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Abstract: Although the Green’s function for an isotropic elastic half-space subjected to a line force or a
line dislocation is well-known, the physical meaning of the solution is not clear. Green’s functions for two-
dimensional plane-strain and plane-stress problems of an isotropic elastic half-space with a free or rigidly
fixed surface subjected to line forces and line dislocations are reexamined in this study. The results are more
explicit when compared with existing solutions in the literature. The Green’s function for a half-space con-
sists of four or five Green’s functions for an infinite space, the number depending on the boundary condition
at the half-space surface and the applied loading. One of the Green’s functions in the infinite space has its
singularity located in the half-space where the load is applied, and the other image singularities are located
outside the half-space with the same distance from the surface as that of the applied load. The nature and mag-
nitude of image singularities have been derived from the principle of superposition and classified according
to different loads. The image singularities are found to possess some interesting properties. It is found that
the fundamental solutions required to construct all the image singularities of applied forces and dislocations
for the half-space are only forces and dislocations and their differentiations in the infinite space. Furthermore,
the limiting case of the applied force or dislocation approaching the surface is also discussed in this study.

Key Words: image singularities, isotropic half-plane, forces, dislocations

1. INTRODUCTION

The importance of Green’s functions in constructing solutions to boundary value problems
has been well recognized. Thus, the fundamental solutions for Green’s functions for a half-
space have been obtained by different methods. The Green’s function for two-dimensional
deformations of an anisotropic elastic half-space subjected to a line force and/or a line
dislocation inside the half-space has been considered by Willis [1], Barnett and Lothe [2],
Suo [3], and Qu and Li [4]. In the earlier study of the Green’s function for the half-space
with a traction-free boundary condition, the solution is constructed from the Green’s function
for the infinite space by adding a distribution of forces on the half-space surface so that
the net surface traction vanishes. With this approach, the solution is not explicit and the
final form requires an integration of the distributed forces on the surface. Some progress
has been made in constructing Green’s function by Hwu and Yen [5] and Ting [6]. In the
theory of linear elasticity, the two-dimensional isotropic antiplane problems can be resolved
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by a superposition of some simple image singularities over the plane. Similar methods can
also be applied to the two-dimensional anisotropic plane and antiplane problems; see, for
instance, Ting [7]. The image singularities of Green’s functions for an anisotropic elastic half-
space and bimaterials were discussed in detail by Ting [6]. When an anisotropic half-space is
subjected to line forces or line dislocations within the half-space, the image singularities are
simply line force and line dislocation outside the half-space. In general, the locations of image
singularities of Green’s functions for half-spaces are different and depend on elastic constants.
As is well-known for isotropic materials, the degenerate case of anisotropic materials, the
image singularities are not only concentrated forces and dislocations. An objective of this
paper is to find image singularities existing on the image point for isotropic materials and to
interpret physical meanings of the Green’s function.

There is an interesting group of solutions for the infinite space of linear elastic and
isotropic materials, which are referred to as the nuclei of strain solutions. The solutions
of many interesting problems may be derived in terms of combinations of these nuclei or
by a process of superposition of nuclei. The fundamental solution for three-dimensional
deformations of an infinite isotropic elastic body subjected to a point force has been obtained
and is known as the Kelvin solution. By differentiation of this solution, a family of additional
nuclei can be constructed, such as the double force and double force with moment. Mindlin’s
[8] results for a point force in the interior of an elastic solid occupying a half-space are based
on nuclei of strain. Such solutions may be termed as half-space nuclei of strain. However,
some of the nuclei of strain have the form of a line extending from a fixed distance to infinity
with constant or variable magnitude. Mindlin and Cheng [9] provided many basic solutions
for nuclei of strain in the half-space. The case of an elastic half-space with a fixed boundary
has been solved by Phan-Thien [10] using Mindlin’s approach. The fundamental solutions
for point forces in the interior of one of two elastic half-spaces joined by a sliding contact
interface was given by Dundurs and Hetenyi [11]. Vijayakumar and Cormack [12, 13] gave
a general approach to derive Green’s function for three-dimensional bimaterial elastic media
with bonded and sliding interface by dividing the nuclei into independent classes and by
representing the displacements and stresses produced by these nuclei in the framework of
matrix-vector operations. Further development was done by Carvalho and Curran [14], who
obtained the two-dimensional Green’s functions of plane strain for elastic bimaterials by
reducing the three-dimensional nuclei of strain through an integral procedure.

