
other gradient-based algorithms will slow down dramatically. It
is noted that derivatives are needed to solve the step s;, within
the trust region. Generally, if analytic derivatives are not pro-
vided, the conventional approximation techniques compute the
derivatives numerically. Hence, they would increase the com-
putational cost and would be very sensitive to numerical error.
Therefore, we provide the analytic derivatives in the Appendix
to avoid computing the derivatives numerically.

The iterative design technique is summarized step by step as
follows.

Step 1) Specify the ideal magnitude |H,; (w1, w2)|, the size
of discrete-time Fourier transform (DFT) L x L,
magnitude weighting W, (w1,w2), group delay
weighting W, (w1, ws), relative weights ~v,,, Vg,
Vgo»> Vs1s Vsas Vsss Vsa » and filter orders M; x Nj.
At the initial stage, we set (Vd; (m,n) = 6§ (m,n)
which is the unit impulse function, and the iteration
number k = 0.
At the kth iteration, we compute the mag-
nitude response |*) H gejwl , ej“’Q) |p, group
delay responses GD1 ((k H (ejwl,ej“’z)) and
GD2 ((k)H (ej“’1 , ejwz)).
Compute the difference between
|(k’)H (ed@r, ew2) |p and |Hy(wi,ws)| over
a finite set of discrete frequencies (wi,ws), the
difference between GD1 (W H (7“1, e7~2)) and
the desired group delay gq,, and the difference
between GD2 ((k)H (ejwl , ej‘“2)) and the desired
group delay gq,, respectively.
Compute the spectral factor (k)dsﬂ; (m,n) of
| D; (eder, edw2) ? and the difference between
(K)dy ; (m,n) and *)d; (m,n) over a finite index
set (m,n).
Form the objective function F according to (34) by
stacking the scaled magnitude, group delay, and sta-
bility errors.
Utilize the trust-region Newton-conjugate gradient
optimization method with the function Isqnonlin()
provided by Matlab Optimization Toolbox and the
analytic derivatives provided in the Appendix to
update *)d; (m,n).
If £ = It max, where It max is a preset maximum
number of iterations, then the design process is ter-
minated. Otherwise, set £ = k 4 1 and go to Step 3.

Here, we explain the reasons why the unit impulse function
is used as the initial guess in Step 2) as follows. a) Some ex-
isting techniques create the initial guess by performing SVD
or inverse Fourier transform on the desired frequency response
Hy (ejwl,ejw). Howeyver, several DAFs are involved in the
proposed structure given by (13) and their respective desired
responses are required when applying the above initialization
methods. It is appropriate to use the unit impulse function as

Step 2)

Step 3)

Step 4)

Step 5)

Step 6)

Step 7)

Step 8)
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TABLE V
DESIGN PARAMETERS
Vm Ve Ve, I Vs, Vs, Vs, P
Example | 0.99 0 0 1000 1000 0 0 2
Example 2 1x10™ 1x10™ 1x10™ 1 1 1 1 1
Example 3 1x10° 5 5 1x10 1x107 1x107 1x107 1
Example 4 1x10° 0.98 0.98 1x10° 1x10° 1x10° 1x10° 1

the initial guess for each denominator Dj; (z1,22); hence,
only the desired response Hy (ejwl,ej“’Z) is required. b)
For stabilization, it is noted that the transfer function of
Od; (m,n) = §(m,n) is O D; (z1,25) = 1 and its stability
is, thus, guaranteed. c) If a linear phase or constant group delay
design is considered. The initial response of H (z1, z2) is given
by OV H (e7e1,e1%2) = e 79091739492 for all (wy,ws). It
approximates the specified frequency response in the passband.

V. SIMULATION RESULTS

The design examples were performed on a PC with
Pentium-IV CPU using MATLAB programming language.
For comparison, some significant design results are defined as
follows.

Passband magnitude mean-squared errors (PMSE)

PMSE

=2 X

(w1,w2)ER,

(|H (e71,%)|” = |Ha (w1, w2)])
number of grid points in the passband

where €, is the set of grid points in the passband.
Stopband magnitude mean-squared errors (SMSE)

SMSE

=2 2

(w1,w2)EQ,

(lH (ejwl , ejwz) |P _ |Hd (wh w2)|)2
number of grid points in the stopband

where (2 is the set of grid points in the stopband.
Passband phase mean-squared errors (PPMSE)

PPMSE

=2 2

(w1,w2)€EQ,

. 2
[arg{H(ejwl i)} _arg{e—J(gdlw1 +gd2wz)H

number of grid points in the passband

where arg {z} denotes the phase response of z.

