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Periodic continued fractions are useful for represerting or approximating numbers. Based on a self-substitutica coacept, we

derive an O(log n} algerithm to compute periodic continued fractions. Two application examnies, the 2pproxiuaiion of a
quadratic surd number and ilic soiving of second-order linear recurrence, are presented.
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i. Introduction

The following form represents a continued fraction (CF):

b
Kt =aq + = b3 (1)

a,+

b
an_l + -
n

The CFs provide a useful means for solving equations such as three-term recurrence and Recatti equation
and for approximating numbers such as e, m, arctan(x) [2,6,7].

The above representation for CF is typographically cumbersome and can be replaced by the more
compact form:

A CF with period p can be expressed as

P " b, b, b, e e € € & €, e €
=a LY IR .« oo y . .o
"a+ oazt a+ fi+ Lt Lt H+ L+ L+ At Lt

b, b, by & & {2)
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for some constant k.
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In this paper, we first introduce a substitution scheme as the base for designing fast computations of
CFs. Then we embed a self-substiiution concept into the scheme to design an O(log n) algorithm for
computing any periodic CF. Two examples, the approximation of V7 and the solving of second-order
linear recurrence, are used to illustrate the applicatiion of cur method.

2. The substitution scheme

Consider the problem of computing ¥, in equation (1). At first glance, it seems that the rational form of
V. cannot be efficiently obtained because there exists a dependence relation in the stair-like, bottom-up
computations cf V. Fortunately, the dependence relation can be resolved by decomposing ¥, into disjoint
sub-CFs that can be processed separately. For simplicity, we use V, to illustrate this idea. ¥, can be
decomposed into four sub-CFs:
b, by b,

Va=a, + X, X3=a2+X2’ Xz=m, X1=a—4» (3)

Each of the right-hand sides of the equations in (3) is a sub-CF. The pseudo-variables X;, X, and X serve
as the substitution bridges without any functional meaning.

Let the general rational form (¢; + ¢, X;)/(c; + ¢, X;) be represented by the notation (¢;, ¢,, ¢3, ¢4, X))
The equations in {3) can be rewritten as:

a+ X; b
V4= 1 =(a1’ 19 1’ 09 X3), X3= az':Xz =(b2, 0, a, 1, Xz),
X, = —2 =(b;,0, a;,1, X;) X, = 2 =(5,,0 1, X,)
2 e+ x, VT TR b 1Tt X, e 4e t Aol

where the pseudo-variable X, will be replaced by zero after all the substitution operations are completed.
Since substituting X; = (d, + d,X,)/(d; + d, X;) into (¢; + ¢, X)/(¢c3 + ¢4 X;) gives

((crds + c2dy) + (e1dy + Czdz)Xj)/((csds +cqdy) + (c3dy + C4d2)Xj),
a substitution operation » with eight multiplicaticns and four additions can be defined as
(cl’ €25 €35 C4, Xi)o(dl! d29 d3’ d4’ X;)

= (Cld3 + (.'2d1, c1d4 + chz, C3d3 + C4d1, C3d4 + C4d2, X,).
Lemma 2.1. Substitution operation o is associative.

Proof. For any (c,, ¢, ¢, ¢4, X)), (d,, d,, ds, d,, X;) and (e, e;, e;, €4, X ), we have
[(‘-‘h Cy, €3, Cy4, X:)°(dh dy, dy, Gy, ){j)] °(ey, €2, €3, 4. X;)
=(e1ds+ cydy, cydy+ cydy, c3ds + cydy, 3ds+ cody, X))o (e, €y, €5, €4, X))
= (crdyes + cydiey + erdye; + c3dse,, o\ dses + cydie, + id e, + cydse,,
cydses + cadiey + cydyey + eqdyey, cydye, + cudie, + cydaes + cudse,, X))
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(3,,1,%,0,X,) -»O\~

(b,, 0, a;, 1,X;) =
Va
(b3, 0, a3, 1, X,;) -

(b, 0,24, 1, %)

( €1y €35 C34 Cqy xl )

(dl’dhd:!’duxj))- = (€102 ¢3,¢4 X)) 0 (d1,d;,d3,dg, Xj)

=(e1ds + cady, € yds + €26, €305 + 04dy, €ady + cody, X))

(e1, €3, €3, €4, Xo) —=(D—( e,/ €;)

Fig. 1. A computation tree of V.