This paper investigates Green’s functions for a line force or a line dislocation in the
interior of an isotropic elastic half-space for both plane strain and plane stress cases. The
aim is to investigate the Green’s function of a half-plane (traction free and rigidly fixed) and
to discuss in detail the structure of singularities on the image point. There are eight kinds
of image singularities of the half-plane problem for applied force and dislocation. There
are force, dislocation, double force without moment, double force with moment, center of
extension, center of shear, double center of expansion, and double moment. It is interesting to
note that dislocation is one of the image singularities for a traction-free half-plane subjected to
concentrated forces, and concentrated force is one of the image singularities for a rigidly fixed
half-plane subjected to dislocations. Since all the solutions of higher order image singularities
(i.e., double force, double moment, etc.) can be constructed by differentiation of the solutions
of force and dislocations, the Green’s functions for a traction-free or rigidly fixed half-plane
are basically determined only by the solutions of force and dislocation in the infinite plane.
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Fig. 1. Half-plane subjected to a body force and dislocation.

2. GREEN’S FUNCTIONS FOR HALF-PLANES

2.1. General Formulation

Consider an isotropic elastic half-space with a straight surface subjected to a line of uniformly
distributed force along the z-axis and/or a line dislocation along the z-axis in the interior of
the body. The displacements and stresses are independent of the z-axis, and we can consider
this problem as two-dimensional. In other words, the original problem can be simplified as
a two-dimensional half-plane with a straight-line boundary subjected to a point force and/or
a dislocation inside the plane as shown in Figure 1. Both the plane stress and plane strain
deformations are investigated in this study.

For the two-dimensional in-plane deformation, the stresses g;; are independent of z and
the equations of equilibrium can be written as

Ojx x +o'jy,y :Oa j:X’J’a

where the comma denotes differentiation. If we express stresses in terms of stress functions
¢; such that (Ting [7])

ilon 90,
?La 0y, = ﬁv
y 0x

Ojx

then the equations of equilibrium are automatically satisfied. It remains to determine the
stress functions ¢; . The fact that 0,, = 0,, means that ¢, , + ¢», = 0.

The complete Green’s functions of stresses and displacements for the half-plane can be
written as follows:

¢j:¢;+¢)jl7 uj:u})"}_ujv J =X
where u; are displacement fields. The superscripts o and i indicate the force or dislocation

which acts on the object point and image point of the infinite plane, respectively. The first
terms represent the Green’s function for an infinite plane with a concentrated force and a
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object point
h| Yy
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h
‘image point

Fig. 2. Geometric configuration of object and image points for a half-plane.

dislocation applied at the object point. The second terms are the disturbed solutions which are
added at the image point to satisfy the boundary conditions at y = . Forces or dislocations
acting on the object and image points are referred to the applied singularities and the image
singularities, respectively (see Fig. 2). The image point for an isotropic material is always
located at the same distance from the plane surface as the object point. The number and the
nature of image singularities for different applied singularity and boundary conditions will
be discussed in detail in this study. The problem that will be discussed in the following
investigation is divided into two categories: traction-free boundary condition and rigidly
fixed boundary condition.

2.2. Image Singularities of a Half-Plane Subjected to a Vertical Force (free boundary)

Let the material occupy the half-plane y > 0. A vertical concentrated force f; is applied at
x = 0 and y = A and acts in the positive y-direction as shown in Figure 3. Consider first the
case in which the surface y = 0 is traction free so that

oy (x,0) = ¢, (x,0) = constant = 0.

It is shown in the above expression that the traction-free boundary condition will be
satisfied if the stress functions ¢, and ¢, vanish at y = 0. Hence, it is easier to use stress
functions to solve the problem rather than using stresses. We will derive and explain in some
detail how we construct the result for image singularity. We first apply a vertical force f,
at the object point (0, 4) in an infinite plane and the solutions expressed in terms of stress
functions are (reduced from the solution of Ting [7] for an anisotropic case, p. 247)
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Fig. 3. Image singularities of the Green’s function for a half-plane (free boundary) subjected to a vertical
concentrated force f,.

o _ Sy (y—h)2 1—k 9 2
¢ = WU+@[ﬂ+%y—M2+ S Iny/x? 4 (y m],

p —f [1+k X N x(y—h) }’

= tan
T(1+k) | 2 y—h x4 (y—h)’

2.1)

where

37V for plane st
_— Or plang stress
1+4+v P

b

{ 3 — 4v  for plane strain
k=

in which v is the Poisson’s ratio. In equation (2.1), there are two special functions, that is,

