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Improving kinematic and structural performance
of Geneva mechanisms using the optimal
control method

J-J Lee* and C-C Cho
Department of Mechanical Engineering, National Taiwan University, Taipei, Taiwan

Abstract: A method is proposed to improve the performance of the conventional Geneva
mechanism. Rather than driving the input crank at a uniform speed, this method uses optimal
control theory to synthesize the speed of the crank. In this paper, design criteria are first developed
based upon the elimination of the impact loading at the beginning and end of the motion cycle. In
addition, three approaches to program the crank speed are introduced. In the first approach, the
crank speed is designed to be optimal so as to minimize the output acceleration. In the second
approach, the crank speed is determined by minimizing the input motor torque. The third approach
uses the degree of wear between the crank pin and wheel slot as the index to optimize the crank speed.
All design objectives are formulated as a parameterized optimization problem and solved via an
efficient numerical method. Furthermore, trade-offs among the desired characteristics are taken into
account by formulating the problem as a multiobjective optimization problem. Two examples are
given to illustrate the design procedure.

Keywords: Geneva mechanism, optimal control, parameterized optimization, multiobjective
optimization

NOTATION tm total time interval for the crank motion
T normalized time
cy, €, C3 weighting factors v sliding velocity of the pin in the slot
C upper value for input jerk Ud, Uw velocities of coincident point Q belonging
fe force of the pin perpendicular to the slot to the crank and the wheel
Fal df /d04, df’/d0y Vv normalized sliding velocity of crank pin
F. normalized pin force perpendicular to the wi weighting factors used in multi-objective
slot function
I, I, moment of inertia of the input and the )
output bo angle measured from the centre-line to the
Ji, J2, I3 objective functions initial vyheel p_OSjltlon
L Lagrangian Iy normalized driving torque
m degree of interpolation polynomials 04, 04, 04 angular displacement, velocity and
n number of slots o acceleration of the crank
P, prescribed curve to be followed by the O, Ow, O angular displacement, velocity and
output wheel and the input crank L. accelera}tlon of the Wheel )
r length of the input crank 04, O4, ©4 normalized angular displacement, velocity
R centre distance between the crankshaft . and acgeleratlon of the crank .
axis and the wheel axis O,, 0, normalized angular displacement, velocity
P time O, and acceleration of the wheel
p centre distance of the wheel axis to the pin
centre Q
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1 INTRODUCTION

Geneva mechanisms have been widely used in the
automation area where intermittent motion is required.
The conventional mechanism contains a driving crank
and a slotted wheel. The crank rotates at a constant
speed and the wheel outputs an intermittent rotary
motion. Thus, the main advantage of the Geneva
mechanism lies in its simple structure. However, its
main disadvantage is the non-zero acceleration at
positions where the roller on the crank initially engages
and finally disengages with the slot in the wheel. This
non-zero acceleration at initial and final positions causes
an impact loading on the mechanism and therefore
limits the mechanism to low-speed applications or places
where smooth and quiet operations are not required. In
order to eliminate the impact loading caused by non-
zero initial and final accelerations, several methods have
been studied. Dijksman [1] and Bagci [2] combined
linkage with the Geneva wheel as a compound mechan-
ism. Dijksman [3] and Yang and Hsia [4] used gears to
form the geared Geneva wheel. Fenton et al. [5]
introduced the Geneva mechanism connected in series.
Besides the use of compound mechanisms, some
researchers worked on changing the shape of the slot
in the wheel [6,7] or the shape of the crank pin [8].
Cheng and Lin [9] proposed installing a non-linear
spring element in the crank pin to reduce the shock of
the wheel. All of these methods focused on redesigning
the geometry of the mechanism. However, instead of
altering the structure of the Geneva mechanism, the
current method presents an approach to finding an
appropriate input speed trajectory that not only
eliminates the impact loading but also reveals good
kinematic and structural properties. The method
employed for the development of such an integrated
approach is optimal control theory. To begin, equations
of motion will be developed for the Geneva mechanism
in terms of normalized parameters. The kinematic
constraints for impact-free motion are then established.

Subsequently, the cost functions for kinematic and
structural performance are developed followed by the
solution of the problem. Finally, design examples are
given to illustrate the procedure and discussions of the
results are presented.

