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Abstract 
Computer simulation is currently the most powerful a p  
proach in evaluating the error rate performance of a digital 
transmission system. Classical Monte Carlo (MC) method 
is the fundamental method that requires a very large sample 
sise, while importance eampling (IS) technique is a variance- 
reduction method to reduce the required sample sise. In the 
previous literature the analysis of the statistice of MC and 
IS estimators is not very complete. In this paper, a detailed 
analysis of the statistical behavior of the classical MC and 
several IS estimators is presented. This analyeis enables us 
to give a fair comparison for these estimators, and find the 
confidence intervals of simulation results. A new empirical 
approach to estimate the IS estimator variance is further 
proposed in the paper. Numerical results are also included 
to support the discussions. 

1 Introduction 
Evaluation of the error rate performance of a digital trans- 
mission system is the most basic problem in communication 
system design. Simulation is the moet powerful method for 
obtaining the accurate estimate. The fundamental method 
of estimating the error rate from a simulation is the clas- 
sical Monte Carlo (MC) method [l], which consists of b& 
sicdly counting errors. The more advanced techniques for 
simulation include the "variance-reduction" methods [l], in 
which importance sampling (IS) is one of the most attrac- 
tive methods to be used in simulating digital transmission 
system. In the last decade, substantial progress has been 
achieved in the simulation of bit error rate (BER) and sym- 
bol error rate (SER) of binary aa well aa multilevel systems 
using lis techniques [2, 3, 4, 51. 
In the analysis and comparison of simulation techniques 

in the literature [2, 3, 4, 51, it was first assumed that all 
the estimators are Gaussian distributed, and second that 
the estimator variances can be exactly obtained. The first 
assumption enables us to compare these techniques simply 
by looking at their variances, while the second assumption 
enables us to write down the confidence intervals of simu- 
lated results baaed on the first aeaumption. Unfortunately, 
the second assumption obviously does not hold in an actual 
simulation because the estimator outcomes are themselves 
random. And the first assumption requires a close inspec- 

tion. In this paper, after a brief review of classical MC 
and IS methods in Section 2, we will first investigate the 
distribution of classical MC estimator and IS estimators in 
Section 3 and 4. The results enable us to present empirical 
methods for evaluating the dficiency of IS estimators and 
obtain confidence intervals of simulation results in Section 
5. Numerical results are given in Section 6, and finally the 
conclusion is given in Section 7. 

2 A Brief Review 
A discrete-time vector channel model [6, 71 for M-ary pulse 
amplitude modulation (PAM) is depicted in Figure 1. Let 
{X,} be a sequence of random symbols such that the out- 
come Zk € x = .[=I 2 = f l , f 3  ,..., f ( M  - l)}, and let 
g = {go, 91,. . ., g y }  be the normaliied channel impulse re- 
sponse such that C:=og% = 1, then the channel output 
sequence is (zk) = {Xk) * g + {Nk}, where stands 
for convolution and Nk is additive white Gaussian noise 
(AWGN) with variance al. The system is intersymbol- 
interference (ISI) free if v = 0. The system has smal- 
l to moderate IS1 if v 2 l and go dominates over all 
pi, 1 5 i 5 v, where v iS called the IS1 rpcm. The a p  
propriate detector here is now the symbol by symbol dec- 
tector. Let D ( C )  be the decision region of t E X, the 
detector decides that & = z if Zk E D(z) .  The de- 
cision regions for M = 2,4, and 8 are plotted in Figure 
P. 

destination receiver 

k} 

Figure 1: Discrete model for a PAM system. 

The performance measures of interest are both BER and 
SER for all 116. Because BER is obtained from SER [5], we 
shall review only the SER: 

p. = p[*k # xk] (1) 

where &k is the estimated symbol at the detector output. 
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Figure 2: Decision regions for (a) ZPAM, (b) QPAM, and 
(c) BPAM. 

Define the symbol error indicator function 

and then we have 

P, = E [ I B ( Z b i  5 k ) l  (3) 
the expectation of the indicator function. The crude MC 
estimator of SER is 

(4) 
1 N - l  

*z $8 = - IE(zb,%k) 

which is simply the relative frequency of symbol errors. To 
apply IS technique, we generate the noise Nk by a probabil- 
ity density function (p.d.f.) & ( r b k )  different from f~~ (nk). 
Let 

be the "weight", or "likelihood ratio" of fNb(nk) with re- 
spect to fgh(nk). Then the IS estimator of SER is 

w k h ( h k )  = fNb(nk)/fhb(nk) (5) 

"-1 

@: = - IE(2kl 5k)ubh(nk). (6) 
N' kt=O 

Two IS methods used in the literature will be used in this 
paper to illustrate our analysis. One is the method proposed 
by Shanmugan[2,5], rderred to as the conventional IS (CIS) 
technique here in this paper, which generates the Fiero mean 
Gaussian noise with a new variance cr? > era: 

where the optimal value of ut is 

9 d 16 u*,opt F3 1 + U2 + -u4.  

