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Abstract

Using the data from the AIDS Link to Intravenous Experiences cohort study as an
example, an informative censoring model was used to characterize the repeated hospi-
talization process of a group of patients. Under the informative censoring assumption,
the estimators of the baseline rate function and the regression parameters were shown
to be influenced by a latent variable in the considered model. It becomes impractical
to directly estimate the unknown quantities in the moments of the estimators for the
bandwidth selection of a smoothing estimator and the construction of confidence in-
tervals, which are respectively based on the asymptotic mean squared errors and the
asymptotic distributions of the estimators. To overcome these difficulties, we develop
a random weighted bootstrap procedure to select appropriate bandwidths and to con-
struct approximated confidence intervals. One can see that our method is simple and
faster to implement from a practical point of view, and is at least as accurate as other
bootstrap methods. In this article, it is shown that the proposed method is useful
through the performance of a Monte Carlo simulation. An application of our procedure
is also illustrated by a recurrent event sample of intravenous drug users for inpatient
cares over time.

1 Introduction

In this study, we consider recurrent events of the same type, which are frequently occurring
in longitudinal studies and are collected from a group of independent subjects experiencing
recurrent events, with the information of time-independent covariates. For the ith subject,
i=1,---,n,let N;(t), X; = (X1, -+, Xip)T, Vi, and {sz}gn:zl separately denote the recur-
rent event process, the p x 1 covariate vector, the minimum value of the censoring time (i.e.,

the time to the end of follow-up) and the end of study time 7T, and the ordered event times

Key words and phrases: asymptotic normality, bandwidth, confidence interval, cross-validation, inde-
pendent censoring, informative censoring, kernel estimator, longitudinal study, naive bootstrap, occurrence
rate function, Poisson process, wild bootstrap, weighted bootstrap.



in the time interval [0, Y;] with m; being the number of the recurrent events occurring at or
prior to Y;. Generally, the main interest in this type of data is to estimate the occurrence
rate function in the target population and to evaluate the effects of possible risk factors on
the recurrent event process. In some applications, it is unreasonable to assume the censor-
ing time to be independent of the recurrent event process because each subject’s recurrent
events could be terminated before or at the end of study by loss to follow-up or informative
drop-out. Using the data from the AIDS Link to Intravenous Experiences cohort study
as an example, Wang, Qin and Chiang (2001) proposed an informative censoring model.
The model uses a latent variable to characterize the correlation between the recurrent event
process and the censoring mechanism, yet the distributions of the latent variable and cen-
soring time are both left as nonparametric components in the model. The model consists

of the following assumptions.

(A1) Suppose there exists a nonnegative-valued latent variable Z; so that, conditioning on
(x4, 2i), N;i(t) is a non-stationary Poisson process with the subject-specific rate func-
tion Ai(t) = 2o (t) exp(BTx;), where the baseline rate function A(t) is a continuous

function, 3 is a p x 1 parameter vector, and Z; satisfies F[Z;|x;] = 1.
(A2) Conditioning on (x;, z;), N;(-) is independent of Y;.

Based on the above model with or without using the information of covariates, Chiang
and Wang (2003), Wang, Qin and Chiang (2001), and Wang and Chiang (2002) suggested
the estimation methods for the baseline rate function Ag(¢) and the regression parameters
B. From their works, it was shown that the moments of the estimators are influenced by a
latent variable. Thus, the selection of bandwidths and the construction of confidence inter-
vals, which are separately based on the asymptotic mean squared errors and the asymptotic

distributions of the estimators, become impractical to directly estimate the unknown quan-



tities in the moments of the estimators. To overcome these difficulties, we develop a random
weighted bootstrap procedure which is simple and fast to implement from a practical point
of view, and is at least as accurate as other bootstrap methods. Since the considered esti-
mators involve vectors of observations, the traditional bootstrap methods, such as the naive
bootstrap and the wild bootstrap procedures, in this setting are impractically slow in imple-
mentation. However, in our proposed approach, the random weighted bootstrap framework
identifies alternative scheme without resampling from the data or generating the bootstrap
data from the shape function of the recurrent event times and is markedly superior in terms
of practical computational efficiency. One can find that the random weighted bootstrap
framework discussed here encompasses many of the known bootstrap methods and can be
applied to many other similar settings as well. The method which we highlight here can
be seen as an extension of the Bayesian bootstrap and Bayesian Bootstrap clones (BBC)
discussed in Rubin (1981), Lo (1987, 1991), among others.

