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Abstract—A new family of two-dimensional (2-D) wavelength/
time optical orthogonal codes (OOCs) for asynchronous optical
code division multiple access (OCDMA) systems is proposed. The
construction scheme uses the difference family (DF), which is
an assemblage of difference sets in the combinatorial theory. It
is proven that the proposed codewords satisfy the correlation
properties required for the asynchronous OCDMA systems. The
code dimension of the proposed codes is more flexible than that of
the conventional 2-D codewords. The performance of the system
with the proposed codes is analyzed by using the Markov-chain
method. Numerical results show that the bit error rate (BER) has
a minimal value given the number of simultaneous users. It is also
observed that the maximum number of simultaneous users of the
system can be achieved by properly choosing both the code weight
and cross correlation of the 2-D OOCs.

Index Terms—Bit error rate (BER), code weight, difference
family (DF), Markov chain, optical code division multiple access
(OCDMA), optical orthogonal codes (OOCs).

I. INTRODUCTION

CODE DIVISION multiple access (CDMA) has been well
studied in the wireless communication systems. Recently,

the spread-spectrum technique is getting a lot of attention in the
optical fiber transmission due to the inherent large bandwidth of
fibers. Optical CDMA (OCDMA) has several benefits such as
asynchronous transmission, being flexible in network design,
accommodation of burst traffic and variable bit-rate traffic,
etc. Because of nonnegative power for optical signals, optical
orthogonal codes (OOCs) are a family of (0, 1) sequences
with good autocorrelation and cross-correlation properties. We
denote (n,w, λa, λc) OOCs as the OOCs with code length n.
The off-peak autocorrelation λa and cross correlation λc are
required to be small for accurate time synchronization and
less multiple-user interference (MUI), respectively. The code
weight w should be large in order to distinguish the desired sig-
nal from the MUI and noise. If λa = λc = λ, the (n,w, λa, λc)
OOCs are simply denoted as (n,w, λ) OOCs. The code size Φ
is the total number of codewords of the (n,w, λ) OOCs and can
be written as [1]

Φ ≤
⌊

1
w

⌊
n − 1
w − 1

· · ·
⌊

n − λ

w − λ

⌋
· · ·

⌋⌋
. (1)
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Larger code sizes can be obtained by relaxing the cross-
correlation constraint of the OOCs. For example, the code size
of (n, w, 1, 2) OOCs is about ten times larger than that of
(n, w, 1) OOCs [2]. However, the bit error rate (BER) perfor-
mance degrades as the cross correlation increases because of
MUI. Therefore, there is a tradeoff between the BER and the
code size. The performance bound of the OOCs with large cross
correlation is found [3]. For a given code length and the number
of simultaneous users, the BER performance of the OOCs has
a minimal value when the code weight is optimal. Another way
to improve the performance is to design a good receiver. The
receiver with double optical hard limiters was discussed [4].
It is shown that the BER performance of the systems with
double optical hard limiters is better than that without double
optical hard limiters. Channel interference-cancellation tech-
niques using interference estimation and double hard limiters
were proposed and analyzed [5], [6]. The system with an
interference-cancellation receiver can improve the error floor
and accommodate more simultaneous users.

The (n,w, λa, λc) OOCs spread the input data bits in the
time domain and are called the one-dimensional (1-D) OOCs.
The code length of the 1-D OOCs is always large in order to
achieve good BER performance. However, long code sequences
will occupy a large bandwidth and reduce the bandwidth uti-
lization. Recently, the wavelength/time OOCs or the multi-
wavelength OOCs (MWOOCs), which encode the data bits
in both wavelength and time domain, were proposed [7]. The
MWOOCs are also called the two-dimensional (2-D) OOCs.
The MWOOCs can support a larger number of cardinalities
than 1-D OOCs using less time-spreading length. We denote
(m × n,w, λa, λc) MWOOCs as the 2-D OOCs with m wave-
lengths and time-spreading length n. The codeword of the
MWOOCs can be considered as an m × n matrix with (0, 1)
elements. The code weight w is the number of 1’s in the matrix.
An example of two MWOOCs is shown in Fig. 1, where the
shaded parts represent the code weight “1.”

Let δ represent the asynchronous time shift of the 2-D
OCDMA systems. The autocorrelation and cross correlation of
the MWOOCs have the following properties [7].
Definition 1: For any codeword X = {xi,j} of the (m × n,

w, λa, λc) MWOOCs with entry xij ∈ {0, 1}, where 0≤ i < m
and 0 ≤ j < n, the periodic autocorrelation λa of X satisfies

m−1∑
i=0

n−1∑
j=0

xi,jxi,j⊕δ ≤ λa (2)

where 0 < δ < n and the subscripts ⊕ represents the modulo-n
addition.
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Fig. 1. Example of two (3 × 21, 4, 1, 1) MWOOCs.