2 MOTION AND CONSTRAINT EQUATIONS

Figure 1 shows the schematic diagram of a traditional
Geneva mechanism where O; and O, are respectively
the centres of rotation of the crank and wheel. In the
figure, R is the centre distance between two rotating axes
of crank O;G and wheel O,G and r is the length of the
input crank. The normalized displacement equation of
the wheel, ©,, can be expressed in terms of the
normalized crank input, @4, as (see Appendix 1 for
the derivation)

@W :F(@d) (1)

By taking the time derivative of equation (1) once and
twice, the normalized velocity and acceleration equa-
tions of the wheel respectively are obtained as

@W = F/(@d)@d (23)
O, = F"(04)0] + F'(04)0, (2b)
where F'(04) =dF/d®; and F"(04)=dF’'/dOy.

Obviously, if the crank is driven at a constant speed,
then the output velocity and acceleration become

Ou(T) = F'(6y) (3a)
04 (T) = F'(84) (3b)

Plots of equations (3a) and (3b) are shown respec-
tively in Figs 2a and b. It can be seen that non-zero
F"(04) at the initial and final positions results in non-
zero accelerations of the wheel at the corresponding
positions. In what follows, a method will be proposed
for synthesizing the motion of the crank that eliminates

Fig. 1 Basic element of the Geneva mechanism

Proc Instn Mech Engrs Vol 216 Part C: ] Mechanical Engineering Science

C12201 © IMechE 2002



IMPROVING KINEMATIC AND STRUCTURAL PERFORMANCE OF GENEVA MECHANISMS 763

3.5 gy
s0f
25|
20]
15]

1.0

0.5

(b)

0.0 0.2 0.4

0.6 0.8 1.0
6y

Fig. 2 (a) Plot of F/(©4), n=number of slots, (b) Plot of F”(6©y), n=number of slots

the discontinuity of the wheel acceleration. In addition,
the mechanism must exhibit good kinematic and
structural properties, such as low wheel acceleration,
low input motor torque and/or low wear between the
crank pin and the wheel slot.

1. Tt is first noticed that the displacement of @4 (T ) must
satisfy the boundary conditions at the initial and final
positions, i.e.

04(0) =0 (4a)
0,(1) = 1 (4b)

2. It is practical to consider that the input crank does
not reverse the direction of rotation during opera-
tion, i.e.

04(T)>0, 0<T <1 (5)

3. To ensure that the undesirable impact loading is
completely eliminated, the accelerations of the wheel
at the beginning and ending of each motion cycle

C12201 © IMechE 2002

must be zero. The following conditions, therefore,
must be satisfied:

B,(0) = By (1) = 0

Considering this equation and noting that F'(04) =
0 and F”(04)#0 at both positions &4 = 0 and 1, the
following constraint equations are obtained:

04(0)
0q(1)
4. With regards to the continuity of @d,(T)’ from

equations (6) and (5) the slope of O4(T) will
necessarily be zero at 7T =0 and 7 =1, i.e.

0
0

04(0)
0q(1)

(7a)

0
0 (7b)

The kinematic constraints imposed by equations (4), (5),
(6) and (7) are the necessary conditions for eliminating
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the impact loading of the Geneva wheel. Any crank
motion fulfilling the above constraints will be applic-
able. However, the goal here is to synthesize crank
motions that not only extinguish impact loading but
also possess good kinematic and structural properties.
Therefore, a cost function that results in crank motions
with desirable properties may be defined.

3 COST FUNCTIONS IN SYNTHESIZING THE
CRANK MOTIONS

There may be many kinds of cost functions to be
studied. In this work, three cost functions from both
kinematic and structural viewpoints are defined:

1. The crank motion can be considered to possess
favourable accelerations of both the crank and wheel.
Such characteristics can avoid excessive vibration at
the output as well as not deteriorating the perfor-
mance of the input motor. It is reasonable, therefore,
to bring about a compromise between the accelera-
tion desired at the input crank and the output wheel.
Meanwhile, a prescribed function may additionally
be designated as a reference for the input and output
accelerations to trace. Thus, the cost function J; may
be defined as

1
Minimize J; = c; J [6,,(T) - Py(T)]*dT
0

o Jl [B4(T) — e3P, (T))°dT

(3)

where ¢y, ¢; and ¢z are weighting factors and P;(T') is
the prescribed curve to be followed by the output
wheel and input crank such that equations (4) to (7)
are satisfied. Here, two weighting factors are used to
control the crank acceleration, so that there is more
flexibility in controlling the input. Generally, the
function P, can be chosen from the cam displacement
curves with good kinematic performance, e.g. the
fifth-degree polynomials or the modified sinusoidal
curve.