In Sections 2, we summarize the estimation methods for the baseline rate function Ay (¢)
and the regression parameters 3. In Section 3, the random weighted bootstrap analogues
are proposed and used to approximate the sampling quantities of interest related to the
estimators. Based on the behaviors of the proposed random weighted bootstrap estimators,
a class of approximated confidence intervals are constructed in Section 4. As for the selection
of appropriate bandwidths, it was indicated from simulation experiments that a “leave one
subject out” least squares cross-validation criterion is often inadequate and computationally
inefficient. However, our random weighted bootstrap procedure provides an explicit and fast
criterion for bandwidth selection on local and global bases. In Section 5, we conduct Monte
Carlo simulations and apply the proposed procedure to the intravenous drug user data.

Finally, proofs of the distributional properties of the random weighted bootstrap estimators



are given in the Appendix.

2 Estimation

In this section, we summarize the estimation methods for the baseline rate function Ag(¢) and
the regression parameters 3 in the considered informative censoring regression model. Let
Ao(t) be the cumulative function of \g(t) and define the density function f(t) = Ao(t)/Ao(Tp)
for 0 <t < Ty with the cumulative distribution function F(¢). Under model assumptions
(A1)-(A2), Wang, Qin and Chiang (2001) showed that, conditioning on (m;, yi, zi, X;), the
unordered recurrent event times of (751, - -, Tim,) are independent and identically distrib-
uted with the truncated density function f;(t) = f(t)/F(y;) for ¢t € [0,y;]. Thus, F(t) can
be estimated by the nonparametric maximum likelihood estimator F (t) of the form
Fo= 11 (1 - jﬁ”) , )
{sw>t} (l)
where {s(l)} are the order statistics of the event times {Tj;}, dy = >oiy X270, I(Th; =
s@y), and Ny = 30y 250 I(Ti; < sy < ;). Using the equality E[m;(F(Y;)) X, =
x;] = Ao(Tp) exp(B7x;) and substituting the nonparametric estimator F(t) for F(t), their

estimators Gy and 3 for 8y(= A¢(Tp)) and B are obtained from the estimating equations

:LG:(L X" (137;) —fo eXP(ﬂTXi)> exp(B7X;) = 0. (2)

i=1 (

Under assumptions (A1)-(A2),

(A3) By >0and P(Z >0,Y >Tp) >0, and

(A4) G(t) = [ zI(y > t)dPy.z(y, z) is a continuous function,

they also showed that the estimators converge to the multivariate normal distribution.

For the estimation of the baseline rate function Ay(¢), we extend the smoothing estima-

tion method of Chiang and Wang (2003), and Wang and Chiang (2002) to our data setting.



Multiplying the smoothing estimator of f;() by the estimator Ag(t) = BoF(t) of Ag(t) and
using the information of subjects who are still at risk, our suggested kernel estimator j\ht’2<t)
is given by

~ n L L6:(t) Doy 2 (Ui, Ao, 1)
)\ht,Z(t) = Lo (5 (%)tv

, 1€ [O,T()L (3)

where §.(t) = Y31 6;(t), 6:(t) = I(Y; > t,m; > 1), Uy = (Tin, - - -, Tim, ), M, Y3, X), and

1=

—~ K Y; m; +— Tz
Di py2(Ui, Mo, t) = (0() Zsz(ht])) .

m; =1
The weight function Ky’l(t;—t“) = Ty, %)K(%“) in (3) is the Ith order boundary kernel
function of Gasser and Muller (1978) with adjustment for the boundary time y which, for

1 < m < I, satisfies

BO,l(ta htay) = 1aﬁm,l(t7 ht7y) =0 and ﬁl,l(tyhtvy) < 00,

where h; is a positive valued bandwidth, which may be selected on the local or global
.

basis, K(-) is a kernel density, and 3;;(t,h,y) = [ot, Woy(y,w)K(u)du. In practical
Che

implementation, a;(y,u) is often assigned to be the Ith order polynomial function of w.

When the information of covariates is not used in the informative censoring model, the

estimator Ag(t) in (3) can be computed by the explicit expression

~ 1< my ~
A =| = - F(t).
o(t) <n ; F(Yl)> (t)

Another estimator for Ag(t) can also be obtained via directly smoothing Ag(t) as below.

—~ To t—u —~
Ay 2(t) = : KTo,z(iht JdAo(u).

From the theoretical derivation and numerical studies, we found that there is no ap-
parent difference between Ap, o(t) and Xhtg(t). However, in the development of bootstrap

procedures, it is easy to see that S\htg(t) possesses an important computational advantage.