Definition 2: For any two codewords X = {xi,j} and Y =
{yij} of the (m × n,w, λa, λc) MWOOCs with entries xij and
yij ∈ {0, 1}, where 0 ≤ i < m and 0 ≤ j < n, the periodic
cross correlation λc of X and Y satisfies

m−1∑
i=0

n−1∑
j=0

xi,jyi,j⊕δ ≤ λc (3)

where 0 ≤ δ < n and the subscripts ⊕ represents the modulo-n
addition.

Frequency-hopping sequences and conventional 1-D OOCs
can be used to construct the MWOOCs [7]. However, the code
dimensions of the conventional MWOOCs are restricted. It is
observed that the spreading in the wavelength domain and the
time domain are confined by certain relations, which are very
stiff and inconvenient for designers. For example, the code
dimension of the generalized multiwavelength Reed–Solomon
codes (GMWRSC) is restricted as (p × (p − 1)p), where p is a
prime number [7]. The MWOOCs derived from the 1-D OOCs
have a code dimension of (m × m). In this paper, we propose
a family of new MWOOCs. The construction scheme uses the
difference family (DF), which is an assemblage of difference
sets in the combinatorial theory. The proposed MWOOCs can
have an arbitrary combination of the number of wavelengths m
and the number of chips n, where m ≤ n.

This paper is organized as follows. We present the existence
properties of the DF in Section II. The recursive construction,
the construction of the DF from projective plane, and that
from the affine plane are also described in this section. In
Section III, the design of the new MWOOCs based on DF is
given. In Section IV, the performance of the system with the
proposed MWOOCs and double optical hard limiters is ana-
lyzed by using the Markov-chain method. Section V shows the
numerical results. Finally, we give the conclusion in Section VI.

II. DF IN GALOIS FIELDS (GFS)

Let G be an additive finite group of order n and S =
(B1, B2, . . . , Bs) be a family of s subsets (or base blocks),
where Bζ is the base block of S for ζ = 1, 2, . . . , s. Each base
block has size ki and ki ∈ K, where K = {k1, k2, . . . , kr}

is a set of r integers and 2 ≤ ki ≤ n for i = 1, 2, . . . , r.
We denote ∆Bζ as a difference list of base block Bζ and
∆Bζ = {i − i′(mod n)|i, i′ ∈ Bζ , i �= i′} for ζ = 1, 2, . . . , s.
If every entry of ∆Bζ has exactly λd representations in ∆S =
(∆B1,∆B2, . . . ,∆Bs), then S is an (n,K, λd) DF [8]. When
all the base blocks have the single size k, they form an (n, k, λd)
DF. A necessary condition of the (n, k, λd) DF is given as [8]

λd(n − 1) ≡ 0 (mod (k(k − 1))) . (4)

Some of the known existence statements of the (n, k, λd)
DF in GFs with λd = 1 and n < 10 000 are presented in the
following [8]–[12]. The DF outside this range is not discussed
in this paper because it is impractical for the OCDMA systems.
Lemma 1: An (n, 3, 1) DF in GF(n) always exists for any

prime power n = 6t + 1, where t is a positive integer [8].
Lemma 2: For any prime power n ≡ 1(mod 12), there exists

an (n, 4, 1) DF in GF(n) [9].
Lemma 3: There exists an (n, 5, 1) DF in GF(n) for any

prime power n ≡ 1(mod 20) [9].
Lemma 4: There exists an (n, 6, 1) DF in GF(n) for any

prime power n≡ 1(mod 30) with one exception of n = 61 [10].
Lemma 5: If n is a prime power, an (n, 7, 1) DF in GF(n)

exists when n ≡ 1(mod 42) with exception of n = 43 and
possible exception of n = 127, or n = 211 [11].
Lemma 6: There exists an (n, 8, 1) DF in GF(n) for

any prime power n ≡ 1(mod 56) with possible exception of
n = 113, n = 169, n = 281, or n = 337 [12].

Lemma 7: There exists an (n, 9, 1) DF in GF(n) for
any prime power n ≡ 1(mod 72) with possible exception of
n = 289, n = 361, or n = 577 [12].

The number of base blocks s of the (n, k, 1) DF can be
obtained according to the following equation [8].

(n − 1) = sk(k − 1). (5)

If base block Bζ has ki elements, then Bζ = {bζ1, bζ2, . . . ,
bζki

}. We denote the translation of Bζ as Bζ + l for any l ∈ G
and Bζ + l = {bζ1 + l, bζ2 + l, . . . , bζki

+ l}. Two base blocks
Bi and Bj are called equal if and only if they have the same
element sets after the translation. In the DF, all base blocks are
not equal. In the following sections, we will prove that the DF
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can be used to construct a family of codewords that have low
off-peak autocorrelation and cross correlation.