2. A second cost function is defined as minimizing the
driving torque as

1
Minimize J, = J r3dr (9)
0

where I'q is the normalized driving torque with the
same boundary conditions as above (see Appendix 2
for details of the expression and derivation). This
cost function considers the performance of the
driving motor when the system requirements are to
be fulfilled.
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3. The third cost function may be defined to consider
the degree of wear between the crank pin and the
wheel slot. It is assumed that Coulomb friction exits
between the two elements and each slot is of an equal
lubrication condition. This degree of wear is propor-
tional to the product of the pin force perpendicular to
the slot and the sliding velocity of the pin in the slot.
Thus, the cost function can be written as

1
Minimize J3 = J (F.V)* dT (10)
0

where F. is the normalized normal pin force and V
the normalized sliding velocity with the same
boundary conditions as equations (4) to (7) (see
Appendix 3 for the derivation).

To summarize, programming the crank motion of the
Geneva mechanism becomes the optimal control pro-
blem as

Minimize J; (i=1,2,3) (11)
subject to equations (4), (5), (6) and (7), where J; is the
function described by equations (8), (9) or (10).

Having derived the cost functions of controlling the
properties at both input and output ends, an appro-
priate approach of the solution now needs to be found.
In general, the approaches to the numerical solutions of
the optimal control problem can be divided into two
major categories: one is the two-point boundary-value
problem and the other is the parameter optimization
problem that transcribes the system to a finite dimen-
sional non-linear programming problem. In the former
category, the approach is generally able to handle non-
linearities of the problem. However, for many practical
cases, these boundary-value problems turn out to be
quite complicated to solve because of difficulty in
treating boundary values, especially for those systems
with inequality constraints. Examples of this approach
are illustrated in references [10] to [13]. In the latter
category, using the parameter optimization method
avoids the requirement of solving a two-point bound-
ary-value problem. Moreover, the problem can be
solved via well-developed non-linear programming
algorithms. Examples of this approach are shown in
references [14] and [15] where inequality constraints are
involved in the system.

In view of the cost functions shown by equations (8)
to (10) and the system constraints of equations (4) to (7),
the equations are so highly non-linear that an efficient
parameter optimization technique will be needed in the
present work. Here, the pseudospectral Chebyshev
method (PCM) will be applied to solve the constrained
non-linear dynamic system. This method is in some way
similar to the generalized Lagrange multiplier (GLM)
method used by Chew and Chuang [16]. While the GLM
method uses a polynomial function to approximate the

C12201 © IMechE 2002
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control variable, the PCM represents the state and
control variables in the optimal control problem by a set
of orthogonal polynomials and further discretizing the
cost function using a cell-averaging technique. The
optimal control problem is therefore transformed into
an algebraic non-linear programming problem and
becomes easier to handle. A description of this
technique can be found in Elnagar and Kazemi [17].
The details of the formulation of the present problem
are given in Appendix 4. The following is a summary of
the procedure:

Step 1. Approximating the state and control variables by
a set of mth degree interpolation polynomials as
shown by equations (32a) and (32b) in Appendix 4.

Step 2. Deriving the relationship between the state
vectors ¥ and x at the Chebyshev nodes. The result
transforms the system dynamics [equation (30)] into a
matrix multiplication form as shown by equation (34)
in Appendix 4.

Step 3. Discretizing the performance index J using the
cell-averaging integration rule. The approximation
technique also transforms the integration form of the
performance index J into a matrix multiplication form
as shown by equation (36) in Appendix 4.

Step 4. Solving the non-linear programming problem
formed by equations (37) to (39) in Appendix 4. A
commercialized package tool such as the MATLAB
optimization toolbox can be used as the solution
solver.

4 RESULTS AND DISCUSSIONS

In this section, first the results of input and output
responses are investigated using the formulation
described in equation (11). The results serve as a
preliminary understanding of the optimal problem.

In objective Ji, function Gutman F-3 [18] is chosen
for P;(T) and the weighting factors are given as ¢; = 25,
¢y =1, ¢3 = 3. The weighting factors are chosen such
that the output acceleration has the weighting on the
cost function. In objective J,, the ratio I5/I; = 10. The
order of the polynomials used in the pseudospectral
Chebyshev method is m =15 for the three design
objectives. The order of the polynomials may affect
the accuracy of the result. Here, the accuracy of the
approximation will not be considered due to the value of
the order. Influence of the order on the cost function can
be referred to [17]. The kinematic and structural
properties of these designs are now evaluated.