This advantage leads our focus on the first smoothing estimator S\ht,g (t) in the succeeding

discussion. When the following conditions
(A5) Xo(t) is twice differentiable and bounded,

(A6) the kernel function K (u) is continuous, bounded, and satisfies v4(¢, hy, y) < oo with

t

’W(t7 ht’ y) = f(}tthy) |Oll(y, u)K(u)|ldu, and

h

(A7) hy = n~'/5hy, for some bounded positive constant hy,,

are further satisfied, Chiang and Wang (2003) derived the asymptotic normality of (A, 2(t)—

Ao(t)) as below.

(1) 2 s(0) = 2o~ iy () _ g o
sup |P ( @) < u) ®(u)| — 0, asn — oo, (4)

where ®(-) denotes the cumulative distribution function of the standard normal,

AP, S Tt gty B2t b, y) APy 2(k, y, 2)) b

b (£) = 245(t) 7

and

MO, S f{k21,y2t}(’Y2(tv he, y)Ao(y)/k)dPmy z(k,y, 2))
13 (t)

with us(t) = E[01(t)]. From the articles of Wang, Qin and Chiang (2001) and (4), we find

o3(t) =

that the moments of the proposed estimators are all influenced by a latent variable Z. It
becomes difficult to directly estimate the unknown quantities in the asymptotic distributions
of the estimators. In the following sections, we will discuss possible bootstrap methods to

overcome this difficulty.

3 Random Weighted Bootstrap

A natural approach following the work of Efron (1979) is simply to resample the data with

replacement and create bootstrap analogues of B and Xhhg(t). Since the random vectors



U,,---,U, are assumed to be independent across subjects, it seems reasonable to draw

independent bootstrap random vectors U’{, e ,U% from the empirical distribution

1 n
Pou=— Z Iy,
g

and use the bootstrap sample {U? Ut = ((lel, e ,1;%5), m?, YP, Xi’) }:L_l to play the role
of the U;’s to form bootstrap analogues of B and Xht,2 (t). As we stressed in the introduction,
another problem concerns practical issues involving implementation and what we feel to be
computationally inefficient. This is essentially due to the high dimension of the data and
the use of the resampling mechanism to rebuild bootstrap replicates at each stage. To
avoid the existing difficulty in the naive bootstrap procedure, we propose general weighted
bootstrap approximations for the sampling quantities of interest related to the estimators B
and ;\hhg(t). In addition, we identify a specific weighting scheme which is simpler and much
faster than the naive bootstrap approach considered above. The proposed method involves
a novel yet very simple approximation to the unknown quantities related to the estimators
but does not require drawing observations or “really” generating random weights.

Let {D,,,n > 1} be a sequence of distribution functions which may depend on the sample
and define a triangular array {D;.,, : 1 < ¢ < n} of random variables such that each row
is an independent and identically distributed vector with distribution D,,. Furthermore,
let nD, = Di.y 4 ... + Dpin, Wi = Din/(nDy,), and p = E[D]/(V[D])"/? be a scale
factor modification which occurs due to variability in the weights. One can define a random
weighted bootstrap empirical measure, for fixed {Uy,---,U,}, as

n
Yo=Y Winlu,.
i=1
An algorithm for the general weighted bootstrap procedures is then based on simulated

independent non-negative exchangeable weights, and holds the data fixed rather than re-



sampling the data and recomputing the entire statistics at each iteration. In this study,
we choose a Bayesian Bootstrap clone (BBC) procedure of Lo (1991) with D; = I'; being
independent and identically distributed Gamma(4,2) random variables. It is known that p
is equal to 2 in this case and the choice of I'; has second order performance that is equiva-
lent to Efron’s bootstrap in terms of Edgeworth expansions in case of the sample mean in
the complete data situation of Weng (1989) and Lo (1993), and for the Kaplan-Meier and
cumulative hazard estimators for censored data (cf. James (1997)). Second order means
that one is doing better than simply using a normal approximation and was one of the
first of many victories for the bootstrap over the normal approximation (see Singh (1981)).
Naturally, there are other possibilities for D;. A general guideline is to choose D;’s with
skewness 1, which is approximately the same as Efron’s bootstrap based on resampling.
For the general practioner, Efron’s bootstrap is the most frequently used and understood
method. However, if the practioner then considers Efron’s bootstrap as one among many
essentially equivalent methods, then the question should now become that of efficient prac-
tical implementation. This issue becomes more and more important as we begin to analyze
increasingly complex statistical models and data settings. The answer is that indeed there
are schemes which do outperform Efron’s procedure in implementation. We highlight one
such method here based on the BBC-type weights.