The other is the new technique proposed recently [5] , re- 
ferred to as the new improved importance sampling (NIIS) 
technique here in this paper, which generate a new noise 
with p.d.f.: 

f f j r ( n k )  = ;fNb(% + c) + 'fNb(nk 2 -(:) ( 9 )  

where c is a parameter to be optimized, and the optimum 
value of c is 

Copt 5a 4 3 .  (10) 

3 Statistics of the Classical Monte 
Carlo Estimator 

Here we consider only IS1 free system for simplicity, in 
which the error indicatom are mutually independent. The 
results can be aasumed to be also essentially applicable to 
system with small to moderate ISI. 

Became b ( z k ,  2,) is simply a Bernoulli trial with param- 
eter P,, Nk, is abmomialdwtribution B(N,  P I ) .  By central 
limit theorem [a] k, will converge in law to Gaussian distri- 
bution N(P,,  PI( 1 - P , ) / N )  as N approaches infinity. This 
is the reason why most discussione [2 ,3 ,4 ,5 ]  use Gaussian 
approximation to obtain the confidence interval for classical 
MC simulation. However, because P, is extremely smaller 
than 1 - P,, I ~ ( a c ,  2k) has very bad codficients of sbewnesr 
and kurtosis such that k, converges too slow to justify the 
use of Gaussian approximation for reasonable values of N. 
This can be found very clearly by the Edgeworth ezpcmsion 

Let FN(x) denote the distribution of TN = @($, - 
P , ) / d m ,  which is simply the shifted and normal- 
ised classical MC estimator, and let TIN and 7 2 ~  denote 
the coefficients of skewness and kurtosis of TN. Then the 
Edgeworth expansion of FN(z) is 

~91- 

1 1 
F N ( z )  = *(.) - 4(2)[g'YlNHa(z) -k 24'Y2NH3(") 

(11) 
1 + E'Y&H6(2)l + f N  

where T N  is a residue that tends to zero at a rate faster than 
l/N1 and Ha(%), H3(2), and H b ( z )  are Hermite polynomials 

& ( E )  = za - 1, ~ ~ ( 2 )  = z3 - 32, ~ ~ ( t )  = z6 - 1 0 2 ~  + 152 
(12) 

and 

in which V a r ( . ) , p ~ ( . ) ,  and pq(-) are the second, third, 
and fourth central moments of the enclosed variable, and 
a(=) and &(z) are the cumultive distribution and p.d.f. of 
nl(0, l), respectively. Let 71 and 7 2  denote the coefficients 
of skewness and kurtosis Of IE(Xk,&), then the coefficients 
of skewness and kurtosis of TN and L ( Z k , % k )  have very 
simple relation TIN = ~1/n and TaN = 72/N, which will 
greatly simpliiy the calculation. It is then eaay to show 

and F N ( z )  can be well approximated by a(.) only when N 
is well over the number of required simulation samples, say 
N > 1OO/P,. This suggests that using Gaussian approx- 
imation to obtain the confidence interval for classical MC 
might not be very accurate. 

Instead of using Gaussian approximation, we shall use 
Poisson approximation for N P., since B ( N ,  P,) is well ap- 
proximated by Poisson distribution P(NP, )  for small P, 
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and moderate N P ,  [SI. Because the distribution of N8, 
under Poisson distribution depends on NP,, the method of 
pivot [Q] ia not applicable, in order to find the confidence in- 
terval we have to plot the set C such that P[(N@,,  N P j )  E 
C] = 0.95 [9], where ( N P , ,  NP,)  is a 2-tuple. In Figure 3 
this set C is ot+ned by plotting the vertical sections C, 
such that P [ N P ,  E Cv] = 0.95 for every value of NP,.  The 
95 percent confidence in!erval for NP, is then simply the 
horirontal section Ch(NP,)  of C. From Figure 3, it can be 
seen that when N 8 ,  = 5 the 95 percent confidence interval 
for N P ,  is 