A. Properties of Pairwise Balanced Design (PBD)

A PBD of order v is a pair (ψ, ß), where ψ is a set of v ele-
ments and ß is a family of subsets (blocks). We assume that each
block has size ki and ki ∈ K, where K = {k1, k2, . . . , kr} is
a set of r integers and 2 ≤ ki ≤ v for i = 1, 2, . . . , r. In the
(v,K, λ) PBD, every pair of distinct elements in ψ occurs in
exactly λ blocks in ß. When λ = 1, the (v,K, λ) PBD is usually
denoted as (v,K) PBD, which forms a linear space [13]. Thus,
the blocks in the (v,K) PBD are called lines. The balanced
incomplete block design (BIBD) is a special case of (v, k, λ)
PBD with single block size k. Define α(K) = gcd{k − 1 :
k ∈ K} and β(K) = gcd{k(k − 1) : k ∈ K}, where gcd{·}
denotes the greatest common divisor.
Theorem 1: The necessary conditions for existence of a

(v,K) PBD are [14]

v − 1 = 0 (mod α(K)) (6)

and

v(v − 1) = 0(mod β(K)). (7)

We give some existence statements of the (v,K) PBD for
specified K in the following.

Lemma 8: Let q be a prime power. For any 0 ≤ t ≤ q + 1,
there exists a (q2 + q + 1 − t, {q − 1, q, q + 1}) PBD [8].
Lemma 9: Let q be a prime power. For any 0 ≤ t ≤ q + 1,

there exists a (q2 − t, {q − 2, q − 1, q}) PBD [8].
Lemma 10: If q is a prime power, for any 0 ≤ t ≤

q + 1, there exists a (q(q − 1)/2 + t, {(q − 1)/2, (q + 1)/2,
(q + 3)/2}) PBD [15].

The upper bound of the number of blocks of the (v,K) PBD
is not known yet. However, the number of blocks of the (v,K)
PBD with K = {k} is given as [16]

s =
v(v − 1)
k(k − 1)

. (8)

B. Construction of DF From Projective Plane Using PBD

The projective geometry PG(d, q) is a vector space with
elements from GF(q), where q is a prime power and d is a
positive integer [17]. The PG(d, q) contains all subspaces of
(d + 1)-dimensional vector spaces. Two subspaces are equiv-
alent if there exists γ ∈ GF(q) and γ �= 0, such that ȳ = γx̄
for any two vector spaces x̄ and ȳ over PG(d, q). Therefore,
the number of elements in PG(d, q) is n = (qd+1 − 1)/(q − 1).
If we take d-dimensional subspaces of GF(q)d+1, there are
v = (qd − 1)/(q − 1) subspaces, which form a hyperplane.
Thus, the number of hyperplanes is χ = (qd+1 − 1)/(q − 1).
If every pair of distinct vectors of d-dimensional subspaces
occurs in exactly λ hyperplanes, then we have

λ

(
n

2

)
= χ

(
v

2

)
(9)

where
(
x
y

)
is the number of combinations of x elements taken y

at a time. From (9), we can obtain λ = (qd−1 − 1)/(q − 1).
Theorem 2: The PG(d, q) is a block design with parameter

[(qd+1−1)/(q−1), (qd − 1)/(q−1), (qd−1 − 1)/(q−1)] [8].
The point-hyperplane design of the PG(d, q) forms an

(n, v, λ) cyclic difference set with parameters n = (qd+1 −
1)/(q − 1), v = (qd − 1)/(q − 1), and λ = (qd−1 − 1)/(q −
1). It is also called the Singer difference set with classical
parameters. Any pair of the elements (i, i′) has exactly λ
representations of the difference i − i′ = δ(mod n) for i, i′ ∈
PG(d, q), and i �= i′. If λ = 1, it is a (q2 + q + 1, q + 1, 1)
Singer difference set and the PG(2, q) is called the projective
plane [8]. The 2-D subspaces in PG(2, q) are called the lines
and any two distinct lines intersect at one point.

The construction of DF from the projective plane is listed as
the following.

1) First, construct the (q2 + q + 1, q + 1, 1) Singer dif-
ference set from the projective plane PG(2, q). There
are q + 1 elements in the Singer difference set and the
difference of any two elements occurs exactly once.

2) Pack the q + 1 elements of the Singer difference set
into blocks with size ki, where 2 ≤ ki ≤ q + 1 for
i = 1, 2, . . . , r. This is the (v,K) PBD with parameters
v = q + 1 and K = {k1, k2, . . . , kr}.

Then, we can obtain a family of blocks in which any
difference δ (mod q2 + q + 1) of the elements in a block
occurs exactly once, i.e., an (q2 + q + 1, K, 1) DF. We give an
example of the DF from the projective plane as the following.
Example 1: We consider the (91, 10, 1) Singer difference set

in PG(2, 9) with elements {0, 1, 3, 9, 27, 49, 56, 61, 77, 81}.
Since 10 = 1 (mod 3), then the (10,({3,4})) PBD exists. There-
fore, we have the (91,({3, 4}), 1) DF as {1,27,61}, {1,49,77},
{1,56,81}, {3,27,81}, {3,49,61}, {3,56,77}, {9,27,77},
{9,49,81}, {9,56,61}, {0,1,3,9}, {0,27,49,56}, {0,61,77,81}.

