Design of two-channel Iow-delay IR nonuniform-
division filter banks using L, error criteria
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Abstract: The deésign of a two-channel nonuniform-division filter (NDF) bank with infinite
impulse response (IIR) analysis/synthesis filters and low group delay in the sense of L, error
criteria is considered. The problem formulation results in a nonlinear optimisation problem. Based
on a variant of Karmarkar’s algorithm, the optimisation problem is solved through a frequency
sampling and iterative approximation technique to find the tap coefficients and the reflection
coefficients for the numerator and the denominator of the IIR analysis filters. An efficient
stabilisation procedure ensures that the reflection coefficients lie in (—1, 1). Simulation results are

provided for illustration and comparison.

1 Introduction

Uniform-subband decomposition by using a quadrature
mirror filter (QMF) bank is not an appropriate scheme to
match the requirements for the subband coding of speech
and audio signals. The most appropriate decomposition
must consider the critical bands of the ear. It has been
mentioned in [1] that these critical bands have nonuniform
bandwidths and cannot be easily constructed by the
conventional tree structure based on two-channel QMF
banks. Hence, it is worth exploiting the design problem
of two-channel nonuniform-division filter (NDF) banks.

The conditions on the analysis and synthesis filters of
NDF banks, as well as methods to design them, are given
in [1]. Because of the difficulty in solving the design
problem with nonlinear constraints, a structure and
design procedure for pseudo-QMF banks was presented
in [2]. The main drawback of this method is that FIR filters
with complex coefficients are required by the resulting
NDF bank to reduce the aliasing distortion. Recently, one
of the authors considered a structure for two-channel NDF
banks and proposed design methods for optimally design-
ing NDF banks based on L, and L, error criteria in [3] and
[4], respectively.

Designing an NDF bank has been widely considered in
[1-4]. However, linear-phase FIR analysis filters were
employed for developing these design techniques.
Although using linear-phase FIR analysis filters leads to
a favourable problem formulation for design, the system
delay k; of the designed NDF bank is determined by the
lengths of FIR filters used and, hence, the long overall
system delay of an NDF bank with linear-phase FIR
analysis filters may make practical applications prohibitive.
It is well known that an IIR filter requires a lower order
than an FIR filter under the same stopband energy. For a
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given passband group delay, IIR NDFs have better pass-
band ripple/stopband attenuation and/or lower computa-
tional complexity than FIR NDFs under the same stopband
energy for the analysis and synthesis filters. Several
approaches dealing with the design problem of two-
channel TIR uniform-division filter banks with conven-
tional filter structures have been reported in [5-7].
Recently, the results of designing a two-channel low-
delay IIR NDF bank using the L, error criteria have been
reported in [8].

In this paper, we consider the design of two-channel
low-delay IR NDF banks in the sense of L, error criteria.
Utilising a lattice structure for the denominators of the IIR
analysis filters, a design technique using a modified dual-
affine scaling (MDAS) variant of Karmarkar’s algorithm [9]
in conjunction with an approximation scheme is presented
for efficiently solving the resulting design problem that is
basically a nonlinear optimisation problem. During the
design process, the proposed technique finds the tap
coefficients for the numerators and the reflection coeffi-
cients for the denominators of the IIR analysis filters
simultaneously. It ensures the stability of the designed
1IR analysis filters by incorporating an efficient stabilisa-
tion procedure to make the magnitude of each reflection
coefficient within —1 and +1. Computer simulations show
that the IIR NDF banks designed by using the proposed
technique provide satisfactory performance, though the
designed results are only local solutions (instead of the
global optimum).

2 Two-channel low-delay NDF banks

Consider the two-channel NDF bank with the architecture
given in [3] which is shown in Fig. 1. The analysis low-pass
and high-pass filters are designated by Hy(z) and H(z),
respectively, while the synthesis low-pass and high-pass
filters are designated by Fo(z) and F(z), respectively. Bo(z)
and B,(z) are two low-pass filters responsible for achieving
aliasing-free operation during the rational decimation
and interpolation. It can be shown that using the modulations
of multiplying exp(jnz) in the high-pass subband channel
leads to the favourable result that B,(z) can be a low-pass
filter with real coefficients. The desired magnitude responses
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Fig. 1 Tiwo-channel NDF bank system structure

a Analysis system
b Synthesis system

for the analysis filters Hy(z) and H,(z) with passband widths
equal to Lon/L and L /L, respectively, are shown in Fig. 2;
where L =Ly + L, - w, and w, denote the related band-edge
frequencies satisfying w, + w, = 2rnLy/L.