Peak stability error (PSE) of A; (21, 22)

PSE; = max|es; (m,n)| forl <i < 4.

Passband ripple (dB)

PR =

max
(w1,w2)€EQ,

|2010g10 (lH (ejwl,ej“’z)m .
Stopband attenuation (dB)

SA = —

max

Jw Jw
(WI’wz)egszmoglqu(G 1e2)).

Peak relative group delays

max (|GD1 (H (ej“17ej“2)) — gd1|)
PRGD1 = &12)€%
9a,
max  (|GD2 (H (/1 ei*?)) — ga,])
PRGD2 = £122)€%

9d,

1) Example 1: A £45° Fan Filter: The +45° fan filter is
specified by letting g 1 in (23). To achieve a zero phase
design, we set p = 2 in (30). The orders of two recursive NSHP
DAFs are M7 x N1 = 3x 2 and My x Ny = 3 x 3, respectively.
The magnitude weighting function W, (w1, w2) is set to the
equation shown at the bottom of the page.

The other design parameters required are shown in Table V.
The resulting magnitude-squared response for this design is
plotted in Fig. 9. For comparison, the same fan filter based on
the conventional 2-D IIR NSHP filter of [11] is also designed by
using the trust-region Newton-conjugate gradient method. The
size of 2-D DFT used is 32 x 32 and the number of iterations
is 25 for both designs. The significant design results, namely
PMSE, SMSE, and PSE,; are shown in Table VI. We note
that the proposed technique provides very satisfactory design
results.

1 tan (4_’5_1) wn] >
Wi (wi,w2) = ¢ 1 tan (441).1) Jwi] <
0 tan (4_’%_1) o | <

|(.<J2| and w1 Z 0
|w2| and w1 Z 0

jwl  tan (75 ) - wi] > fwal, and wy >0
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TABLE VI
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 1
Design Methods PMSE SMSE PSE; Number of
Independent
Coefficients
conventional 6.099x10* | 4.096x10° | 4.403x10° 41
NSHP Filter
Proposed Technique | 5.222x107 | 9.918x107 | 1.631x10° 43
1.044x10™*
TABLE VII

FILTER COEFFICIENTS OF THE 30° FAN FILTER. (a) COEFFICIENTS OF A, (z1, z2). (b) COEFFICIENTS
OF A5 (71, 22). (c) COEFFICIENTS OF A3 (21, 22). (d) COEFFICIENTS OF Ay (21, z2)

-0.07532549 -0.04504497 -0.04129947 0.06868830 0.02855055 0.04385812 (1895583
0.03420936  0.03680247 -0.01768154 0.19414512 0.01673802 -0.11035891 - ( 00755557
01.01968932 -0.06483671 0.01932101 0.01276331
m
(a)
0.07859943  0.02938007  0.04471751 -0.07957976  0.02139349
0.08999011 -0.32879833  -0.30142490  0.10943377  -0.00982867
M 0.80866418  0.01956437  0.04378392
m
(b)
0.12288231 -0.12306322 0.21511769 -0.03429936 -0.01331464
nl 0.90867006  -0.28386292 0.00217619
m
()
0.07188913  0.25707833 -0.21592176 -0.07674073 0.06766616
-0.01143454 -0.03215078 -0.06015607 0.16083513  0.03955003
076789387 0.35160600 0.05427343

A

m

(d)

NSHP DAFs are set to M; x N = 3 X 2, My x Ny =

2x 2, Mg x N3 = 2x1,and My x Ny = 2 x 2, re-

spectively. According to (26) and (27), the ideal group delays

are set to g4, = 4.5 and g4, = 3.5, respectively. The mag-

nitude weighting function W, (w1, ws) is chosen as follows:

W, (w1,ws) = 2 in the passband, W, (w1,ws) = 1 in the

stopband, and W, (w1,w2) = 0 in the transition band. We set

the group delay weighting function W, (w1, wz) = 1 only in

the passband. Table V lists the parameters required for this de-

sign. Table VII lists the filter coefficients obtained by using the

®®  proposed technique. The largest PSE; is 3.099 x 10~'%_ Fig. 10

depicts the magnitude response of the designed 2-D recursive

filter. Table VIII presents the comparison between the signif-

icant design results by using the proposed technique and the

method of [12]. The size of 2-D DFT used is 32 x 32 and the
number of iterations is 10 for both designs.