Without drawing bootstrap data as the naive bootstrap method, our random weighted
bootstrap estimators are obtained by fixing {Uy, -+, U,} and replacing % by BBC-type
weights W;.,’s with D; = I';’s being independent and identically distributed Gamma(4,2)
random variables. Our random weighted bootstrap analogues, say, A()"“’b and Brm of Bo and

B are obtained from the following random weighted bootstrap estimating equations

n m
;Wzn(l,XzT)T (ﬁrwb(t) — Bo eXp(BTXi)> eXp(BTXi) — 0, (5)



where

5 d®
Frwb(t) = H <1 Nrwb)
{s@y>t} @

with drwb Z’L 1Wzn2 ( i = 3()) and N(T;)Ub = Wznzj 1 ( i < 0] < Y)

Conditioning on {Uy,---, U,}, F"(¢) is derived to be

Irw n 1.~ -
Fret(t) = F(t)(1+ 3 (Wi — —)bi(t)) + 0pe (n1/?), (6)
i=1
where P*(-) represents the probability measure conditioning on {Uy,---, U,}, T}, = n= 1 30 | T
and
~ S [T I(Tyy < u < Y;)dQ I(t< Ty <T
bi(t)zz{/ ( 1= = JdQ(w) _ It =T = 0)}
j=1 U/t R2(u) R(T3)
with Q(u) = n~ 'S0, Y I(Ty; < w) and R(u) = n” 'S0, Y0 (T < u < Y).

Since the vector of Wy, = T;/ 2?21 I';’s follows a Dirichlet distribution with parame-
ters (4,---,4), it is straightforward to show that E*[E"%b(¢)] = F(t) and V*[Fr(1)] =
F2(t)52/4n, where E*[] and V*[] denote the expectation and variance conditioning on
{U,---,U,}, and 62 = n 130, b2(t). By using the property of F"(t) in (6), we will
show in the next section that the quantities Q(BWb — B) are asymptotically equivalent to
the sampling distribution of (,@ - B).

In this section, we propose one random weighted bootstrap analogue of Xhhz(t) with-
out using the random weighted bootstrap estimator AZ¥P(t) = BrwbET™@b(t) of Ag(t) in

Dy, 1, 1(Us, Ao, t). Our random weighted bootstrap estimator is defined to be

>oie1 Wiin0i(t) Dy, 2(Us, Ao, 1)

Ars(t) = Wm0 (0) : (7)

Similar to the proof for the asymptotic behavior of )\”"b( t), we can show that the asymptotic
distribution of another bootstrap analogue below is same with that of our random weighted

bootstrap estimator.

2?21 Wznéz (t)Dn,ht,Q(Ui> ngba t)

Nrwb _
)\ht,Q(t) - ;L:l W]n(sj (t) : (8)




However, the estimator in (7) is computationally more efficient than that in (8) in practical
implementation. Furthermore, without really generating random weights, it follows from the
exchangeability of the weights that the explicit formulas for the conditional mean and vari-
ance of X};ﬁ“g (t) can be derived to be E* [Xﬁﬂg (t)] = Ap,2(t) and V*[Xﬁ“gr(t)] = ﬁ(t)(}i(t; ht)

with

1
5.(t) +1/4

63 (t hy) =

N 2
" ~ 5 105(t)Dp o, 2(Uj, Ao, t)

19; S, J?
> 6i(t) (Dmht,?(UiaAO’t) - d. (753 .

i=1

To those who are familiar with the literature on bootstrap curve estimation, the boot-
strap estimator of Xht’g(t) fails to mimic the non-negligible bias by, (t) of Xhhg(t) with respect
to Ao(t). To remedy this problem, the bias correction of Schucany (1995) can be extended
in this case by using the difference between Xht’g(t) and Xht,4(t)7 which is computed via
using the fourth order boundary kernel function Ky74(tg—t“) in (3), to estimate the parame-
ter function by, (t). Another remedy for this problem is known as a wild bootstrap. It was
shown that, conditioning on (m;, y;, 2, X;), the unordered observations of T;;’s are indepen-
dent and identically distributed with density function f;(¢). Thus, the truncated density

function f;(t) can be naturally estimated by

Fign(t) = Agia(8)/Ro(Y7).

Here, the bandwidth g; is set to be greater than h;. The wild bootstrap procedure is
implemented, for fixed (m;,Y;, X;) in U;, by drawing observations {(ﬂ%jb)}lg]‘gmi from
ﬁ-,gt (t), and using the bootstrap values U’ = ((T?fb, e ,T%’i), m;, Y;, Xi), i1=1,---,n, to

)

form the wild bootstrap estimator S\htvg(t).

wa (t) = ;L:l %Dn,ht,Q(quUba AO) t)
a2 5.(t) '

We find that the wild bootstrap procedure still exists the problem of computational efficiency

10



in our data setting. Thus, the extension of Schucany (1995) for bias adjustment without

drawing observations from the data is suggested in this article.