Assume that the assoctated magnitude responses are set to

By@) =1, forw e [0, 3} and
Ly

21 — wy :|
., 7T
Ly
:land

B(w) =0, forwel: +wp,n]

By(w) =0, forw € [

B(w) =1, forcue[

Further, assume that Hy(z) and H,(z) have zero stopband
response. As shown in [4], the input/output relationship of
the NDF bank in the frequency domain is given by

L —je ) ) ) .
X(e) = S () Hy(el?) + X (W) Hy( W)
0

L L e 7901

+ X (/W ") Hy (e W, ) Fo(e/) + L

1

X [X(e™)H, (&) + X (/" Wi Hy (! W[")
+ X (W OH (W F () M

where Gy and G, are the resulting group delays of the upper
and lower channels, respectively. W; = exp( —j2n/L). Sub-
stituting L=Lo+L,, Fo(e’”)=Hy(e’”) and Fi(e/)y=
—H(e’*) into (1) yields

X(e) = T(/)X () + V() X (™ W}")
+ Vy(e™) X (W) . )

IEE Proc.-Vis. Image Signal Process., Vol. 149, No. 5, October 2002

4
o)t
I
1
0 op ‘o
Fig. 2 Desired magnitude responses for analysis filters
where:
. e—ij
T(") = HCE NN )]
LLy
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Vi(e™) = 1L, _Ho(e YH (e’ W)
e—ijl
Hl(e"”)H1(e"”WL°) )
. e Jw . iw
V(&) = iL, Ho(e"”)Ho(ef W)
P gl ) L
~IL H\(e/)H, (" W") ®)

The first term of (2) represents the response of a linear
shift-invariant system 7{(e’*) with input X(e’*), while the
other two terms represent the resulting aliasing distortion.
Therefore, perfect reconstruction for a group delay k,
requires the following conditions:

PR I: T(e’*) must be equal to e 7** for all w.

PR 2: The magnitude ¥V(w) of Vi(e’“) must be zero,
i.e. Vi(w)=0, for all w. )

PR 3: The magnitude V,(w) of Vo(e/”) must be zero,
i.e. Va(w)=0, for all .

For simplicity, assummg Go=G;, we can neglect the

phase term e~ in (3) and express T(e’*) as

Hy(e) _Hi(el) ©
LL, LL,

Furthermore, we note from (4), (S)yand L=Ly+ L, that the
aliasing distortion can be eliminated if

T(e”) =

P =7 HYE )
0
) f(w—w,—w, jo
- LTlHl(e’( v~ )H, (e") (7)

equals zero for w, < ® < w,. Following (6) and (7), we can
reformulate the conditions required for perfect reconstruc-
tion as follows:

T(e?) =e?, for0<w<n
Hy(e’*) =0, foro,<w <7
H(e’) =0, for0 < < o,

1 . ot — 1 (Ot — i
£ Hl e Hole" ™7 0) = (O ),

forw, <o < o ®)

Hence, the design problem of the IIR NDF banks of
Fig. 1 is finding such IR analysis filters, namely Hy(z)
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and H,(z), that the conditions listed in (8) can be approxi-
mately met.

3 Design of two-channel IIR NDF banks in
the L, sense

3.1 Problem formulation

Here, we consider the design of the two-channel IIR NDF
as shown in Fig. 1. Let the low-pass analysis filter be an
IR filter with order M;/Ny (i.e. M, zeros and Ny poles) and
transfer function Hy(z) =A(z)/By,(z), where the numera-
tor Ag(z) is an Myth-order polynomial with tap coefficient
vector a():[a()(), agrs---» aOMO]T, and BNO(Z) is an N()th—
order FIR lattice filter with reflection coefficient vector
ko=1[ko1, ko2,-. -, kONO]T. The superscript 7 denotes the
transpose operation. Similarly, let the high-pass analysis
filter be an IIR filter with order M;/N, and transfer
function H,(z) =A4,(z)/Bn,(z), where the numerator 4;(z)
is an M,th-order polynomial with tap coefficient vector
a,=[ajo, a,..., a1, and By (2) is an N;th-order FIR
lattice filter with reflection coefficient vector ki =[k|,
kizyoon, k1N|]T. Fig. 3 shows the system structure for
By, (2) and By, (z) which can be obtained from the following
recursive formula [10]:

By(@) = 0p(2) =1
Bn(z) = Bn—l(z) + an_]anl(z)
0,(2) = kB, () + 77 0,1 (2) &)

Hence, the overall design task is to find the required tap
and reflection coefficients {a;,, k;,} for the stable IIR
filters H(z), i =0, 1, such that the conditions shown in (8)
must be satisfied. Accordingly, we consider that the overall
error function E to be minimised in the L; sense can be
expressed as the following weighted sum of four terms:

E=06,+ad, + foy +yd, (10)

where  8,= [G_ole ™ — Te”)dw, & = [if—olH
(e )da, o= [6= o Hole " )ldo and 8= [G| V(e ™)ldoo.
Moreover, «, f and y represent the relative weights between
the four error terms. We note from (10) that the overall error
function E is a highly nonlinear function of the tap and reflection
coefficients. Therefore, minimising £ directly leads to a very
highly nonlinear programming problem in addition to the
stability problem for Hy(z) and H,(z).