3) Example 3: A Circularly Symmetric Lowpass Filter: Here,

we consider the same design case as that given by [24] and

Normalized o, axis 05 5 Normalized o, axis

Fig. 9. Magnitude-squared response of the designed filter for Example 1.

2) Example 2: A 30° Fan Filter: Here, the 30° fan filter
with design specification is shown in Fig. 8. The orders of four

[25]. The desired frequency response is given by (28), where
the passband and stopband edges are w, = 0.57 and w, =

Authorized licensed use limited to: National Taiwan University. Downloaded on March 25, 2009 at 02:40 from |IEEE Xplore. Restrictions apply.



5614

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 12, DECEMBER 2007

TABLE VIII
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 2
Design Methods PMSE SMSE PPMSE Number of Independent
Coefficients
[12] 1.244x102% | 7.376x10* | 2.408x10° 57
Proposed Technique | 1.567x10™* | 3.161x10™* [ 4.397x10° 52
TABLE IX

SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 4

Design Methods PR SA PRGD Number of Independent Number of
Coefficients Iterations
[23] 0.0312 36.05 0.1030 247 55
Proposed 0.0752
Technique 0.0061 55.54 0.0942 244 55

AN
i

7Tz

N
- . 1
Normalized ., axis () 05

-0.5 0
-0.5

Normalized w, axis

Fig. 10. Magnitude response of the designed filter for Example 2.

0.7, respectively. The required design parameters are listed
in Table V. The magnitude weighting function W,,, (w1, ws) is
chosen as follows: W,,, (w1, w2) = 1 in the passband and stop-
band, W,,, (w1, ws2) = 0 in the transition band. We set the group
delay weighting function Wy (w1, w2) = 1 only in the passband.
For comparison, the structure given by (25) is adapted to approx-
imate the desired lowpass characteristics and the orders of four
NSHP DAFs are set to My x Ny =2 x 3, My x Ny = 3 x 3,
M3 x N3 = 3 x 3,and My x Ny = 3 X 4, respectively. Ac-
cordingly, the ideal group delay responses are g4, = 5.5 and
ga, = 6.5, respectively. The group delay may have an arbi-
trary value in [24] and [25]. The number of independent co-
efficients is 100 for our design and it is 99 for the designs of
[24] and [25]. The size of 2-D DFT used in computing the sta-
bility errors is 32 x 32. The (w1, wo) plane is uniformly sampled
with a 46 x 46 grid density, and, therefore, 907 grid points are
used in the passband and stopband; 45 iterations are taken by
the proposed technique to achieve the design result shown in
Fig. 11. The proposed technique shows satisfactory design ca-
pability as compared with the technique of [25]: 43.6- versus

0.5

Normalized o, axis
Normalized o, axis

Fig. 11. Magnitude response of the designed filter for Example 3.

42.5-dB stopband attenuation; 0.0046 versus 0.0074 maximum
magnitude deviation in the passband; 0.567 versus 0.526 max-
imum group delay error in the passband. Some additional sig-
nificant results obtained using the proposed technique are given
as follows: PMSE = 1.116 x 107¢, SMSE = 2.282 x 107¢,
and the largest PSE; is 4.715 x10~".

4) Example 4: A Diamond-Shaped Lowpass Filter: This ex-
ample is the same as that given by [23]. The desired frequency
response of the diamond-shaped lowpass filter is shown by (29)
with the passband and stopband edge frequencies w, = 0.87
and ws = m, respectively. The magnitude weighting function
W (w1, ws) is chosen as follows: Wy, (w1,w2) = 1 in the
passband and stopband, W,,, (w1, ws) = 0 in the transition band.
We set the group delay weighting function W, (w1, ws2) = 1
only in the passband. The structure given by (25) is adapted to
approximate the desired lowpass characteristics and the orders
of four NSHP DAFs are setto M7 x N1 =5 x5, My x Ny =
6 x5, Ms x N3 =5 x4,and My x Ny =5 X 5, respectively.
Accordingly, the ideal group delay responses are gq, = 10.5
and gq, = 9.5, respectively. The group delay may have an arbi-
trary value in [23]. The size of 2-D DFT used in computing the
stability errors is 32 x 32. The (w1, w2) plane is uniformly sam-
pled with a48 x 48 grid density, and, therefore, 1008 grid points
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TABLE X

FILTER COEFFICIENTS OF THE DIAMOND-SHAPED LOWPASS FILTER. (a) COEFFICIENTS OF Ay (21, 22).
(b) COEFFICIENTS OF As (1, 22). (¢) COEFFICIENTS OF Aj (21, z2). (d) COEFFICIENTS OF A4 (21, 22).