Figures 3a and b show the normalized accelerations of
the crank (@4) and wheel (0,,) respectively. As can be
seen from Fig. 3a, the acceleration profiles for J; and J;
are similar while the acceleration profile for J3 is rapidly
ascending/descending at the beginning/ending positions.

C12201 © IMechE 2002

To gain some insight into the behaviour of input
acceleration, the jerk profile of the input crank is
observed. Figure 3c shows the jerk of the input crank for
the three design objectives. The peak jerks for three
designs are all shown to be excessively high (highest for
J3) at both ends of the operation. This implies that the
rate of change of the input acceleration may be too large
to be followed in the practical condition. Thus, from the
preliminary study it may be advisable to add an
inequality constraint to restrain the value of the rate
of change of the input acceleration. Here, let

Oy <C (12)

where C is the upper limit for the value of the input jerk.
By setting the limit of the rate of change of the input
acceleration as C = 200 and increasing the order of the
polynomials to m = 38, the optimal control system is re-
evaluated as follows.

Figures 4a, b and c respectively show the normalized
input velocity, input acceleration and output accelera-
tion for the three designs with the control of the input
jerk. From Fig. 4a, the velocity profiles of the three
designs are wavy compared with that of the conven-
tional Geneva mechanism. From Fig. 4b, it can be seen
that with the added input jerk constraint, drastic
changes of the input accelerations at the beginning and
ending positions are alleviated. These profiles become
smoother than those of the previous cases. In Fig. 4c,
the profile for objective J; illustrates that the curve
P(T) has weighting on the output acceleration profile.
Figures 4d and e show the input torque and wear
condition respectively for the three objectives. As can be
seen, there is antithesis in the performance of the three
design objectives. While obtaining optimal input torque
(]2), the wear condition becomes worse, and vice versa.
The motor torque is also found to be sacrificed in order
to reduce the output acceleration in evaluating the
profiles of J;, though the wear condition does not
become as poor as the second design J,. Thus, a trade-
off needs to be made between the kinematic and
structural properties. In such a condition, a fourth
design objective with prescribed weighting factors can be
defined as

* *

L. ]1—]1 ]2—]2
Minimize J4 = wy =+ w2 m
l,max_]l ]2,max_]2
*
J3—J
_|_W33—3* (13)
]3,max_]3

where w; are the weighting factors, J,->l< are the minimal
values of the objective J; and J; . are the relative
maximum values of the objective J;. The minimum and
relative maximum values of each objective J; can be
found from a comparison of the periods while pursuing
each optimal cost function.
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Fig. 4 (a) Input velocity, with input jerk constraint; (b) input acceleration, with input jerk constraint; (c)
output acceleration, with input jerk constraint; (d) driving torque, with input jerk constraint; (e) the

degree of wear (F.V), with input jerk constraint

Table 1 lists the minimum and relative maximum Table 1 The minimum and relative max-
values of each cost function. Thus, if a set of weighting imum values of each cost function

factors is given, the compromised design objective can
be obtained. Two examples have been given

J; optimized  J, optimized  J3 optimized

with weighting factors (wy, wa, w3) = (4,10,1) and Ji  373.4085" 831.9899"*  605.8167
(wi,wa,w3) = (1,3,5). The first case is designed to put Jo 387.3644 151'3450:* 850'41771*

. . . . Jz  109.8183 203.3274 101.3720
the low input torque (J,) on the weighting with
moderately low output acceleration (J{). The second *Minimum value; **relative maximum value.
case is designed to consider a larger weighting on the
degree of wear (J3) while still keeping the other two
properties not too biased. Figures 5a, b, ¢, d and e show Table 2 Values of the cost functions for each
the input velocity, input acceleration, output accelera- of the design examples

tion, input torque and wear condition respectively for

. . Optimum of case 1
the two cases. Table 2 lists the values of cost functions P

Optimum of case 2

for each case. It can be seen that case 1 shows a Ji  450.6030
favourable output acceleration, low driving torque and J2 2294411

.. . J3 126.1944
a reasonable wear condition as compared with each

389.5073
328.5021
110.1919
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single objective function. As for case 2, results show an
average performance for all characteristics. Smaller
peak output acceleration and a smoother wear condition
are produced compared with case 1. It can also be noted
that the discontinuity of the wheel acceleration (Fig. 5¢)
and degree of wear (Fig. 5e) at the beginning and ending
positions are diminished in both cases.