4 Random Weighted Bootstrap Procedure

In this section, the distributional behavior of the proposed random weighted bootstrap

~ ~rwb
estimators )\};Z’fg (t) and 6m will be used to construct the approximated confidence intervals

for the baseline rate function Ag(t) and the regression parameters 3. In addition, the random
weighted bootstrap estimator of the mean squared errors of S\ht,2(t) will be proposed and

suggested to select bandwidths.

4.1 Weighted Bootstrap Confidence Intervals

Without relying on the asymptotic distributions, the approximated random weighted boot-
strap confidence intervals can be constructed by the following steps.

Step 1. Simultaneously generate B times W,, = (W1.y, -+, W) based on independent

and identically distributed Gamma(4,2) random variables.

~ o~ ~rwh ~
Step 2. Compute 8, A\ (t), 1=2, 4, and B weighted bootstrap estimators ,Bm and )\ﬁjg(t)

based on (2), (3), (5), (7) and Wy, generated in Step 1.

Step 3. Construct an approximated (1 —«a) random weighted bootstrap confidence regions
for B, 1 =1,---p, and \o(t) separately by
B+ 2 (U2 p(Br = B, Lo o (B = B1)) (9)
and
(o2 t) = B (D) + 2 (U (R50) — Mna(0)), L o5 (0) — Ana(@)) . (10)

where LZ/z(') and U;‘/Q(‘) denote the 100(«/2)th and 100(1 — «/2)th percentiles of B

weighted bootstrap estimators.

11



An alternative to the above random weighted bootstrap percentile intervals in Step 3, one

can also use the bootstrap intervals of the forms

B £ 2201 a2y 5€* (577 (11)

and
(Anea(®) = bn (8)) 221 _asyse" (Ah (1)), (12)

where z(;_q/9) is the (1 — a/2) quantile value of the standard normal distribution, and
se*(-) is the standard error of B estimators computed in Step 2. The validity of the above
normal approximated confidence intervals can be verified by the asymptotic normalities
of the estimators and the corresponding random weighted bootstrap estimators. Moreover,
without really generating random weights W,,, a simple and fast way is directly to construct

the bootstrap confidence intervals for A\o(¢) by

ox(t; he)

G.(D)/2 (13)

(5\}“,2(0 — b, (t)) + Z(1-q/2)

In the following two theorems, we derive the asymptotic distributions of (Brwb — B) and
(X}Z‘ig (t) — An,.2(t)) with the bias adjustment. Based on the distributional relation between
the estimators and their random weighted bootstrap analogues, the approximated confi-
dence regions are then constructed.

Theorem 1. Suppose that assumptions (A1)-(A4) and (A8) E[ley,|?] < oo and

EJ| (g;l)l l 3] < ooforly,ly =1,---,p, are satisfied. Then, conditioning on {Uy,---, Uy},
v/ b1t
onl/? ,@wa — B 4 N (0, (T tn(wT)~ 1), . in probability, asn — oo, (14
r \% 2:(p+1) x2:(p+1) p Y, )

where e, ¥, and ¥ are defined in the paper of Wang, Qin and Chiang (2002).

Proof. See Appendix.O

12



Theorem 2. Suppose that assumptions (A1)-(A7) are satisfied. Then, for all u € R,

nhy /2(\rw Y
u ox(t)
and
(nhe) /% (B, () = bu, (£)) 5> 0, asn — oc. (16)

Proof. See Appendix.O0

The property in (16) can be obtained by verifying the following two properties:

()7 (An,2(t) = Jo(t) = bn (£)) 2 0, (17)

and
(nhe)? (M, a(t) = Xo(®)) 2 0. (18)
The proofs for (17) and (18) are along the same lines as the proof in Theorem 1.

4.2 Bandwidth Selection - Baseline Rate Estimator

In kernel estimation, the selection of bandwidths is usually more important than the selec-
tion of kernel functions (cf. Silverman (1986) and Hardle (1990)). Although the appropriate
bandwidths may be selected subjectively by examining the plots of the fitted curves, there is
still no standard criterion for doing so. Thus, an appropriate automatic procedure urgently
becomes necessary both for simplifying the process and preventing the investigator from
arbitrarily driving the process.