and
(c15 €25 €35 €45 Xi)°[(d1s dy, dj, dg, X})"(el, €3, €3, €4, Xk)}
=(c1, €3, €3, €4, X;)o(diey + dyey, diey+ dre,, diey+ dsey, dsey+dyer, X))
= (¢,dse;3 + c,d ey + cidye; + cdyey, cidse, + cydiey, + cd e, + cyd,qe,,
C3dqe; + c die; + cydye, + cqdsey, cydse, + cqdiey + cid e, + cudres, X ).
Both computation sequences give the same rational form. O
By Lemma 2.1, V,=(a;,1,1,0, X;)°(b,, 0, a,, 1, X;)o(b;,0, as, 1, X;)o(bs, 0, as, 1. X;) can be

computed in any order. Fig. 1 shows a computation tree for V,. In Fig. 1, the white nodes at ievel 1
transmit data without changing them. The black nodes at levels 2 and 3 perform the function defined by

substitution operation o. The slashed node at level 4 assigns zero to the pseudo-variable X, to obtain the
desired result.

3. The algorithm

The periodic CF in (2) can be partitioned into the following sub-CFs:

=a1 co e .

X _ el e;l ep
] = - cee
Wn=k)/Pl = £+ f,+ Jot Xin-t),p1-1 ’

e, ¢ e

.o

X _k _] = 2 . b
(n=k)/p| Ht it fot Xin-3/p1-2

e & €p (4)

X, = M 75
YA+ Lt Lo+ X
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where
X, if (n—k)/p is an integer;

Xo={ &_ e  _&
ht+ L+ fi+Xo

and j=(n—k)-pl(n—k)/p|

We first deal with the case when (n — k)/p is an integer and a power of 2. It can be observed that all
the sub-CFs in (4), except the first one, have exactly the same form. It is natural and economical to
transform just one, say the last sub-CF, to its rational form and let the other inherit the same rational form
associated with their own pseudo-variables implicitly. This arrangement of computations is legal since the
substitution operation is associative by Lemma 2.1. Thus, (4) becomes

b, b by
a,+ a;+ ak+}(("_k)/p’

otherwise;

P,=a,+

- 4
Kin-ty/p =15 €25 €3, €a5 Xin—ty/p-1)>

X(n—k)/p—l = (01, €, €35 €y X(n—k)/p—Z)’

Xl = (cl’ €2, €35 Cy, XO)’ (5)

for some numbers c,, ¢-, c3, and ¢,. It takes only O( p) time to complete this first stage of computation.
By a similar argument, it is then sufficient to perform the substitution operation on just one pair of the
above rational forms, say (c¢;, ¢,, €3, €4, X;) and (c,, c,, €3, €4, Xy). The other pairs inherit the same
rational form, so their substitution operation becomes unnecessary and can be eliminated. After that, (5)
becomes
b, b b,
a,+ a;+ a, +_X(,,_k)/p’

)(("—k)/Pz (db d29 d3’ d49 )((n—k)/P—Z)a
X("‘k)/l'i—2= (dl’ d21 d3a d4, X'("_k)/p_4),

w=a;+

X2= (dl’ d2s d39 d4’ X0)9

for some numbers d,, d., d;, and d,. This special tvpe of substitution, the self-substitution, takes O(1)

time. By applying self-sabstitution log((n — k)/p) times (the height of a computation tree), (5) is reduced
to

b, b
P'"'=a1+a2+ :— +}?k ’
2T a; a (n—k)/p
g
Xin-ry/p= (815 82> 83> 84> Xp) = g—:,

for some numbers g;, g,, g3, and g,.
Ii takes O k) time in the final stage to obtain the rationa! form of P,. Totally, O( p) + O(log(n — k)/p)

+ O(%k ) = O(log n) time is required to complete the computation. It is also ciear that only O(1) space is

needed in the whol> process.
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Next we discuss the second case when (n —k)/p is an integer but not a power of 2. Let the binary
representation of (n —k)/p be b(q)...b(1)b(0), where b(q)=1 is the most significant bit. That is,
(n—k)/p="1X].ob(i)2'. For convenience, we use a [I-notation to represent substitution sequences.
X(n-ky/p In (5) can be expressed as

0 N
2'
X(”_k)/P= l_.[ (C], Cy, C3, 04) ’ XO N

i=

b(i)=1
For example, if (n —k)/p =11 then b(3)b(2)b(1)b(0) = 1011. Therefore, we have

{ 8 2
Xll = \(cl’ Cy, C3, C4) O(Cl, Cy, C3, C4) °(C1, Cyy C3y C4)1, XO)‘

According to the self-substitution concept and the information b(gq)...b(1)b(0), the rational form of
X(n-ry/p caN bfa obta‘ined in O([log(n — k)/p)) time using O(1) space.