3.2 Proposed design technique

Let {w1=0,0,,..., 0=, Oy 1., Opy g Oy 1 =
Ws, ..., W4+ x =7} be a grid of equidistant frequencies
distributed in the range of @ =0 to w = = for evaluating the
magnitude response of the NDF bank and the related error

By(2)=1 B,(2)

Qyl2)=1

Fig. 3 Lattice structure for an Nth-order FIR lattice filter
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terms defined as above. Moreover, assume that the set
Sy contains the grid points {w; =0, w,,...,0;=w,}, Sz
contains the grid points {w; 1, Wr4+2,..., w4 and Sy
contains the grid points {w;4 ;41 =5, Dryyir2,---,
w4 7+x=7}. Then, we rewrite (10) as the following
approximation:

E=35,+0b, + By +75, (11

where b4 =A2wesluszu53|e_j_kdw - T(ef‘w)\» o= Ywes,
[Hi(e”)], d0= wes,|Ho(e’) and 0,=3 4 cw,us,Un,
[#(e’”)|. Next, we construct bl =[17, . x prqk rol
with the {+J+K) x 1 vector 1,,,,x= [1,. .,117 the
Ix1 vector p;=[a,..., oc]T, the Kx1 vector gx=
[B,...,B1" and the (J4+2)x 1 vector ryyo=[7,...,7]"
Moreover, let ¢;,= [ef, ,elr, ,eg, ,ef,]T represent the error
vector computed at the /th iteration, where e,,; denotes
the (I +J+K) x 1 error vector due to |¢7%® — T!(e/®)|
computed for w e S;US,US;, eITJ the /x 1 error vector
due to |[H{(e’®)| computed for w € S;, ey, the K x | error
vector due to |Hg(e’)| computed for w e S; and e, the
(J+2)x 1 error vector due to |‘(e’*)| computed for
© € w,U S, U w,, respectively, where H/(e/*), for i=0, 1,
and T/(e’?) are the frequency responses for the analysis
filters and the corresponding filter bank response computed
at the /th iteration during the design process, respectively.
Let AH/(e’®) and AT'(e/*) be the deviations for H/(e/”)
and T/(e’) corresponding to the filter coefficient perturba-
tion performed at the /th iteration. Accordingly, f/[(e"‘ “Yand
AV '(e’®) are the response and the deviation related to (7).
Thus, the design problem of using the L, criteria to find the
optimal coefficients can be formulated as follows:

Minimise b7 ¢, 1
I+
T, — T < e, 15
I+1
H™ < e (12)

subject to
\HGH| < €0,1+1

prl+1
VT < e

where  Ty=[e 7%, e/ ., T'=
[T/, T'e’™™),..., Te™ ), H{=[H{(e",
Hll(ejwz), o Hll(ejw’)]r, Hol: [Hé(ejwl+l+l)’ Hol(ejw’““),
o, HY@r T and V=[P, Vi, ...,
¥ (e/*++1)}". Moreover, the notation of |¥| < Z denotes
that the absolute value of each entry in the matrix (or vector)
Y is not greater than the value of the corresponding entry in
the matrix (or vector) Z. To deal with the nonlinear

—Jkawr s+ k1T
€ ++]a

B,(z) Bn.1@)
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constraints as shown in (12), we reformulate them as
follows:

0 < |T!(e™) — ek 2 — 2Re{[|T!(e/*) — e a]*
x Ai”“(ej‘“)} 4 IAwaH(ejw)lz
< |f'[(ejm) —e 2 forme S, US,US;
0 < |HI(&/)? — 2Re{H;"(e/*)AHI! (/)
+ |AHF (&) < |HI(™), forw € 8,
0 < |Hj(e™)* — 2Re{H" (/) AH} (/)
+ AHE ()2 < |Hie™), for @ € 5,
0 < [P1(e/”)]? — 2Re{ 7™ (/*)AV (7))
+ AP )2 < |P(e)?, for w e 0, US, Uo,
(13)

where the superscript ‘*’ and ‘Re{x}’ denote the complex
conjugate and the real part of x, respectively. Assume that
the perturbations performed on the filter coefficients are
significantly small at each iteration; then the second terms
due to deviations in (13) can be neglected. As a result, the
constraints in (13) can be approximated by the following
expressions:

0 < |7/(e/) — e~
x AT (e7))
< |7/ — e 7“2 for w € §; US, U 5.3
0 < [H{(e)* — 2Re{H[*(e/")AH|™ ()}
< [H{(ej‘”)lz, for w € S,
0 < |Hi(e/®)|? — 2Re{HE (e/)AH (7))
< |Hb(e™)|?, for w € 8,
0 < |[F(e™)? — 2Re(I™*(e/*)AT ! (7))
< ()P, forw € w,US, U, (14)

2Re{[T(e/?) — e ha]*

Next, several useful matrices are defined as follows: U, is
an (/+J+K)x 1 vector with the mth entry given by
Udm)= e — Tle/), w,eSiUSUS;, m=1,
2,...,I+J+K, dlag{U} is a diagonal matrix with the
mth dlagonal entry glven by Ug(m), U, is an I x 1 vector
w1th the mth entry given by U(m)=-H le’™), w, eS8,