5 CONCLUSIONS

In this work, the feasibility of the driving Geneva
mechanism via the optimal control method has been
investigated. The kinematic constraints of eliminating

Proc Instn Mech Engrs Vol 216 Part C: ] Mechanical Engineering Science

the impact loading at the beginning and end of the
motion cycle are established. In addition, cost functions
for improving kinematic and structural properties are
defined. The problem is formulated into an optimal
control problem. The pseudospectral Chebyshev
method is used to solve the optimal control problem.
The results obtained have shown that by proper weight
selection, the design can produce a mechanism with
better kinematic and structural properties when com-
pared with the traditional Geneva mechanism. Further-
more, the advantage of the proposed method reveals
that there is no need to alter the existing structure.
Future work is likely to focus on improving the dynamic
performance of the mechanism, e.g. by minimizing the
residual vibration.
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APPENDIX 1

As Fig. 1 shows, f, is the angle between the initial
position of the wheel and centre-line 010, and ¢, is the
angle between the initial position of the crank and
centre-line 0O;0,; B, and ¢, are given as n/n and
(n/2 — n/n), where n is the number of slots. Let 6, be
the angular displacement of the wheel measured from
the initial position to the current position O,Q and
04 the angular displacement of the crank measured
from the initial to the current position O;Q. Then, the
angular displacement 6y, can be expressed in terms of
crank input 64 as

Ow = By +sin~" [E sin(0q — ¢o)/A]=Ff (0a) (14)

where E is given by E =r/R =sin(n/n) and
A =[1+E*—2E cos(04 — ¢)]'"/*. .

The angular velocity of the wheel, 0y, can be obtained
by differentiating equation (14) with respect to time:

. dO,, df dog ,
0, = —% —— —4_ £(0)0)
dr  dO, dr RGO (15)

where f' is defined as df/df4 and 04 is the angular
velocity of the driving crank. Similarly, the angular
acceleration of the wheel, 8, can be obtained by further
differentiating equation (15) with respect to time:

o df'(04) o dly
O === 0a +1"(0a)—;

:f”(ed)éj +'(04)04 (16)

where f”=df’/df and 04 is the angular acceleration of
the driving crank.

Normalization of motion equations

Let 2, be the total angular displacement of the wheel as
the crank rotates through an angle 2¢, in the time
period t,. Then, T = t/ty, is the normalized time, Oy =
04/(2¢,) the normalized angular displacement of the
crank and O, =0,/(2f,) the normalized angular
displacement of the wheel. The normalized domain
and the actual domain can be summarized as

0<T<l1 Versus 0<t<ty (17a)
0<0y<1 Versus 0<04 <29, (17b)
0<0, <1 Versus 0 <6y <28, (17¢)

Proc Instn Mech Engrs Vol 216 Part C: ] Mechanical Engineering Science
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Parameters between the normalized motion and the
actual motion of the crank can be related as

04 = 2¢Oy (18a)
0a(1) = (2/1m)@a(T) (18b)
0a(1) = (2¢0/13,)0u(T) (18c)

Similarly, the relations between the normalized motion
and the actual motion of wheel are

Ow = 2B, O, (18d)

GW(I) = (2ﬁ0/tm)@w(T) (186)

0w (1) = (2Bo /1) Ow(T) (18f)
APPENDIX 2

Normalized driving torque [y

Let I; and I, respectively be the input and output
moments of inertia of the Geneva mechanism. Then
using the Lagrange equation approach, the required
driving torque, 74, can be formulated as

d /OL oL (19)
— ] ==
dr\op,) 00, ¢
where the Lagragian, L, is given as L = 1110 —|—2120
From equation (2) and noting d@w/ded =f'(04) and

d@w/dﬁd f”(@d)ed, the following relations can be
obtained:

_(Sé;) = 1y + B[ (00) + 0ubaf" (00)]  (200)
oL

1.0 0.
o = L0 (0) (200)

Substituting equations (20a) and (20b) into equation
(19) yields

t4(t) = 1,04 + Lf"(04)0,, (21)

From equations (18), (18f) and F'(O4)=
(¢o/Bo)f'(04), equation (21) can be rewritten as

211y

. P
w(T) = 7 G, +-4 2
m

F'(04)0 22
B8, @)
Thus, the normalized driving torque, I'g, can be defined
as

T4

Ig=—"—
CT 2 /2,

(23)
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APPENDIX 3

Normalized normal pin force F. and sliding velocity V

(a) From Fig. 1, the torque, 7y, exerted on the wheel
can be derived as

Ty =fep :IZéw (24)

where f. is the pin force perpendicular to the slot.
Substituting equation (18f) and p = RA into equa-
tion (24) yields