At last, we have the case when (n — k)/p is not an integer. By the arguments in the first and second
cases, after O( p) + O([log(n — k)/p]) time has passed, (4) becomes

b, b, b,

P =a.+ e
Va,+ a+ a, + X

b
(n—k)/p}

0
- 2 ’ ’
Xin-ky/p1= H (15 €25 €3, ¢4)", X | =(hy, by, k3, hyy X5),
i=q
b(i)=1
€, € €

h+ L+ i+ X

The following main theorem summarizes the above results.

X

Theorem 3.1. Any periodic CF can be computed ir. O(log n) time with O(1) space.

4. Application examples

In this section, we give examples to show the power of the method described in Section 3. As the first
example, the special quadratic surd number V7 can first be converted into the periodi,c_ CF
2,1,1,1,4,1,1,1,4,...1={2,1, 1, 1, 4] [6]. Then using our aigorithm, a good approximation to y7 can
be obtained in O(log n) time.

The seccnd example is to solve the second-order linear recurrence x, = ax,_; + bx,_, with given
coefficients a, b and initial values x,, x,. By using the CF expansion of the ratio x,/x,_; and the
substitution scheme, we get

X b bx
n g 2 b =a+7,
X, -1 a+ a+ a+t+ x;
_ b b b __bx
T a+ a+ a+Z’ X+ X

The rational form oi Y can be computed in O(log n) time. Then, it takes O(1) time to obtain the rationai
form of x,/x,_, and hence its numerator x,,.
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Coroliary 4.1. The second-order linear recurrence x,= ax,_, + bx,_, can be solved in O(log nj time.

The Fibonacci number F, is defined by
I;b = 0, F 1= 1,

F,=F,_,+F,_,

forn>2.

The recurrence formula of the Fibonacci number is only a special case of the second-order linear
recurrence where a=1, b=1, x,=:0 and x, =1. (One can easily verify that F,,,/F, equals the nth
convergent >f the simple continued fraction [1]. We therefore have the following corollary.

Corollary 4.2. The Fibonacci number F, can be computed in O(log n) time.

5. Concluding remarks

in this paper, a new substitution scheme is proposed to compute the CFs efficiently. We then embed a
self-substitution concept into the scheme to design a general O(log n) algorithm for computing any
periodic CF. In the past, many researchers [3,4,5,8] have presented O(log n) algorithiz- for computing F,

based on the matrices—vector approach:

(%) of (=)

However, F, is just one instance of periodic CFs and most CFs cannot be computed using the

matrices—vector approach.

Based on our substitution scheme, we have constructed a new parallel computatioa model for
computing general CFs [1]. This model allows all prefix values of a CF to be computed in O(log ») time
on a cost-optimal network in which O(n/iog n1} processors communicate via an inverse periect shuffle

routing mechanism.

References

(1] K.L. Chung, F.C. Lin and C.W. Chen, Parallel computa-
tion of continued fractions, to be submitte:1.

[2] L. Euler, De fractionibus continuis dissertatio, Personal
manuscript, 1737 (An essay on continued fractions, trans-
lated by M.F. Wyman and B.F. Wyman, Math. Systems
Theory 18 (1985) 295-328).

(3] D. Gries and G. Levin, Computing Fikonacci numbers
(and sirailarly defined functions) in log time, Inform. Pro-
cess. Lett. 11 (2) (1980) 68-69.

[4] AJ. Martin and M. Rem, A representation of the Fibonacci
algorithm, Inform. Process. Lett. 19 (2) (1984) 67-68.

72

[5] F.J. Lrbanek, An O(log n) algorithm for computing the
nth element of the solution of a difference equation, In-
form. Process. Lett. 11 (2) (1980) 66-67.

[6] H.S. Wall, Analytic Theory of Continued Fractions (Van
Nostrand, New York, 1948).

{7) J.B. Williara and W.J. Thron, Continued Fractions: Analytic
Theory and Applications (Addison-Wesley, Reading, MA,
1980).

[3] T.C. Wilson and Y. Shortt, An O(log n) algorithm for
compuiing general order-k Fibonacci numbers, Inform.
Process. Lert, 10 (2) (1980) 68-75.