C. Construction of DF From Affine Plane Using PBD

The affine geometry AG(d, q) is a d-dimensional vector
space over GF(q), where d is a positive integer and q is a prime
power [17]. The number of elements in the AG(d, q) is qd. If
we take (d − 1)-dimensional subspaces in an AG(d, q), then we
can obtain a hyperplane that consists of qd−1 subspaces. We first
introduce the following theorem.
Theorem 3: Removing a block and all elements in the block

from a symmetric (n, v, λ) design yields an (n − v, v − λ, λ)
BIBD called a residual design [12].

The AG(d, q) can be constructed by removing a block and
all elements in the block from the PG(d, q) [12]. In Theorem 2,
we know that the PG(d, q) is a block design with parameter
[(qd+1 − 1)/(q − 1), (qd − 1)/(q − 1), (qd−1 − 1)/(q − 1)].
Therefore, the AG(d, q) is a residual design of a [qd, qd−1,
(qd−1 − 1)/(q − 1)] BIBD. From (9), we can obtain the num-
ber of hyperplanes of AG(d, q) as [(qd+1 − 1)/(q − 1)] − 1.

The point-hyperplane design of the AG(d, q) forms an
(n, v, λ) cyclic difference set with parameters n = qd, v =
qd−1, and λ = (qd−1 − 1)/(q − 1) [17]. Any pair of the ele-
ments (i, i′) in the q set of integers modulo q2 has exactly one
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representation of the difference i − i′ = δ (mod q2) for any
residue δ �= 0 (mod q2). If λ = 1, the AG(2, q) is called the
affine plane [8]. The 2-D subspaces in the AG(2, q) are called
the lines and any two distinct lines intersect at only one point.

The construction of DF from the affine plane is listed as the
following.

1) First, construct the (q2, q, 1) cyclic difference set from the
affine plane. There are q elements in the cyclic difference
set and the difference of any two elements occurs exactly
once.

2) Pack the q elements of the cyclic difference set into
blocks with size ki, where 2 ≤ ki ≤ q for i = 1, 2, . . . , r.
This is the (v,K) PBD with parameters v = q and
K = {k1, k2, . . . , kr}.

Then, we can obtain a family of blocks in which any differ-
ence δ (mod q2) of the elements in a block occurs exactly once,
i.e., a (q2, K, 1) DF.

D. Recursive Construction of DF

We present here two recursive construction schemes of DF.
First, we can construct a new DF from two DFs according to
the following lemma.
Lemma 11: If there are (n1, k, λ1) DF in GF(n1) and

(n2, k, λ2) DF in GF(n2), then an (n1n2, k, λ1λ2) DF in
GF(n1n2) exists [12].

Second, when an (n, k, λ) DF in GF(n) exists, we can
construct a new DF by using this (n, k, λ) DF according to the
following lemma.
Lemma 12: If there is an (n, k, λ) DF in GF(n), then an

(na, k, λ) DF exists in GF(na) for any positive integer a [18].

III. DESIGN OF MWOOCS USING DF AND THEIR

CORRELATION PROPERTIES

In this section, we present the design procedure of the
proposed (m × n,w, 1, λc) MWOOCs using DF with single
block size k. The design procedures using the DF with various
block sizes are similar. The procedure is described as follows.

1) Let the number of base blocks s be larger than or equal
to the number of wavelengths m. From (5), the value of
k can be determined. Then, we can construct an (n, k, 1)
DF as discussed in the previous section.

2) Place all base blocks of the (n, k, 1) DF in rows of a
matrix. We can obtain an m × k matrix and denote the
matrix as the base matrix B.

3) Since each row of the base matrix has k elements, there
are mk elements in the base matrix. If the desired code
weight is w, we then partition the mk elements of the
base matrix into a family of subsets. Each subset has
w elements and any two subsets have λc elements in
common.

4) Cyclic shift the rows of each subsets vertically and we
can obtain m subsets. Then, check the cross correla-
tion between the subsets of the shifted version and the
others. Discard the subset if the cross correlation is larger
than λc.

5) The elements in the subset represent the mark positions of
an m × n matrix and other entries of the matrix are “0.”
Then, the m × n matrix is a codeword of the proposed
(m × n,w, 1, λc) MWOOCs.

According to the definition of DF, no (n, k, 1) DF exists
when k = 1. However, k = 1 is the special case of the con-
struction procedure above. It represents that the base matrix
B contains elements from the additive finite group of order
n and each row has only one element. We should not shift
the rows of the base matrix B vertically when k = 1. This
is because the shifted matrix is the translation of B and is
therefore identical to B. An example is shown to construct the
proposed (m × n,w, 1, λc) MWOOCs.