21, &
Rt2 A

Jfe= (25)

Hence, the normalized normal pin force, F, can be
defined as

Je
21,40/ (Rt})

(b) From Fig. 1, the magnitude of the sliding velocity of
the pin in the slot, v, can be written as

F. = (26)

v =] — vl (27)

where v4 and v, are the velocities of coincident point
Q belonging to the crank and the wheel respectively.
They are given as vy = 04 = (2¢0/tm)r@d and
vy = pby = (2By/tm)pO,. Substituting r = EA and
p = RA into equation (27) and rearranging yields

o= 20,£0,° - [26r (26,006.1} "

(28)
Thus, the normalized sliding velocity, V, is defined
as
v
=— 29
R (29)
APPENDIX 4
Procedure for solving the optimal problem using the
pseudospectral Chebyshev method
Define the state vector x = [x; x; x;] = [04 éd éd] and

the system control variable u = 04. Then equation (11)
can be transformed into the optimal control problem as

1
Minimize J; = J Z[x(T)]dT,
0

i=1,23  (30)

subject to the differential equations

X1 = Xo, Xy = X3, X3 =1U
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with the boundary conditions x(0) =1[000]", x(1) =
[1 00]" and inequality constraint x, >0.

Solution technique

In order to use Chebyshev nodes, the T-interval (0, 1)
needs to be transformed into the y-interval (—1, 1) by
the form of T = (1+#)/2. The optimal problem is
restated as

1
Minimize J,-:J Zik(mldy,  i=1,23 (31
-1

subject to x| =1x,, xh =1x3, Xy =4Lu
x(-1)=[o00", x()=[100"
X220

The x;(n) and u(n) can be approximated by the mth
degree interpolation polynomials as

xi'(n) = ijbwk(n) i=12,3 (32a)
N =3 doi(n) (32)

where by and d are coefficients to be determined, ¢, (1)
is defined as

_2’"T T)
—52'

Jj=0 ,i

with Cop=C, =2, Cy =1 for 1<k<m~—1, the
Chebyshev polynomial T;(17) = cos(jcos™'#) and the
Chebyshev nodes 1, = cos(nk/m). It can be verified that
i=1,2,3j=0,...,m

) =d, J=0,.m

The relation between x™(y) and X" (1) at the Cheby-

shev nodes 1, can be obtained by differentiating
equation (32a). The result is a matrix form

X"™(ny) = [Dio - Dimlbo -+ bu] "

m
= Z Dby,
=0

C12201 © IMechE 2002

where D = (Dy;) is an (m + 1) x (m + 1) matrix given as
D = (Dy)
Co(— 1)<+
Gl if k#1
Ci(m —m)
2
2m +1 ifk=1=0
= 6 (35)
2
A+l ifk=l=m
6
N - ifl<k=l<m-—1
2(1 = ny)

The cell average of a function F(s) is defined to be

Jll F(s)ds = kmzl J”H F(s)ds

Nk

= [0 —=m1) et = M)} o [B]

(36)

where B = (Bj;) is an m x (m + 1) matrix whose elements
are given as

le:gl(qi*l/z)’ IsjsmO<sism
U = 1/2)75}

7],71/2 :COS|: m

Biln) = C;{1+memvmm

iT n)loxUx(n) — ok—2Ur—2(n)]
Cy

and

or = sin[(k + 1)m/(2m)]
(k 4+ 1)sin[r/(2m)]’

1 =
Ur(n) = r 1Tk+1(77),

k=0,1,2,...,m

k=0,1,2,...,m

From the above procedure, formulation of equation
(31) becomes

(Mo —m) - (My—y — 1,)][B]
Zi(b10, bao, b30)

Minimize J" =

Zi(blm’ b2m’ b'%m)

Subject to system dynamic equations
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[D][b1ob11 -+ bim]" = (1/2)[baoba1 - - bom]"
[D][baobas - - baw]" = (1/2)[b3ob31 - - by
[D][b3obs - - - bam]" = (1/2)[dod; - - dy]" (38)

[bio by b3]" =0
[blm b2m bSm]T:O

(b2 b1~ -bam]' =0

and equality/inequality constraints (39)

where b; and d; values are to be determined.
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