To select an appropriate global bandwidth for the kernel estimator S\htvg(t), it is reason-
able to extend the criterion of a least squares cross-validation to a “leave one subject out”
least squares cross-validation criterion. This criterion is similar to the intuitive procedure

suggested by Rice and Silverman (1991). Generally speaking, we are interested in finding a

13



bandwidth, say, h., that minimizes the cross-validation score

evin= [ ([ Matdndfym) - 23

ni=s M

where
mll

5\ _ 6l1 (t) KO(—i) ()/21) t— 1t
)\h,Q,(—z) (t) = ZIZ;;Z 5(_1) (t)( — IQZZI KY11:2( A )),

IAXO(_Z-) (t) is computed as Ao (t) with the ith subject being deleted, 0._;(t) = >2;, ; 61, (t), and

Fy (y) is the empirical estimator of Fy (y). One can show that CV (h)+[ ([ N(u)du)dFy (y)
is an asymptotically unbiased estimator of the integrated mean squared error (IMSE) of
Ana(t),
IMSEGuz) = [ ([ Blna(w) = () du)dFy ().
{y=0} Jo
Since the second term is independent of the choice of the bandwidth A, the minimizer h.,
of CV(h) will approximately minimize IMSE(S\]—L72).

Although a cross-validation criterion is an acceptable bandwidth selection method, sim-
ulation experiments indicate that the bandwidth selected from this criterion is often inade-
quate and computationally inefficient. Furthermore, the cross-validation bandwidth cannot
adapt to the local behavior of the estimated curve since it is selected on the global basis. As
we mentioned before, we are dealing with the problem with a latent variable Z and a higher-
dimensional vector U, one can use the random weighted bootstrap approach proposed here
for the purpose of bandwidth selection. Since the bias and the variance of the occurrence
rate estimator Ay, »(¢) can be estimated by the estimators by, (t)h2 and G5 (t; he)/0.() , it is
reasonable to approximate MSFE(\y, o(t)) by

MSE*(Ap, 2(t)) = 02, (t) + ‘M

5 (¢ (20)

The local bandwidth estimator, say, hz’;wb at time t is then defined to be the minimizer

of MSE*(t). Similarly, the global bandwidth estimator, say, A" can be obtained by

14



minimizing TMSE*(\,2) = fOTO MSE*(Ap2(u))du.
5 Numerical Studies

To examine the performance of the proposed random weighted bootstrap procedure, a
series of Monte Carlo simulations are conducted. The proposed procedure is also applied

to a recurrent event sample of intravenous drug users for inpatient cares over time.

5.1 Monte Carlo Simulations

In the simulation study, the recurrent event data are repeatedly generated 500 times from
400 independent non-stationary Poisson processes under two informative censoring models.
The data generated in the simulation study of Wang, Qin and Chiang (2002) and the simu-
lated data without using the information of covariates will be used separately to investigate
the proposed random weighted bootstrap procedure for the regression parameters 8 and
the rate function A\o(%).

In the first setting informative censoring model, the subject-specific rate function of

each recurrent event process N;(t) is assumed to be A;(t) = Z;\o(t) exp(X;), where

(t—6)°

No(t) = 0.6+ -,

t €[0,10],

the covariate X; is specified to follow a Bernoulli distribution with a parameter 0.5, and the

latent variables Z; is defined as Z; = exp(—X;In(2.75))Z} with Z being distributed as

2o (2) = (1 —2)I(05 < 2* < 1.5) + %1(1.5 < 2 <4),

Conditioning on z;, Y; is designed to range from 1 to 10 and follow a truncated exponential
distribution with a parameter 0.1z;. The second recurrent events are simulated with the

subject-specific rate function \;(t) = Z;\o(t). The latent variable Z; and the rate function

15



Table 1: The 0.95 quantile intervals (Q.I.) of estimates, the averages of the corresponding
0.95 random weighted bootstrap quantile confidence intervals (R.W.B.Q.C.1.) and random
weighted bootstrap normal approximated confidence intervals (R.W.B.N.C.1.), and the em-
pirical coverage probabilities.

Parameter Q.L. of estimates R.W.B.Q.C.I. | Coverage prob.
5o (4.2632,6.5859) (4.1514,6.2713) 0.912
16} (0.8095,1.2009) (0.8028,1.1950) 0.948
Parameter Q.L. of estimates R.W.B.N.C.I. | Coverage prob.
5o (4.2632,6.5859) (4.2185,6.3567) 0.916
16} (0.8095,1.2009) (0.8021,1.1972) 0.948

Ao(t) are separately set to be a uniform random variable with parameters (0.4, 1.6) and

5(t —3)3

No(t) = 2.5+ S

t €0,5].