=1,2,...,1, dlag{Ul} isa dlagonal matrix with the mth
dlagonal entry given by U;(m), UO isanJ x 1 vector with the
mth entry given by Uy(m)=—Hg(e’*"), 0, €53, m=1+
J+1,...,I+J+K, dlag{Uo} isa dlagonal matrix with the
mth dlagonal entry given by Uy(m), U, is an (J+ 2)x1
vector with the mth entry given by U m)=—V le7m,
wmewpUSzLJwv,m I+1,..., I+J, diag{U,} is a dia-
gonal matrix with mth dlagonal entry given by U(m), the
coefficient increment vector v =[Aky, Aagy, Ak, Aal] =

[Akoy, Akpz,.. AkON , Aago, Aagy,.. AGOM0 Akyy,
Aklz, . Ak]N N Aal? Aa“ yaeey ACIM‘]T; the gradient
matrlces T'(e’*)] for W, €S1USUSs,

;[VH](e""”')] for 0, €S, H,=[VHje’"")] for
w,,, € S5 and H,= [V (e’/®")] for w,, ewpUSz U w,, where
V represents the gradient operator [3/dkoy, 3/0koz,. ..,
8/ dkon,, 8/Bago, 8/0ao:, ..., 0d/0acu,, 9/%k1, 8/dk2, ...,
8/dkyy,, 8/8ajo, 8/daiy,...,d/dais,]. Using the above
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matrices, we can re-express the constraints approximated
by (14) as follows:

0 < diag{U,}*U, — 2Re{diag{U,}"H }v < &,
0 < diag{U,}*U, — 2Re{diag{U,}*"H ,}v < ]
0 < diag{U,}* U, — 2Re{diag{Uo}"H,}v < €51,
0 < diag{U,}*U, — 2Re{diag{U,}*H v < &};,,  (15)

where ¢? denotes the vector with each entry equal to the
square of the corresponding entry in the vector e, and 0 the
zero vector with appropriate size.

Based on the results obtained by (12) and (15), the
discrete approximation for the original L, design problem
can therefore be reformulated as follows:

Maximise b w
‘ , (16)
Subjectto A°w < ¢
where the vectors b_[oT I _[(v’+') (e 01"
andc*[ (dxag{U}*Ua) ~(d1ag{U1}*U1) —(dlag{Uo}*
Up)" — (diag{U}*U)" (diag{U.}*Us)" (diag{U}*U)"
(diag{Uo}*Uy)" (diag{U,}*U)"", and the matrix 4 is
given as follows:

~F, —F{ -F{ —F[ F; F| Fy F,
-1 o" o7 o o o o o
A= 0" 17 o o" 0" o of o
OT 0T 417‘ OT OT 0T OT OT
OT 0T OT _lT OT 0T OT OT
where F,=2Re{diag{U,}* H,}, F|=2Re{diag{U,}* H\},
Fo=2Re{diag{Uy}* Hy} and F,=2Re{diag{U;}* H,}.
Equation (16) represents a standard linear programming
problem in dual form. In the following, we present an
iterative process based on the dual affine-scaling variant
of Karmarkar’s algorithm (the DAS algorithm) [9] for
solving (16).
Introducing slack variables to the formulation of (16),
we have

Maximise b'w
Subjectto ATw+z=1¢,2>0 a7

where z is the vector containing slack varlables Assume
that e have an mterlor feasible solution w° which satisfies
AW +=c and Z° >0 at the initial stage. With these
initial solutions w° and z°, it has been shown in [1 l] that an
appropriate scaling operation must be performed i in order
to update w and z such that the objective function b'w can
be improved at a faster rate. In [9], it was proposed to
scaled the slack variables as follows:

i=D'z (18)
where D, =diag{z}. Substituting (18) into (17), we obtain
Maximise 57w
Subjectto A’w+ D,z =¢,7>0 (19)
Let the set of the feasible solutions for (17) be given by
W={weR|ATw<c} (20)

where » = Ny + N; + Mg+ M, +2(I+J+ K +2). Then, the
set of the feasible scaled slack vectors for (19) is given by

7= e RNV 3 e W, ATw i Di=c) (1)
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From (21), it is easy to show that the corresponding w in W
for a given scaled slack vector £ in Z is given by

w(z) = (AD;* ATy "' AD; (D e - 2) (22)

and the one-to-one relationship between the feasible direc-
tions f,, in Wand f; in Z is given by

fi=-D'4"f, (23)

Based on (19) and (22), the feasible direction f; can be
obtamed by computing the gradient of the objective func-
tion b”W with respect to % as follows:

f:=Vsb" (@) = —D7'A"(AD?A) b (24)
Comparing (23) and (24), we obtain
fo=AD?A" b (25)

After determining f,, from (25), we note that updating w
can be carried out as follows:

Wit =w taof, = [}m[}] (26)
I e?

if a suitable step size o 1s found, where w', v/ and &
represent the w, v and ¢ obtained after the (/ — Dth
iteration, respectively, during the optimisation process.
We use this f,, which is the subvector containing the first
r — 2(/+J+ K+ 1) entries of the feasible direction f,,, as
the true descent direction for updating the coefficient
increment vector v of the optimisation problem in (19).
To find a suitable step size o analytically instead of
numerically for updating w, we propose an efficient
method by cons1der1ng the feasibility of using the updated
slack variable z' + af,. First, from (18) and (24), we have
the feasible direction for the unscaled slack variable as
follows:

/

—ATAD?AT) b = —A"f, 27)
Then, based on the fact that the updated slack vector z must
be a vector with all entries greater than or equal to zero, a
suitable step size « can be obtained by taking the most
appropriate feasible step in the direction of f, as follows:

()

where 0 <p <1 1is in general chosen experimentally. (y),
denotes the jth entry of the vector y and min{x} the
minimum value of x. Based on (26), the formula for
updating v after the /th iteration is then given by

=V +of, 29)

a:pxmin[ 4 l(f)J<0} (28)

3.2.1 Determination of initial guesses for Hy(z)
and Hi(z): Our design experience shows that using
better initial guesses for Hy(e’) and H;(e’“) usually
provides better design results. To initiate the design
process, we propose a procedure for determining appro-
priate initial guesses H3(z) and Hi(z) for Hy(z) and H,(z),
respectively. According to the principle of a two-channel
NDF bank, we define two desired frequency responses
Do(e’®) and D,(e’®) as

VILe /D2 for w € [0, w,]
Do(ej”’) = \/—L%e—j(kd/z)w for w = 8)17—“.)5 (30)
’ 2
0, for w € [w,, ]
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0, for we€l0,w,)]
w, +

Dl(ejw) = ] /Lél e*j(k(//2)(u
Jo/LL e kal2e

Two FIR filters Go(z) and G,(z) with orders 2N, and 2N,
are designed to optimally approximate Dg(e’*) and
D\(e’®), respectively, using conventional least-squares
error criteria. Let the resulting filter coefficients be given
by {hoo, ho1, ---, hon,)} and {hio, M1, ..., how)}s
respectively. Through the use of the model reduction
algorithm presented in [12], we find two IIR filters where
the numerator and denominator are of order Ny (corres-
ponding to Go(z)) and of order N, (corresponding to G,(z)),
respectively. Assume that the IIR filters have denominators
Co(z) and Cy(z) with coefficients {coo=1, co1, ..., Con,}
and {c,0=1, 11, ..., c1n,}, respectively. Then, the initial
lattice systems B?\, and B?V w1th reﬂectlon coefficients
{km, K, .. kozv} and {k“, K, .. Ith!} correspond-
ing to Co(z) and Cl(z), rcspectlvely, can be found since
there exists a one -to-one correspondence between {cio, ¢;1,

, ¢ivy and {k,l, K, ,N} [13] for i=0, 1. Finally,
the best solutlon for the correspondmg initial numerator

G

for w =

for w € [w,, )

AXz), i=0, 1, can be obtained by solving the following
optnnlsatlon problem
Minimise
2
o AN
joy _ ZiNT )
D) B?v,.(ej,w) , forall wel0,m,]

@, + Wy
VTS Yo, (32)

For evaluating the related error functions given by (14), we
again take a set of discrete frequency points linearly
distributed over S=[0, w,] U(w,+w,;)/2 Ulw,, n]. Let
Sd:S] U(a)p—l-a)v)/Z US3 = {(,U] :0, Wy, vy, WI=Wp,
Wy :(COP+(L)5)/2, WDryp2=Wg, ..., W74 K+1 :TE} be the
dense grid of frequency points and P; be a complex
I+ K+1)x (M;+1) matrix with its (m, n)th element
given by

=)o,
Pm,n) =

- l<m<I+K+1,
B, (e7m) "

l<n<M+1 (33)

and d; be a complex (/+K+1) x 1 vector with its mth
element given by .
di(m)=Dye*), 1 <m=<I+K-+1 (34)

Then, the initial coefficient vector af = [a%, a?], s ,M]
of Ao(z) optlmal in the least squares sense for (3 gl 2) i is found
by minimising |Pa} — d)*=Pad — d;) (Pa, d;),
where the superscript /4 denotes the complex con]ugate
transpose Clearly, th1s leads to the optimal solution given
by al={Re{P P}}_ [Re{Pd}], for i=0, 1. After
finding the approprlate initial guesses HY(z) =AY z)/BN,
and setting the initial coefficient increment vector v to a
Zero vector, we present an iterative procedure step by step
for computing 4,(z) and By(z), for i=0, 1, during the
design process.

3.2.2 Iterative procedure:

Step I: At the /th iteration, let the analysis filters be

Hi(e’”)=Ao(e”)/Bn(e’*)  and  Hi(e/*)=di(e’)/

BN (e’®). Compute the gradlent matrices H, = [VT!(e/*)]