( N P ,  - 2.7, NP, + 6.5) = (2.3,11.5) (15) 

which c?rresponds t! the 95, percent confidence int_erval 
of P, (P ,  - 0.54P,,P, + 1.3P,). Lilrewiec, when NP, = 
10 the 95 percent confidence interval for P, is (@, - 
0.46p,,8, + 0.8@,). Comparing with the Gaussian a p  
ptoximation, wkich give a 95 percent confidence interval 
(PI - 0.62Pj, P, + 0.62P,) when NPj = 10, the confi- 
dence interval obtained from the Poisson approximation is 
skewed on one side inatead of being symmetric, but the 
width of the confidence interval is approximately the same. 
Hence Gaussian approximetion is not too bad, yet Pois- 
son approximation is certainly better. A different form 
of Gaussian approximation has also been used [3] to pro- 
duce skewed co$idtpce interval for p,, which gave an in- 
terval ( f i j  - 0.5P,, Pj  + P,) of 95 percent confidence when 
N P, =I 10. But the width of the confidence interval given 
by this approximation is slightly larger. 

Figure 3: Confidence region for classical MC estimator. 

4 Importance Sampling Estima- 
tors 

We will consider the distribution of CIS estimator @: and 
NIIS estimator @;** with the help of Edgeworth expansion. 
Only IS1 free binary system ia considered, but the results 
can be aesumed to be applicable in principle for system 
with small to moderate IS1 and multilevel systems, and for 
other appropriately designed IS techniques. 

For CIS, let U = Irp(zh, & h ) w k J n h ) ,  the second moment 
OfU is 

- where 

d =  2 - -  J :; 
and the third and fourth moments of U are 

(19) 

where 

Thus the second, third, and fourth central moments of U 
can be easily calculated, and the coefficients of skewness 
and kurtosis of UN.  = m(fi: - Pl)/[var(U)]'/z can be 
obtaind by the relations 

(21) 
For a* = or,opt,u = 1/4, we have 

7.6 64.0 
71N- = ~ m' 7 z N *  = N* 

m1 7zN' = - 

and for ut = u,,opt,u = 1/5, we have 
-0.4 -2.9 

N* 7" = - 

all small enough to justify Gaussian approximation even for 
very modest sample .she N*. Thus we conclude that this 
CIS estimator ia approximately G a w k  distributed. 

For the NIIS technique, define V = I ~ ( z h , & h ) w g : ( n y ) ,  
then the second moment of V is 

and the third and fourth moments are 

Following the same procedure as in the preceding para- 
graph, the coefficients of skewness and kurtosis can be eaeily 
calculated. For c = Copt, U = 1/4, we have 

small  enough to justify Gaussian approximation even for 
very modest sample sise N***. Thus we conclude that the 
NIIS estimator is also approximately Gaussian distributed. 
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5 The Empirical Approaches 
Estimating the variance of an IS estimator is very impor- 
tant in BTL actual simulation. A new method iot estimsting 
IS estimator variance is discumd here. This method ia be- 
sically applicable for any well-designed IS technique. It is 
illustrated using the CIS technique OUI an example. The con- 
fidence intervals of simulation results can de0 be obtained 
by this method. 

5.1 Conventional Method 
According to  Section 4, the CIS estimator ia approximately 
Gaussian distributed even for very modeat N'. An elabo- 
rate approach to estimate uiIS is diecussed by Shanmugan 
[2], which requirta, 1 independent simulation rum with N' 
aaqples in each run. Let 4, i = 1 , 2 , .  . . , I ,  be the outcomes 
of P: for the 1 simulation runs, respectively. Let 

be the estimates of P, and uiIS, respectively, then ( I  - 
l ) s : /~&~ has a chi square distribrriion with 1 - 1 degrees of 
freedom xf- and it is eaeg t o  find a level (1 - a) confidence 
interval for aiIs by the method of pivot [9]. For example, 
if 1 = 10, then the 95 percent confidence interval for .'CIS is 
(0.47s:, 3.334) , or equivalently the $5 percent confidence 
interval for QCIS is (0.69sl, 1.8281). We can also obtain the 
confidence interval for P, using this approach, since d ( A  - 
€',)/ai has a i dwtribution with 1 - 1 degrees of ftcedom 
'&I. For example, if I = 10, then the 95 percent confidence 
interval for P, is (d - 2 . 2 6 s i / O ,  A + 2 . 2 6 s l / m ) ,  a very 
narrow confidence interval. 