Example 2: We show a construction of (5 × 21, 4, 1, 1)
MWOOCs as the following.

First, we construct the base blocks of the (21,2,1) DF
as: {0,1}, {4,14}, {0,16}, {1,14}, {14,16}, {0,4}, {0,14},
{1,4}, {1,16}, {4,16}. Then, one of the base matrices can be
written as

B =




0 1
4 14
0 16
1 14
4 16


 .

Next, we partition the ten elements of B into a family of
subsets. Each subset contains four elements and any two subsets
have one element in common. A subset with elements that
represent the mark positions of the codeword is shown at the
bottom of the page.

The family of (5 × 21, 4, 1, 1) MWOOCs from the base
matrix B is listed in Table I.

Theorem 4: The off-peak autocorrelation of the proposed
(m × n,w, 1, λc) MWOOCs is at most 1.

Proof: Let X = {xij} be a codeword of the (m ×
n,w, 1, λc) MWOOCs and xij ∈ {0, 1}, for 0 ≤ i < m and




0

0 16
1


 =⇒




1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



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TABLE I
FAMILY OF (5 × 21, 4, 1, 1) MWOOCS FROM THE

BASE MATRIX B IN EXAMPLE 2

0 ≤ j < n. When there exists a time shift δ and δ �= 0, the off-
peak autocorrelation of X can be written as

m−1∑
i=0

n−1∑
j=0

xi,jxi,j⊕δ =
n−1∑
j=0

x0,jx0,j⊕δ +
n−1∑
j=0

x1,jx1,j⊕δ

+ · · · +
n−1∑
j=0

x(m−1),jx(m−1),j⊕δ

=λa0 + λa1 + · · · + λa(m−1). (10)

Since the codeword is constructed from the (n, k, 1) DF, the
difference of any two mark positions occurs exactly once. If
λat = 1 for t ∈ {0, (m − 1)}, it is impossible to have an in-
teger t′ ∈ {0, (m−1)}, t′ �= t such that

∑n−1
j=0 xt′,jxt′,j⊕δ = 1,

i.e., λat′ = 0. Therefore, the off-peak autocorrelation of the
MWOOCs is at most 1. �

Theorem 5: The cross correlation of the proposed (m × n,
w, 1, λc) MWOOCs is at most λc.

Proof: Let X = {xij} and Y = {yij} be two codewords
of the (m × n,w, 1, λc) MWOOCs and xij , yij ∈ {0, 1}, for
0 ≤ i < m and 0 ≤ j < n. When there exists a time shift δ
between the two codewords, the cross correlation of X and Y
can be written as

m−1∑
i=0

n−1∑
j=0

xi,jyi,j⊕δ =
n−1∑
j=0

x0,jy0,j⊕δ +
n−1∑
j=0

x1,jy1,j⊕δ

+ · · · +
n−1∑
j=0

x(m−1),jy(m−1),j⊕δ

=λc0 + λc1 + · · · + λc(m−1). (11)

If δ = 0, the two codewords intersect at λc elements since
they are constructed from the (mk,w, λc) design. If δ �= 0, then
λct ≤ 1 for t ∈ {0, (m − 1)} because the difference of any two
mark positions occurs exactly once. We assume that X and Y
have more than one hits when δ �= 0. Then, in (11), λct = 1
appears more than once for t ∈ {0, (m − 1)}. This contradicts
the property of the (n, k, 1) DF. Therefore, the cross correlation
of the MWOOCs is 0, 1, or λc.

The properties of the (n, k, 1) DF make the off-peak corre-
lation of the MWOOCs not greater than 1. The (mk,w, λc)
design guarantees the cross correlation of any two codewords
less than or equal to λc. Therefore, a set of (m × n,w, 1, λc)
MWOOCs can be constructed by the proposed design proce-
dure. On the other hand, according to the construction proce-
dure, the proposed codewords have flexible code dimension. It
is very desirable for designing the MWOOCs in the multiwave-
length OCDMA systems. �

Theorem 6: The t − (v, k, ς) packing design is a collection
of subsets from ψ, where ψ is a set of v elements, such
that every t distinct element occurs in at most ς subsets [19].
Denote Dς(v, k, t) as the maximum number of subsets in any
t − (v, k, ς) packing design and is given as

Dς(v, k, t) ≤
⌊

v

k

⌊
v − 1
k − 1

⌊
· · ·

⌊
v − t + 1
k − t + 1

ς

⌋
· · ·

⌋⌋⌋
. (12)

Theorem 7: The upper bound of the number of subsets
obtained from the base block B is

D ≤
⌊

v(v − 1)
w(k − 1)

⌊
v(v − 1) − (k − 1)

(w − 1)(k − 1)

×
⌊
· · ·

⌊
v(v − 1) − λc(k − 1)

(w − λc)(k − 1)

⌋
· · ·

⌋⌋⌋
(13)

where v = q + 1 and v = q for the DF from PG(2, q) and
AG(2, q), respectively, and k is obtained from

m =
v(v − 1)
k(k − 1)

.