The conditional distribution of Y;, which ranges from 1 to 5, is also assumed to be a
truncated exponential distribution with a parameter 0.1z;.

Based on 500 simulated data of the first informative censoring model, the averages of the
estimates 50 and Bl are computed to be 5.2876 and 0.9996 with standard errors of 0.5883 and
0.1037. Same with the former study, the estimated values are close to the true values Gy =
5.278 and @ = 1. Table 1 provides the 0.95 quantile intervals of 500 simulated estimates,
the 500 averages of the corresponding 0.95 weighted bootstrap confidence intervals, and the
empirical coverage probabilities. From this table, we find that the 500 averages of the 0.95
random weighted bootstrap confidence intervals and the empirical coverage probabilities
are all close to the expected intervals and the nominal level.

Under the second simulated model, the kernel estimator S\ht’g(t) is computed by using
the Gaussian kernel for K (-) with the weighted bootstrap local bandwidth hj*? which is
the minimizer of MSE*(\y,2(t)) in (20). In the construction of confidence intervals for

Ao(t), three weighted bootstrap methods suggested in Section 4 are used. Figures (1a)-(1c)

16



present the true occurrence rate function Ag(t), the 500 simulation averages of the estimated
occurrence rate functions and the approximated 0.95 random weighted bootstrap confidence
intervals of three methods for \o(t), and the 0.95 percentile confidence intervals of the 500
simulation estimates at the corresponding time points.

From these figures, it is found that the 500 averages of the 0.95 percentile random
weighted bootstrap confidence intervals are close to the 0.95 percentile confidence intervals
of the 500 simulation estimates. Moreover, figure (1d) reveals that the coverage percentages
of 500 simulations for our suggested approaches are very nearly the assigned nominal level.
One can see that these three procedures have very similar results. In longitudinal studies,
the sample size of collected recurrent events is usually large enough. For the sake of com-

putational efficiency, Method 3 will be a good suggestion in the practical implementation.

5.2 A Data Example

The recurrent event data analyzed here are same with that used in Wang and Chiang (2002),
which are collected from the AIDS Link to Intravenous Experiences (ALIVE) cohort study.
Details of this study and the summary of repeated hospitalization records of intravenous
drug users can be found in Vlahov, et al. (1991) and Wang and Chiang (2002).
Measurements for each patient in the following analysis include the dates of repeated
impatient admissions from August 1, 1993, the last visit time, the human immune deficiency
virus status, the racial indicator for black and non-black people, and the entering age
group, which is defined to be 0 if he or she is younger than the median entering age and 1
otherwise. Patients who are HIV-negative and become HIV-positive during the study period
are excluded from the analysis. Furthermore, since there is an extremely low proportion of
non-black people among the patients in this data, the racial indicator will not be used in

the informative censoring regression model. It indicates from the data that no significant
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association exists between entering age and HIV status.

Based on the considered informative censoring model, we implement our random weighted
bootstrap procedure to detect the effects of entering age and HIV status on the repeated
hospitalization process and to estimate the hospitalization rate curves. In the construc-
tion of confidence intervals, the approximated 0.95 random weighted bootstrap confidence
intervals are established based on the quantile method. Same with the simulation study,
the kernel estimator is computed by using the Gaussian kernel density and local weighted
bootstrap bandwidths. The estimated regression effects for the older age group and HIV-
positive patients are 0.051 and 0.4950 with the corresponding approximated 0.95 confidence
intervals (-0.1384,0.3002) and (0.2869,0.6912). This result shows that no significant effect
is detected for the entering age on the hospitalization process, while the hospitalization
occurrence rate of HIV-positive drug users is significantly higher than that of HIV-negative
ones. Finally, we provide the estimated occurrence rate curves with the approximated
0.95 random weighted bootstrap confidence intervals for the different entering age group
and HIV status in Figures (2a)-(2b). It reveals from these figures that the frequencies of

hospitalization tend to increase during the study.
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APPENDIX

Proof of Theorem 1:

Let v7 = (In(6y), 87)7 and X = (1, XT)T. By using the fact that the random weighted
bootstrap estimators 4" satisfy the estimating equations (5) and the Taylor expansion,

we have that

= < mi ~T~ ~T
WinXi | =——— —e€ X;) | e X, Al
> ( Fron(r) xp(¥ )) xp(3' X;) (A1)

& e m; T T\ [~ ~ _
= -> Win X XT <AZ - 2exp('yTXi)> exp(F1X,) ('yrwa - 7) + oy (n71/?)
i=1 d