5.2 A New Approach 
The above method has the drawback of having to perform 
I simulation runs to obtain an estimate of (r81s and a con- 
fidence interval of P,. We shall present here a new method 
to obtain an estimate of crhs and a confidence interval of 
P, using only a single simulation run with N * samples. We 
divide N' into n, say 10 for example, equal sections. It is 
not difficult to adjust N' such that N* divide n, and for 
thia method to work, n should not be too large, and N' 
should not be too small. Let 

jN*/n-'I 
1 

Bj = - IE(zb,gb)w&b(nk), j = 1 , 2 , * - * , n  
"jn k=(j-l)N*/n 

(29) 

(30) 

then 
B=-CBj=#: 1 "  

n 
j=1 

and B,, j = 1,2, .  . ., II are approximately identically Gaua- 
sian distributed. They are ala0 independent for IS1 free sys- 
t em,  and are approximately independent for system with 
small to moderate IS1 if Y < N * / n .  Thus 

and 

ia a good estimate of U&, and (n - l)&?:/U$~s is 
distributed and ( B  - P,)/sn is In-1 distributed. It is 
thus easy to find level (1 - a) confidence intervals for 
biIS and P,. For example, if n = 10, (0.478:,3.3383 is 
a 95 percent confidence interval for o$Is, or equivalently 
(0.69sn, 1.828") is a 95 percent confidence interval for UCIS,  
and (B - 2.26s,, B + 2.268,) ia a 95 percent confidence in- 
terval for P,. 

This new approach are better than the conventional a p  
proach in compering the efficiency of IS techniques. In order 
to know which IS technique is the best, right now we only 
need one simulation run instead of, say 10 simulation runs. 
So a saving of 10 times is achieved. 

6 Numerical Results 
In the numerical simulation to be discussed here, all random 
variables are derived from the uniform (0 , l )  distribution 
with suitable transformations. The uniform (0 , l )  dietribu- 
tion is generated by a maximum length linear congrunential 
pseudo-random generator [lo] ddined by [ll] 

f(2) = 168072 mod 231 - 1. (33) 

The Gaussian distribution is derived using the Kinderman- 
Ramage algorithm [12]. The dwtribution specified by E 
quation (9) is derived by adding cB to a Gaussian variable, 
where c is a constant and B is a Bernoulli trial with equally 
probable outcomes f 1. 

First we shall consider the IS1 free 8PAM. Tables 1 (a) 
lists the simulation results of SER using the CIS technique, 
whereas Tables 1 (b) lists the results of SER using the NIIS 
technique. In Table 1, when simulation samples per run ia 
not very large we use 10 simulation rune to obtain an eati- 
mate of the estimator variances and estimates of P,, when 
simulation samples are large we use single simulation run 
only and the samples are equally divided into 10 section- 
s as discussed in Section 5. It is easy to understand this 
numerical data. For example, in the first row of Table 1 
(a), the simulated system is 8PAM with noise standard de- 
viation U = 0.2702 (corresponds to a SNR = B(lzbll)/ua 
of 22.42 dB), 10 independent runs are performed with 300 
samples per run, and :he 95 percent confidence interval for 
P, = 1.8693 - 4 is (P;  - 2.2681/m, #; + 2 . 2 6 s l / m )  = 
(1.7313-4,2.451E-4), while in the last row of Table 1 (a), 
a single run is performed with 8000 samples divided into 10 
sections. It can be found that NIIS achieves approximately 
the same estimator variance as CIS using several times less 
samples for 8PAM. Thus NIIS outperformes CIS for PAM. 

Next we consider g = {0.9933,0.0993,0.0591} 2PAM. Ta- 
ble 2 (a) lists the simulation results of SER wing the CIS 
technique, whereas Table 2 (b) lists the results of SER using 
the NIIS technique. By comparing Tables 2 (a) and (b) with 
Tables 1 (a) and (b), it can be found that both CIS and NI- 
IS for systems with IS1 are lese efficient than CIS and NIIS 
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for IS1 free systems, since CIS and NIIS for 2PAM with IS1 
achieve approximately the m e  estimator variance as CIS 
and NIIS for IS1 free 8PAM wing 4 to 8 times more eamplee. 
Furthermore, NIIS outperform CIS for 2PAM with ISI, 8- 

ince it achieves approximately the same extimator variance 
88 CIS with 3 to 5 times l a6  BBmplee. 

Table 1: SER simulation results for 8PAM (a) using the 
CIS technique,(b) using the NIIS technique. 

al 

I bl 

Table 2: SER simulation results for 2PAM with IS1 (a) 
using the CIS technique,(b) using the NIIS technique. 

7 Conclusion 

The claseical MC estimator is found to be better approx- 
imated by Poisson dietribution, while the IS estimator is 
found to be well a p p r o h t e d b y  Gausnian distribution. A 
reliable method is also presented to obtain the confidence 
intervals for the error rate and IS estimator variance ueing 
only a signle simulation run. Our arguments are strongly 
supported by the numerical results. 
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