-0.03272860
0.10582100
-0.11613760
0.09498223
-0.09082818

-0.00504322
-0.00839314
0.02298267
-0.02413223
0.02431172

0.03704191
-0.10306917
0.01948189
0.01044920
0.03417036

-0.01627066  0.03338183
0.07342108 -0.09068907
-0.07271929  0.03447278
0.05363199 -0.02366367
-0.03564636  0.01985034

-0.01123234
-0.01671548

0.09836553
-0.06400373
-0.01644799

-0.04886974
0.07082851
-0.01269037
0.00876903
-0.01112748 -0.04268958

-0.01148684

0.02915153
-0.03751008
-0.03062843
-0.03208603

0.00568472
0.01305863
-0.11384077
0.07954402

-0.00083021

0.00433716

-0.05872084

0.12247273

0.20324569
n

-0.00348181 -0.01700338
0.01864070 -0.00621098
-0.02305653  0.03278182
0.00736413  0.13830535
-0.23420045 -0.18714758
0.72942260  0.08515977

m

(@)

-0.01027644 -0.00782840 -0.00741499
0.00515118
-0.02816375 -0.01215132 -0.01805494
0.17498924  0.01567471
-0.11898270 -0.27702109 0.16153047

0.01829259 -0.00180685

0.10676192

n 0.73369534  0.02757041

m

0.00339493  -0.02942365
0.02071610  0.03789663
-0.12933192 -0.04546524
0.10309835  0.04808566
-0.03183001 -0.04359065
-0.03674300  0.02360571

0.00181275 -0.02589221 0.02949215
0.03664779 -0.00826172 -0.07758723
0.00336467
-0.01051470 -0.02121290 -0.01899917
0.00649803
0.04755193

-0.09506908  0.09386842

0.00154955  -0.06539527
0.00248626 -0.00459598

0.00249117
-0.00603919
-0.03742087

0.02270243
-0.03308868

0.02610566

-0.00290564
0.00797102
0.02424480

-0.04396604
0.05894332

-0.05395562

-0.00192258 -0.01832991
0.01794326  0.05405356
-0.01652356 -0.07349165
0.01264239  0.07994447
0.01380340
0.03471659  0.04758631

-0.06947628
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(b)

0.00903439  -0.02498950
-0.02325294  0.06628110
0.00950756  -0.03634199
0.00248407  0.03053335

0.03611083
0.03180867
-0.08580028
0.04021648

0.01591938
-0.03864557
-0.01499103

0.07682966

0.02818627

©
-0.00367575  0.02088609
0.02582987 -0.04019665
-0.03006897  0.03865718
0.01350042 -0.01495109
0.00511201  0.01805552

-0.00670588
0.02132857
0.04788245

-0.04818242
0.03303704

0.01282429
0.03862535
-0.05563640
-0.07660876
0.08201623

0.00029996
0.00753492

0.04429303
0.23214921

0.01747894
-0.01049217 -0.02533912
0.01001457 -0.03490130
-0.04978229 -0.08859174 -0.05381965
0.92844290 -0.00377827 -0.01676665

m

0.01285089
0.01945025 -0.00241543
-0.07116962 -0.03475154 -0.05909912 -0.05983885 0.05878943
0.11741405
-0.17312861

0.02425262  0.00882399  0.04881380 -0.03053653  0.00885301
0.00389974 -0.05031461  0.03585031 0.06136512 -0.01804528
0.00271971 -0.01341699 -0.06702249 -0.02237687 0.00764699
0.08689651  0.04974286 0.02236634 -0.00515315
0.00286773 -0.01389119 -0.00379906

0.00176611  0.01274358 -0.01238409  0.02261232 -0.00397037
0.03692866  0.03297264 -0.04135324  0.02478797
0.03396790 -0.02187799
-0.07828812 -0.03567460 -0.00714519 0.01103147

0.09265000  0.02622032  0.01732476 -0.00434305

0.04347568
0.22462618

B, 0.57831305 -0.00495579 -0.00867852 -0.00297063 -0.00538018 -0.00338839

(d)