Proof: Assume that the number of wavelengths m is equal
to the number of available base blocks s. It would not lose
the accuracy when deriving the upper bound of D. Then, the
following equation holds:

m = s =
v(v − 1)
k(k − 1)

(14)

where v = q + 1 and v = q for the DF from projective plane
PG(2, q) and affine plane AG(2, q), respectively. The number
of elements in the base block B is mk = v(v − 1)/(k − 1).
If the desired code weight is w, we partition the mk elements
of B into a family of subsets with w elements, and any two
subsets have λc elements in common. This procedure is a
(λc + 1) − (mk,w, 1) packing design. Therefore, the number

Authorized licensed use limited to: National Taiwan University. Downloaded on January 23, 2009 at 01:18 from IEEE Xplore.  Restrictions apply.



GU AND WU: CONSTRUCTION OF TWO-DIMENSIONAL WAVELENGTH/TIME OPTICAL ORTHOGONAL CODES 3647

Fig. 2. Receiver structure of asynchronous OCDMA systems using double optical hard limiters.

of subsets from the base block B can be obtained according to
Theorem 6 as

D ≤
⌊

mk

w

⌊
mk − 1
w − 1

⌊
· · ·

⌊
mk − λc

w − λc

⌋
· · ·

⌋⌋⌋

=

⌊
v(v − 1)
w(k − 1)

⌊
v(v − 1) − (k − 1)

(w − 1)(k − 1)

×
⌊
· · ·

⌊
v(v − 1) − λc(k − 1)

(w − λc)(k − 1)

⌋
· · ·

⌋⌋⌋
.

(15)

�

IV. PERFORMANCE ANALYSIS OF THE SYSTEMS WITH

THE PROPOSED MWOOCS

We analyze the BER performance with consideration of shot
noise, thermal noise, APD bulk, and surface leakage currents.
The receiver structure is shown in Fig. 2 [4]. We assume that
the system is chip synchronous among users since it is the worst
case of the performance. The average photon arrival rate ε per
pulse is given by

ε =
ηPW

hf
(16)

where η is the APD quantum efficiency, PW is the received
signal power, h is the Planck’s constant, and f is the optical
frequency. The optical signal power after the second hard
limiter will be limited to two levels: “ON” and “OFF” levels.
We denote state S1 as the optical signal power of the “ON”
level and state S0 of the “OFF” level. The average photon arrival
rate is ε for state S1, otherwise the photon arrival rate is 0. For
state Sb, b ∈ {0, 1}, the probability density function (pdf) of
the output current Ψb of the photodetector is assumed Gaussian
and given by [20]

PΨb
(ϕ) =

1√
2πσ2

b

e
− (ϕ−µb)2

2σ2
b (17)

where µb is the mean value of the photodetector output current
given by

µb = GTc

(
bε +

Ib

e

)
+

TcIs

e
(18)

and G is the average APD gain, Tc is the chip time, e is
the electron charge, Ib/e is the contribution of the APD bulk

leakage current to the APD output, and Is is the APD surface
leakage current. The variance of the photo current σ2

b can be
expressed as

σ2
b = G2FeTc

(
bε +

Ib

e

)
+

TcIs

e
+ σ2

th (19)

where Fe is the excess noise factor given by

Fe = keffG +
(

2 − 1
G

)
(1 − keff) (20)

where keff is the APD effective ionization ratio, and σ2
th is the

variance of thermal noise expressed as

σ2
th =

2kBTrTc

e2RL
(21)

where kB is the Boltzmann’s constant, Tr is the receiver noise
temperature, and RL is the receiver load resistance.

In order to minimize the error probability, we set the thresh-
old of the decision circuit θ as

θ =
µ0σ1 + µ1σ0

σ1 + σ0
. (22)

If the output current Ψb is larger than θ, the output data bit bo is
decided to be bit one, or otherwise bit zero. The probability that
the state Sb is decoded erroneously due to photodetector noise
is given by

Pr(bo �= Sb) =
1
2

erfc

(
µb − θ√

2σ2
b

)
(23)

where erfc(·) is the complementary error function expressed as

erfc(z) =
2√
π

∞∫
z

exp(−u2)du. (24)

We assume that the desired signal uses (m × n,w, 1, λc)
MWOOCs of codeword X and the interfering signal uses the
codeword Y , where X = {xij} and Y = {yij} for 0 ≤ i ≤
m − 1 and 0 ≤ j ≤ n − 1. The number of interfered marks of
the desired codeword can be expressed as

Iδ =
m−1∑
i=0

n−1∑
j=0

xi,jyi,j⊕δ (25)

where δ is the asynchronous time shift. The probability that one
of the code weights of X hit by Y is w/2mn, where the factor
1/2 represents that each user transmits data 0 and 1 with equal
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Fig. 3. Model of Markov chain.