for wmeSIUS2US3, =[VH{(e™)] for wneS,
=[VH{(e’*™)] for co,,,eS3 and H,=[VV'(e/®] for
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Wy, € @, U S, U wy. Moreover, find the corresponding U, U,
Uy and U,. Set k=0.
Step 2:  Compute z=¢— Aw=[z] 25212} 2Lzl 27 281",
where 7, = —diag{U,}* U, + 2Re{diag{U,}* H }vk-f—ea,,
D= —dlag{U,}* Uy + 2Re{diag{U\}* H; W'+ e, ;, z3=
—diag{Up}* U0+2Re{d1ag{U0}*Ho}v/‘+ €1, =
—dlag{U}* U,+ 2Re{diag{U}* H}W +e,;, 75 =diag{U}*
— 2Re{diag{U,}* H,}V", zo=diag{U,}* U; — 2Re{dia g
{U,} H W, z7—-diag{Uo}* Uy - 2Re£dlag{Uo}*Ho} v,
g =diag{U}* U, — 2Re{diag{U,} *H }»".
Step 3: From (25) compute the search vector f,=
AD2ANY b= [fT£1)" Accordingly find the search
vector f, from (27) and the feasible step size o from (28).
Step 4: Using (29), we update the increment vector and
obtain v+ after the kth 1terat10n
Step 5: Compute the ratio [(b'w" — b'w**1)/bTw|. If the
ratio is larger than a preset positive real number 71, then set
ke=/k+1 and go to step 2. Otherwise, set VI =yl and
go to step 6.
Step 6: Perform a line search by using the N elder—Meade
simplex algorithm of [14] to find the best step size ¢ with
0 <t<1 to update the numerator and denominators of
Hy(z) and H,(z) such that the error function shown by
(11) reaches its minimum:

E/+I - Z le‘jk"“"”' _ fvl+1(ejw,,,)’
0, €8,US,US;3
+o 3 |HT O+ B Y IHE ()
®,, €Sy ®,, €83 .
+y X ) (3%)
@, €0, USy U, :

subject to the constraints of maxlk,j-}-tAkyl < Kkmax, for
i=0,j=1,2,...,Nyg, and i=1, j=1, 2,..., Ny, where
H{* l(e’”) and H'+ '(e’*) have tap and reﬂectlon coeffi-
cient vectors glven by ab™ ! =[aby+ tAag, ab + tAag,,

aOM +fAf10M0] L kot =[ko +tAkoy, oy +tAko,

kONU+tAkO,V0] . @™ =[d)o+ tAarg.al + thayy,
S aty + +ilay)”  and k=K1K Kot
tAk,z, .. klN +lAk1N] respectively, and T/%!(e/®)

and V't 1(e]‘”) are the corresponding filter bank response
and aliasing distortion. Moreover, k,,. is a preset maximal
absolute value and must be less than 1 for the reflection
coefficients in order to ensure the stability of the designed
IIR NDF bank.

S[tep 7. Using the updated coefﬁment increment vector
+1

v, we compute the corresponding
. Al+l(ejw)
I+1 _ o
Hy (/) = B (o)
N, ()
Hl+l (eja)) - All+l(ej‘“)
1 Bﬁ;l(ejw)
and ¢, ;.

Step 8: Compute the ratio |(b1Te,——bTe,+,)/bTe,|. If the
ratio is larger than a preset positive real number #,, then set
I=14+1 and go to step 1. Otherwise, we terminate the
design process.

Remarks: There are two situations where the gradient
matrices H,, H,, H; and H, may degenerate.

Case 1: The columns of H,, H,,, H, and H,, are not linearly
independent. Then, the optimal solution for (16) will not
be unique. To find an appropriate optimal solution,
we construct matrices Gy, G,, G and G, by choosing the
independent columns from H,, H,, H; and H,, and a
vector # by choosing the components of v corresponding to
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the independent columns. Then use G,, G,, G, G, and u
to replace H,, H,,, H,, H, and v in (16). On the other hand,
if only H, (or H, or H or H,) has columns not linearly
independent, then we construct a matrix G, (or G, or G; or
G,) by replacing the elements of those columns that are not
linearly independent with zero elements from H, (or H,, or
H; or H,). Then use G, (or G, or G, or G,,) to replace H, (or
H, or H; or H,) in (16) to obtain an appropriate optimal
solution.

Case 2: At the [th iteration, the ith reflection coefficient £;
may have the absolute value equal to k,,,,. To tackle this
difficulty, we construct a vector u by eliminating Ak; of the
vector v and four matrices G,, G,,, G, and G, by eliminat-
ing the columns of H,, H,, H, and H,, corresponding to
Ak;, respectively. Then, we use G,, G,, G;, G, and u to
replace H,, H,, H,, H, and v in (16).

4 Simulation results

In this section, we present simulation results of designing
two-channel ITR NDF banks for illustration. These designs
are performed on a personal computer with a Pentium CPU
using MATLAB programming language. To perform the
design process for all design examples, the spacing for two
adjacent frequency points in [0, 7] is set to ©/299, i.e. the
number of grid points taken in [0, 7} is 300, including w,
and w,. The presented design examples are, in fact, related
to the optimal design of two-channel IIR NDF banks with
low group delay. The performance for the designed filter
bank is evaluated in terms of the peak reconstruction error
(PRE), the normalised peak stopband ripple (NPSR) and
the stopband error energies (SEE) of the designed Ho(z)
and H(z). They are given by

PRE(dB) = max({|20 log,, |7(w,)Il} for w; € [0, 7]

[Hy(w;)]
VLL,

NPSRy(dB) = —201log,, (max ) for w; € [w,, 7]