Normalized o, axis
Normalized o, axis

Fig. 12. Magnitude response of the designed filter for Example 4.

are used in the passband and stopband. The significant design re-
sults and the iteration number required by using the technique of
[23] and the proposed technique are shown in Table IX for com-
parison. Table X lists the filter coefficients obtained by using the
proposed technique. The largest PSE; is 3.582 x 10~ . Fig. 12
shows the magnitude response of the designed diamond-shaped
lowpass filter. The proposed technique performs significantly
better than the technique of [23]. Some additional significant
results obtained using the proposed technique are given as fol-
lows: PMSE = 2.953 x 10~%, SMSE = 9.157 x 1078,

In (34), there are two major aspects, approximation and sta-
bilization, woven into the optimization process simultaneously.
In order to ensure the stability of designed filters, v, should be
selected large enough to keep €, ; >~ 0. The weights 7y, and ~y,;

would be increased to obtain better magnitude and group delay
approximation results. On the other hand, the ratio v4;/vy, is
highly dependent on the desired group delay and it should be
larger when designing 2-D recursive filters with smaller group
delay responses. The weights listed in Table V are the experi-
mental results and they provide a satisfactory approximation to
the desired specifications, i.e., the performances between mag-
nitude responses and phase/group delay responses are balanced.

VI. CONCLUSION

This paper has presented the theoretical work on the design
of 2-D recursive digital filters using 2-D recursive DAFs with
NSHP coefficient support. The 2-D recursive NSHP DAFs are
used as the building blocks to construct 2-D recursive digital
filters. The resulting 2-D recursive NSHP digital filters pos-
sess general approximation capabilities. As to the problem for
designing 2-D stable recursive NSHP digital filters, an objec-
tive function consists of the weighted sum of magnitude, group
delay, and stability errors has been formulated. Accordingly, the
derivatives of the objective function required for solving the de-
sign problem can be computed analytically. The novelty of the
research work has been shown by several design examples.

APPENDIX

Here, we derive the analytic derivatives for each error term in
the objective function of (34). Let the vector d; = [d;(m,n)]
contain the filter coefficients. For p = 2, the magnitude error is
given by
Em (wlv w2)

jw1 jwo 2
2 W, (w1, ws) [|Hd (w1, wo)| — |H (&7, e/2)| }
=W (w1, w2) [[Ha(w1, wg)|—H(ej“’1 , ej“’z)H*(ej“’l, elw2 )]

where H (ej‘“l , ejWQ) is the frequency response of (24). (AD)
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The analytic derivatives of magnitude error with respect to
the filter coefficients are given by

Oem (w1, w2)
od;
1 04; (ejw1 , ej“’2)

= —Wp (w1,w2) |5 o

* (ojwi piw
x H* (ejw17ejwz) +H(€jw17ej“"2) » EM]

2 od;
OA; (edwr, edwz)

=-Wn y R
(w1, ws2) X Re od.

H* (ejb-)l’ejwz)}

A2
where (A2)
0A; (ejwl,ej“’2)

e~ IMiw1 ,—jNiw2

0
ad; (m/,n’) ad; (m/,n’)
S50 d; (m,n) edmereine:

m

' Z Z d1 (m, TL) e—Imwi g—jnws

m n

— ¢~ IMiw1 ,—jNiw2
. ’ ! - .
24Tm {e](m witn “’Z)Di (ed«r, 61“2)}

DZ (e, ¢32)

(A3)
Thus, see equation (A4), shown at the bottom of the page. For
p = 1, the magnitude error is given by
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where H (e/“1,e/*2) is the frequency response of (25).
This expression is differentiable except at points for which
H (e] “i el “’2) = 0. With the exception of these points

Oem (w1, ws)
od;
- _ Wm (wla w2)
2 [H (31, eiws))|

OH (ejwl , ejw2) H* (ejwl , ejwz)
od;

(A6)

From (A3), we have (A7), shown at the bottom of the page.
Similarly, see (A8), shown at the bottom of the page.