probability. Since there are w code weights in the codeword X ,
then the expected value of Iδ is given by

E[Iδ] = w · w

2mn
. (26)

Let q1 and qλc be the probabilities that the desired signal is hit
by the interfering user at one mark and λc marks, respectively.
Thus, the expected value of Iδ can also be expressed as

E[Iδ] = q1 + λc · qλc (27)

where qλc = 1/2mn. From (26) and (27), we can obtain q1 as

q1 =
w2 − λc

2mn
. (28)

We model the number of code weights interfered by ϑ
interfering users as the states of the Markov chain, as shown in
Fig. 3 [21]. The state transition occurs when a new interfering
user appears in the system, i.e., ϑ → ϑ + 1. Then, the state-
transition probability pi,j can be written as

pi,j =




q0 + q1
i
w + qλc

( i
λc)

( w
λc)

, if j = i

q1
w−i
w + qλc

( i
λc−1)(w−i

1 )
( w

λc)
, if j = i + 1

qλc

(w−i
λc )

( w
λc)

, if j = i + λc

0, otherwise

(29)

where q0 = 1 − q1 − qλc . Let κ(ϑ) = [κ(ϑ)
0 , κ

(ϑ)
1 , . . . , κ

(ϑ)
w ] be

a 1 × (w + 1) vector and represent the state probability of the
Markov chain given ϑ interfering users. If the state-transition
matrix is P where P = {pi,j} for 0 ≤ i, j ≤ w, the following
relation holds:

κ(ϑ) = κ(ϑ−1)P. (30)

The state probability κ(ϑ) can be obtained recursively as κ(ϑ) =
κ(0)Pϑ, where κ(0) is the initial state of the Markov chain.
Since κ(0) represents no interfering user in the system, then
κ(0) = [1, 0, . . . , 0]. For the decoder with double hard limiters,
the signal state at the second hard limiter output will be
S1 if the transmitted data bit b is 1. If the transmitted data bit
is 0, the second hard limiter cannot entirely remove the MUI
when the number of interfering marks exceeds or equals the

TABLE II
SYSTEM PARAMETERS

code weight. Therefore, the probability that an error occurs at
the output of the second hard limiter is equal to the probability
that the Markov chain is at state w. If there are N simultaneous
users in the OCDMA system, we have

Pe = Pr(S1|b = 0)

=κ(N−1)
w . (31)

The total BER is given as

BER = Pr(bo = 1|S0, b = 0)Pr(S0|b = 0)Pr(b = 0)

+ Pr(bo = 1|S1, b = 0)Pr(S1|b = 0)Pr(b = 0)

+ Pr(bo = 0|S0, b = 1)Pr(S0|b = 1)Pr(b = 1)

+ Pr(bo = 0|S1, b = 1)Pr(S1|b = 1)Pr(b = 1)

=
1
2

erfc

(
θ − µ0√

2σ2
0

)
Pr(S0|b = 0) +

1
2

erfc

(
µ1 − θ√

2σ2
1

)

+
1
2

(
1 − erfc

(
µ1 − θ√

2σ2
1

))
Pr(S1|b = 0) (32)

where Pr(S0|b = 0) = 1 − Pr(S1|b = 0).

V. NUMERICAL RESULTS

The system parameters are listed in Table II [2]. Unlike
the advantage of the proposed codewords, the conventional
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Fig. 4. BER performance versus the received optical signal power of the (13 × 13(13 − 1), 13, 1, 1) GMWRSC, the (11 × 11(2 · 11 − 1)) hybrid eqc/prime
MWOOCs, the (13 × 183,1,1) OOC/prime MWOOCs, and the proposed (13 × 183,13,1,1) MWOOCs when the number of simultaneous users is 100.

Fig. 5. BER performance versus the number of simultaneous users of the (13 × 13(13 − 1), 13, 1, 1) GMWRSC, the (11 × 11(2 · 11 − 1)) hybrid eqc/prime
MWOOCs, the (13 × 183,1,1) OOC/prime MWOOCs, and the proposed (13 × 183,13,1,1) MWOOCs when the received optical signal power is 2.2 µW.

MWOOCs have fixed code dimension. In order to compare
the proposed codes with the others, we assume that the code-
words are with approximately the same code dimension. Fig. 4
shows the BER performance versus the received optical sig-
nal power of the (13 × 13(13 − 1), 13, 1, 1) GMWRSC [7],
the (11 × 11(2 · 11 − 1)) hybrid extended quadratic congru-
ence codes (eqc)/prime MWOOCs [22], the (13 × 183,1,1)
OOC/prime MWOOCs [23], and the proposed (13 × 183, 13,
1, 1) MWOOCs when the number of simultaneous users is
100. Fig. 5 illustrates the BER performance versus the number
of simultaneous users when the received optical signal power

is 2.2 µW. Numerical results show that the GMWRSC and
the hybrid eqc/prime MWOOCs have higher BER than that
of the proposed code and the OOC/prime MWOOCs. This
is because the stiff code dimension of GMWRSC increases
the hit probability, while the large cross correlation for hybrid
eqc/prime codes induces large MUI. The BER performance
of the proposed MWOOCs is nearly identical to that of the
OOC/prime MWOOCs because both of the codewords have the
same correlation constraint.