H,(w;
NPSR,(dB) = —20 logm(max I \}%)]) for w; € [0, »,]
SEEy = Y |Hy(@)*, SEE,; = ¥ |Hy(@)
w8y ;€S

The maximum variation of GD(T(e’/*)),

MVGD = max |GD(Z(e/*)) — k|(samples)
w;€[0,7]

The maximum variation of passband GD(Hy(e/)),

MVPGD, = max |GD(H,(e/*)) — k,/2|(samples)
;€[0.w,]

The maximum variation of passband GD(H,(e’*"),
MVPGD, = max ]|GD(H] (€’®)) — k;/2|(samples)
w;elw,,m

and the maximum variation of filter bank response,

MVFBR = max |e"fw ki — T(e/))|

w;€l0,n
where GD(x) denotes the group delay of x.

Example 1: The design specifications used are the same as
those of example 2 given in [8] and are listed as follows:
the group delay &, is 29, w,=0.12n and ©,=0.287,
Lo=1 and L =4, My=13 and Ny=14, and M, =
N, =17. Hence, the number of independent coefficients
for the design is 63. The value of p and £,,,, required by
(28) and (35) are set to 0.1 and 0.98, respectively.
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Table 1: Significant design results for design example 1

IR NDF bank FIR NDF bank IIR NDF bank on L, [8]
Filter order 13/14,17/17 49, 49 13/14, 17)17
No. of coefficients 63 100 63
PRE, DB 0.0086 0.0183 0.0176
MVGD 0.0587 0.0809 0.0703
NPSR,, dB 40.62 39.66 40.88
NPSR,, dB 42.11 40.63 40.66
MVPGD, 0.0075 0.0286 0.0091
MVPGD, 0.0187 0.0199 0.0247
SEE, 2.97 x 1073 4.00 x 1072 4.05x 1073
SEE, 5.24 x 1073 7.60 x 1073 7.42x 1073
Max. variation of filter 1.18 x 1073 2.60 x 1073 2.10x 1073
bank response
No. of iterations 527 238 41
Table 2: Tap and reflection coefficients for design example 1
i aoi Koi 8ii K
0 —0.00284396842596 0.00098569514329
1 0.02107418338718 —0.85867144175667 0.00296755136857 —-0.81601544762663
2 —0.07481434954937 0.93089115660287 0.00453136101016 0.86359343843395
3 0.17488031325743 —0.89975082116660 0.00662730146165 0.00042393418844
4 —0.30825708250530 0.88908873074420 0.00623436576810 0.11068465274787
5 0.43719272004115 —0.89591623447826 0.00286464198576 0.10981418221419
6 —0.51607256399714 0.89148506572985 —0.00510509678221 0.10352590517617
7 0.51416981237393 —0.86152169249230 —0.01693293851708 0.09838880361666
8 —0.42958084918359 0.78201889322278 —0.03015868644344 0.09329256952786
9 0.29701273335629 —0.63717415951998 —0.03901970017885 0.08616457602272
10 — 0.16282725395564 0.56748828713168 —0.03440558319699 0.07572921726086
11 0.06736808025591 —0.57468024106798 —0.00207815513623 0.06211428970049
12 —0.01825155562653 0.42581314584237 0.08691866125004 0.04675521774424
13 0.00262077131619 —0.14586255149631 0.33650173940870 0.03173514020921
14 0.01041482556264 1.87314592226429 0.01898136265320
15 —6.17662677471384 0.00965586483405
16 5.79249202800981 0.00390268342021
17 —1.80846418983885 0.00103185011984

Moreover, the values of «, f8, y, #, and 5, are set to 0.015,
0.015, 5x107% 1072 and 1075, respectively, for the
design using the proposed technique. The design results
with FIR filters using the proposed technique and the
results of using the technique [8] to design the same
example are also presented for comparison. In the FIR
case, Hy(z) and H,(z) have orders equal to 49. Table 1
shows the significant design results for the designed NDF
banks. The resulting tap and reflection coefficients of the
IIR NDF bank designed by the proposed technique are
listed in Table 2. Figs. 4 and 5 plot the corresponding
magnitude responses and group delays of Hy(e’)/~/(LLo)
and H,(e’®)/~/(LL,), respectively. Figs. 6 and 7 depict the
magnitude response and the group delay response of
T(e’®), respectively, for the IIR NDF bank designed by
the proposed technique. Finally, the magnitude response of
e 7% _ T(e’®) is shown in Fig. 8. From the presented
design results, we note that the proposed technique
provides very satisfactory performance.
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Example 2: We use the following design specifications: the
group delay k; is 19; w,=0.37 and w,=0.57; Ly =2 and
Ly=3; My=No=10 and M;=N,;=11. In the FIR case,
Hy(z) and H,(z) have orders equal to 32 and 33, respec-
tively. Accordingly, the numbers of independent coeffi-
cients for the IIR and FIR NDF banks are 44 and 67,
respectively. The values of p and k,,,,, are the same as those
of example 1. Moreover, the values of o, f8, y, #, and #, are
set to 0.012, 0.012, 0.055, 1072 and 3.5x 1077, respec-
tively, for the design using the proposed technique. The
design results with FIR filters using the proposed technique
and the results of using the technique [8] to design the
same example are also presented for comparison. Table 3
shows the significant design results for the designed NDF
banks. The resulting tap and reflection coefficients of
the IIR NDF bank obtained after CPU time=112s
using the proposed technique are given in Table 4. Figs. 9
and 10 plot the corresponding magnitude responses and
group delays of Ho(e’®)/~(LLo) and Hy(e’®)/~/(LL)),
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Fig. 5 Group delay responses of analysis filters