From (2), (6), the left side of (A.1) can be re-expressed as

n B e . .
Z Wi:nxi (A’L - exp(7TXi)> eXp("/TXZ')
; )

- 1 - m; ~ -
= Wzn - — /C\Z Xz ,\71 — eX ATXZ' ex ATXZ' s A2
i;( ~) < + (F(Yi) (¥ )) p(¥ )) (A2)

where ¢; = —>11, Wi X mb; (Y;) exp(37 )/F Y;). Since the vector of W;.,’s follows a

Dirichlet distribution with parameters (4,---,4), it implies that

ZTL:(WM B %)el _ Zn:(Wm B %) (—1 z": szzgi(yl)exp(fyTXl)> Fop(n712), (A3)

iz1 i=1 Lyl F(Y)
and
zn:Wm X i exp(FTX;) | exp(A1X;)
=1 Frwb(y;)
- 3 -1/2 1< I';e; —1/2
D Wini +0p(n™12) = (=375 (1+ Ope (n71/2)), (A.4)
i=1 =1
where

) Zn: (lelb F(;SPWTXZ)> +X; (f“ —exp(y" X, )> exp(¥' X;)
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with >, €; = 0. From (A.1), (A.4), and

Z W,HXZX? (ﬁ‘fgg(t) — 2eXp(’7TXi)> eXp(:)\/TXZ‘) = {[\/(1 + Op* (n*l/?))7 <A5)

where O = n= 1Y% XX (m;/F(t) — 2exp(37 X)) exp(37X;), we can derive that

rw N rU- el _
n!/2 (370 - 5) = nmz )(1L+ Ope (n1/2)). (A.6)

Paralleling the proof of Wang, Qin and Chiang (2001), the estimators 4 can be shown to

n

converge to 7y in probability. By assumption (AS8), N U, and n~ 1 3, éZeT — X, it can

be derived by using the Berry-Esséen theorem that, for any (p 4+ 1) x 1 constant vector a,

1 n Fi T
" 2172 Zi:l (7) (a el) D
sup |P (Q(aT\Il—lE(\IlT)— Ta)i/? <u|—-®w)| =0 asn— . (A.7)

From (A.6), (A.7), and the Cramér-Wold device, Theorem 1 is then obtained.
Proof of Theorem 2:

From (3) and (7), we obtain that

(nhe)72 (M (8) = A, 2(8)) (A8)
nh 1/2 n n o1
Wtb Zwmé Dy, 2(Us, Ao, t) Zﬁ Dy, 2(Us, Ao, t),

where 6" (t) = S Windi(t) and 6(t) = ' 1 0;(t). By the law of large numbers, one

n

gets

5(t) L ps t). (A.9)

Moreover, using the properties n 3" (Wi, — 1/n)% £ 1/4 and 6;(t) < 1, it implies that

n 1 1 n 1 ) 1/2 )
‘Z(Wzn - E)dz(t)’ < i TLZ(WHL - E) — 0. (A.10)

i=1 i=1

Thus, from (A.9) and (A.10), we obtain that

5 (1) B s (t). (A.11)
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By the representation Ag(t) = Ag(¢)(1 4+ n~ 237, di(t) + op(n~1/?)) of Wang, Qin and

Chiang (2001), (A.9) and (A.10), (A.8) can be re-expressed as

(nhe) /2 (N5 () = A, o(t)) (A.12)
(nht)1/2 g 1 -17, —1/2
= M(s(t) (Z(Wzn - E)éi(t)Dn,ht,Q(Uia Ao,t)(]. +n d(Yl) + Op(n ))(]_ + Op(]-))7
i=1

where d(t) = n~! 3" d;(t). By Lemma 1 of Chiang and Wang (2001) and the finite second

moment of d;(t), one can derive that

(nht)1/2 i(Wzn - %)&'(ﬂDn,ht,Z(Uia A07 t)n_lg(}/i)
i=1
= )Y 180D, 2(Us A0, 1Y)

=1

From (A.12) and (A.13), we have

(nh) 1”( Z& — A a(t )

(nht) 1/2
ps(t)

(i(Wi;n - %)&(ﬂDn,ht,z(Uz’, Ao, t)) (14 0p(1)). (A.14)
i=1

It follows immediately from Mason and Newton (1992) or Praestgaard and Wellner (1993)

that, conditioning on {Uy,---,U,},

/ _ L\ 12,
Sllp|P* <2n)1 2 1= 1<W n)h‘t fl(t) <u —(I)(U)’ AO, as M — 00. (A15)
u U)\(t)

Finally, (15) can be obtained directly from (A.14) and (A.15).
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