The second and third terms in the objective function are the
group delay errors along w; and ws axes, respectively. The
derivatives of the group delay errors are derived as follows.
The phase response of H (e, /) in Examples 2, 3, and 4
is given by

arg { H (e/',e7?)} = —gq,w1 — ga,ws — ¢1 (w1, w2)

—p2 (w1,w2) — ¢3 (W1, w2) — ds (w1, w2). (A9)

Thus, the group delay of H (', e7“2) along w; axis is given
by

GD1{H (el*" el?)}
= - iarg {H (ej“’17ej°’2)}

8&)1
Em (w17w2) 13 - 8¢1 (wl,wg) n 8¢2 (wl,wg) n 8¢3 (wl,wg)
é Wm (u.)17u.)2) |]Hd (w17w2)|—<|H (ej‘-kh7 ejw2)|2) :| 1 awl awl 8w1
Oy (w1, w2) (A10)
(A5) Ow;
] ' ZJIHI ej(m’w1+n’w2)Di (ejwl’ejwz) ' '
Oem (w1, w2) _ —W,, (w1,ws) X Re { e IMiw1gmiNiw: { }H* (e]w17e]w2) (A4)

ad; (m',n')

Dz2 (ejun , ejwz)

. Wm (w17w2)
[F (e, )

O (w1, ws)

ad; (m',n')

jIm{ej(m’wl +n’ws) D, (ejwl7 6jwz)}

—jiM;wy —jNiws ®( Jwi ,jwa 1 jwi Ljws jwi ,jws
x Re{eMiw1 =N, Do, i) H* (e, e -)><§[Ag(ej e + Ay €, )
fori=1, 2
(A7)
Oem (w1, ws) Wi (w1, w2)

ad; (m/,n') — |H (@1, ei=?)|

x Rel e~ iMiwi o —iNiw2

jIm {ej(m’wﬁn’wz) D; (ejwl , ejwz)}

l)z2 (e]""l , ejWQ)

for i=3, 4

H*(ejwl , ejwz) % % [Al (ejwl , ejwz) + A, (ejwl \ ejwz)]

(A8)
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Oeg, (w1, w2) 0
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i (w1, w2)

ad; (m/,n') =Wy (w1,w2) ad; (m’,n') w1
= = Wy (w1,w2)

(

(cos (m'wy + n'wy) m) <§nj 52 d; (1, m) cos (mw + an))
+ <%; 5 di (m, m) cos (mur + nws) m>

+ (sin (m'wy + n'ws) m') @ 5 di (m,m) sin (e + nw2)>
+ <2mj %j d; (m,n)sin (mw; + nws) m)

cos (m'wy + n'ws)
(e )

sin (m/wy 4+ n'ws)

+

2[ <ZZd (m., n) cos (mw + nws) )
5 5 di (. m) sim (i + ) m) @
52 5 di (mym) cos (man + nw2)> cos (m'wy + n'ws)

+ (Z > d; (m,n)sin (mwy + nw2)> sin (m'wy + n'ws)

Di(eo1 )"

(A13)
> d; (m,n) cos (mwy + nws)

d; (m, n) sin (mw; + nw2)> }

\ [D: (et cio2)[" )

The corresponding group delay error along w; axis is given by

éWg (w1, ws) [GDI {H (ej“’l,ej“’Q)} — gdl]

g, (W1,w2)

01 (w1, Db (w1,
= Wg (wl’ w2) ()Zsl é‘:}ll (UZ) + ()252 é(:}ll w2)
+8¢>3 (w1, 02) + Oy (w1, ws) (AL1)
awl awl
where
('Zsi (wlawz) =

arg {Di (ejwl,ejw)}
S ¥ di(m

(
; ; d; (m,n) cos (mwy + nws)

P (w1, w2)] -

,n) sin (mwy + nws)
-1

= —tan

= —tan (A12)
Thus, see (A13), shown at the top of the page. Following the
similar procedure, we can also derive the derivatives of group
delay error along wo axis.

Finally, we derive the derivatives of stability errors for the
designs with p = 1 and 2 as follows:

) Cz ( m, ) _p- 1le j(mlwl-l-‘n'wg) . ej(m/wl'i'n/WQ)
) d( / /) D ( ]Wl e]“’z) + D*(ej‘dl , ejWQ)
) 0D, (m,n) _ | 9d, (m,n)
ad(m/,n') | dd(m/,n)
ddg (m,n) 1 A i 0D, (m,n)
3 ) _p NN
) ad (m/,n’) xp ( (7 e )) *ad (m!,n')
Oes (m,n) , ~ Ods (m,n)
4 - _ 2% AT
) 2 (o) d(m—m';n—n') 2 (o) (A14)
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