respectively. Figs. 11 and 12 depict the magnitude response
and the group delay response of 7(e’®), respectively, for
the IIR NDF bank designed by the proposed technique.
Finally, the magnitude response of e 7% — T(e/*) is
shown in Fig. 13. To show the convergence property of

Table 3: Significant design results for design example 2
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Fig. 6 Magnitude response of T(e®)
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Fig. 7 Group delay response of T(e")
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the proposed technique, Table 5 lists the value of the
objective function (11) against the iteration number and
Fig. 14 depicts the corresponding convergence plot. From
the presented design results, we note again that the proposed
technique provides very satisfactory performance.

IR NDF bank FIR NDF bank "IIR NDF bank on L, [8]

Filter order 10/10, 11/11 32,33 10710, 11/11
No. of coefficients 44 67 44
PRE, dB 0.0141 0.0172 0.0148
MVGD 0.0555 0.0535 0.0583
NPSR,, dB 32.02 31.07 32.21
NPSR,, dB 32.03 29.88 32.07
MVPGD, 0.0149 0.0113 0.0158
MVPGD, 0.0226 0.0131 0.0230
SEE, 3.35x 1072 4.80 x 1072 3.33x 1072
SEE, 5.82 x 1072 7.52x 1072 5.68 x 1072
Max. variation of filter 2.22 x 1072 2.20 x 1073 2.27 x 1072

bank response
No. of iterations 25 51 37
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Table 4: Tap

and reflection coefficients for design example 2

i aoi koi ay; kii
0 0.00840280852248 —0.00687997871021
1 —0.03972551284230 —0.52474169869307 —0.02743281043562 —0.107927774353909
2 0.07104206765306 0.77850267598451 —0.04953643573062 0.64929487935185
3 —0.05515331560924 —0.72643825913675 —0.03922455092752 0.47021734110726
4 0.02945729780658 0.67700633123663 0.02260921825689 0.40390034618481
5 —0.05825096332504 —0.63734769119002 0.08034363531087 0.35423085640786
6 0.02878009263438 0.58276091261142 0.01221363431628 0.31470903504061
7 0.08734916697783 -0.45656489202335 —0.22451992481268 0.26989578865561
8 0.16610765633258 0.24696936484061 —0.33011181755577 0.20440951536865
9 0.11958231494381 —0.06993178256951 1.37462171587862 0.12312487776655
10 0.08882380824677 0.00615175958300 —1.44444556334549 0.05197988875961
1 0.62349392295269 0.01195672802207
1.2 9.55
9.5 -
& 1.0 8 4 — Hoe!®)
o B 9.53] —— Hylel®)
X 5
% 0.8 2 9.521
g 8 954
g 06 g 9.50]
8 8
e <. 9.9
8 04 3
2 8 948
Q
g 0.2 2 047,
E 5
9.46;
o5 01 0.2 0.3 0.4 05 9.45
' ’ ’ ' ’ ) 0.1 0.2 0.3 0.4 05
normalised frequency normalised frequency
Fig. 8 Magnitude response of e 0 — T(e’)
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Fig. 9 Magnitude responses of designed analysis filters for exam-

ple 2
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Fig. 10 Group delay responses of designed analysis filters for
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Fig. 11 Magnitude response of T(e’®) for example 2
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5 Conclusion

Employing recursive analysis filters with a lattice denomi-
nator for designing IIR NDF banks under the L; error
criteria has been presented. An approximation scheme has
been proposed to solve the resulting highly nonlinear
programming problem. The stability of the designed recur-
sive analysis filters is ensured by incorporating an efficient
stabilisation procedure. Therefore, at each iteration, the
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Table 5: Convergence property for design example 2

lteration number Value of objective function (11)

0 (initial) 0.6567676534
1 0.4327604785
2 0.3066314681
3 0.1018665326
4 0.0265105776
5 0.0242037392
6 0.0218806623
7 0.0195363138
8 0.0143261386
9 0.0066852773
10 0.0046182609
1" 0.0023880977
12 0.0020821327
13 '0.0019039882
14 0.0018358464
15 0.0017263049
16 0.0016922422
17 0.0016855382
18 0.0016449093
19 0.0016177912
20 0.0016097093
21 0.0015664104
22 0.0015611703
23 0.0015534602
24 0.0015302981
25 0.0015302980

proposed design technique adjusts the tap and reflection
coefficients for the analysis filters to reduce the resulting
design error and keep the designed IR analysis filters
stable. Simulation results have shown the effectiveness of
the proposed technique.
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