Fig. 6 shows the BER of the proposed (m × n, 10, 1, λc)
MWOOCs from PG(2,13) and AG(2,13) versus the received
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Fig. 6. BER of the (m × n, 10, 1, λc) MWOOCs versus received optical signal power when m = 30 and n = 183 and 169 for PG(2,13) and AG(2,13),
respectively. The number of simultaneous users N is 100.

Fig. 7. BER performance of the (m × n, 10, 1, λc) MWOOCs versus the number of simultaneous users when m = 30 and n = 183 and 169 for PG(2,13) and
AG(2,13), respectively. The received optical signal power is 2.2 µW.

optical signal power when the number of wavelengths m = 30
and the number of chips in the time domain n = 183 and 169
for PG(2,13) and AG(2,13), respectively. The BER decreases
as the received signal power increases. There is an error floor
due to MUI. Meanwhile, a large value of cross correlation
of the MWOOCs degrades the system performance. Fig. 7
shows the BER of the proposed (m × n, 10, 1, λc) MWOOCs
versus the number of simultaneous users when m = 30 and
n = 183 and 169 for PG(2,13) and AG(2,13), respectively. The
received optical signal power is 2.2 µW. The BER rises when
the number of simultaneous users increases. The performance

of the codewords constructed from PG(2,13) is superior to that
from AG(2,13), because PG(2,13) constructs codewords with
larger code dimension and smaller average MUI than that of
AG(2,13).

Fig. 8 shows the BER of the proposed (m × n,w, 1, λc)
MWOOCs versus the code weight w when m = 30 and
n = 183 and 169 for PG(2,13) and AG(2,13), respectively. The
received optical signal power is 2.2 µW and the number of
simultaneous users is 250. When the code weight is small,
the BER decreases as the code weight increases. The BER
achieves a minimal value at the optimum code weights and
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Fig. 8. BER performance of the (m × n, w, 1, λc) MWOOCs versus the code weight w when m = 30 and n = 183 and 169 for PG(2,13) and AG(2,13),
respectively. The received optical signal power is 2.2 µW, and the number of simultaneous users N is 250.

Fig. 9. Number of simultaneous users of the (m × n, w, 1, λc) MWOOCs versus the code weight w when m = 30 and n = 183 and 169 for PG(2,13) and
AG(2,13), respectively. The received optical signal power is 2.2 µW.

then rises while the code weight increases. This is because the
interfering users with large code weight will induce more MUI.
Fig. 9 shows the number of simultaneous users of the proposed
(m × n,w, 1, λc) MWOOCs versus the code weight at BER ≤
10−9. We observe that the number of simultaneous users of the
MWOOCs has a maximal value. The number of simultaneous
users is small for small code weight. When the code weight
is getting large, according to Fig. 8, the BER has a minimal
value and therefore, the number of simultaneous users of the
system is upper bounded. Note that for λc = 1, the number
of simultaneous users decreases significantly with increasing

code weight. This is because the number of simultaneous users
of the MWOOCs, with λc = 1, is limited by the code size.

VI. CONCLUSION

We construct a family of 2-D wavelength/time OOCs by
using the DF. Three construction schemes of the DF—the PBD
construction from the projective plane, the PBD construction
from the affine plane, and the recursive construction—are given
in this paper. We place the base blocks of the DF in rows of
the base matrix. The family of MWOOCs is constructed, for
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the first time, from the base matrix. The proposed MWOOCs
satisfy the correlation properties required for the asynchro-
nous OCDMA systems. The flexible code dimension of the
proposed MWOOCs makes the codewords very desirable in
the multiwavelength OCDMA systems. We analyze the sys-
tem performance with double optical hard limiters by using
the Markov-chain method. Numerical results show that the
proposed MWOOCs have better BER performance than that
of the GMWRSC and hybrid eqc/prime MWOOCs under ap-
proximately the same code dimension. The BER of the pro-
posed MWOOCs is nearly identical to that of the OOC/prime
MWOOCs because both of the codewords have the same cor-
relation constraint. We show the minimal BER of the proposed
MWOOCs at the optimum code weights. The maximal number
of simultaneous users versus the code weight of the proposed
MWOOCs at BER ≤ 10−9 is also illustrated. The number of
simultaneous users of the codewords with λc = 1 is limited by
the code size and decreases significantly. Therefore, both the
code weight and cross correlation of the MWOOCs should be
considered in designing the OCDMA systems with maximal
capacity.
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