In\/x2 + (y — k) and tan™" (x/(y — h)). To satisty the condition ¢, = ¢, = O aty = 0,
it is therefore necessary to add another solution to remove the boundary stresses, and these
solutions must introduce no new singularities in the region y > 0. The only way is to apply
image singularities that have the same special functions that appear in stress functions in
(2.1). After examining all of the fundamental solutions for an infinite plane, there are only
two types of singularities satisfying the above-mentioned arguments. They are

: 5 (y +h)? 1—k 2
— » In 1/ x2 h
d)x 7T(1+k) x2+(y+h)2+ 9 niy\/x +(y+ ) ’
h ~f l+k, ., x x(y+h) ] )9
P 7r(1+k)[ g 'an y+h 2+ (y+h)?]’ 2)
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o = w(ﬁm[ 2(y+h)>2+2ln”2+(y+h)z}’

2+ (y+h
b —Hbx 2x(y +h) ] 3
O ) L2+(y+h)2 ' @3

Equations (2.2) and (2.3) are stress functions for concentrated force f, along the y-
direction and dislocation with Burger’s vector b, along the x-direction acting on the image
point y = —h, respectively. These two stress functions are obtained from reducing the
solutions of Ting [7]. The magnitude of the force f, applied at the image point is equal
to the vertical force at the object point. When we set y = 0 and add (2.1) to (2.2), the stress
functions with the term tan™" () will be eliminated and the term with In () can be cancelled
by adding (2.3) with

_ 1=K
T

where u is the shear modulus. Add (2.2) and (2.3) to (2.1), and the stress functions on the
boundary y = 0 take the forms

" _hh " _(I=kfh x
o x4k 7 (14 k) x4k

)

2.4)

and stresses have the 1/r% and 1/r? type singularity, where 7 is the radial distance from
the image point. Hence, we should superpose another fundamental solution with similar
singularity on the image point. The suitable solutions are (Ting [7], p. 306)

o = D {(lﬁl)(er’l)Jr 4 (y+h)
* 2r(L+k) | x2+ (y+h) (x2+(y+h)2)2’

L
-

P, (1—k)x dx (y + h)?
2r(1+4) x>+ (y+h)’ (x2 + (J’+h)2>2

ol (2.5)

Equation (2.5) represents the stress function for a double force without moment along the
x-direction acting on the image point. The magnitude of the double force can be determined
as

Py = =2fh.
Add (2.5) to (2.4) and the stress function on the boundary is

P e N
X 7T(1 + k) (x2 + h2)2’ p 71'(1 + k) (xz + h2)2.

(2.6)
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Equation (2.6) has 1/r® type of stress singularity. Similarly, we seek a fundamental
solution with the stress function

2 2
M, x*—(y+h) ¢§{*=% 2a(x+h) Q2.7

U (x2+(y+h)2)2, ™ (x2—|-(y+h)2)2

Equation (2.7) is the solution for a double moment along the x-direction acting on
the image point. This stress function is obtained from differentiating the solution for a
concentrated moment applied in an infinite plane which was derived by Ting ([7], p. 309). If
we set

M.
¢X Y =

2R
14k

and add (2.7) to (2.6), then we have
¢x = 07 ¢y = 0.

The results exactly satisfy the traction-free boundary condition of a half-plane subjected
to a vertical concentrated force f,.. Therefore, the stress functions on the image point, y = —h,
can be specified as

g =¢" 18" +6" +". 2.8)

Equation (2.8) indicates that the image singularities consist of vertical concentrated force
f:; dislocation with Burger’s vector b, ; double force without moment along the x-direction,
P, ; and double moment along the x-direction, M, . It is noted that each image singularity has
its own physical meaning and is shown in Figure 3.

The full field stress distributions due to point loads applied in an isotropic half-plane were
presented by Melan [15], Telles and Brebbia [16], and Ma and Huang [17]. For a verification
of our solution, we compare the stress 0,, constructed in this study with

N O e e Y’

T2 x2 et (y—h) 2(1—-v)(x2+(y—h)2)2 X2+ (y+h)*

Q

vy

wh (y+h) (32 =+ h)7) (B =)y +m)(e =+ h)?)

’ A=)+ 4 0?) ! 201 (2 + (r+ )

,(2.9)

obtained by Ma and Huang [17]. The solution in (2.9) can be rearranged as follows:
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_ 2(y—h) (2= (y—h)’
o, = —L| 2 h - ( 2) (applied force) (2.9a)
2 x2+(y—h) (1+k) (xg 2)
[ yv+h) (x*—(y+ h)2
_ fL yt+h 2( ( 2 (image force) (2.9b)

2 |2+ (y+h)? (1+k) (x (y+h)2)

g |26 DR (2 - +n)?)
27 (1+k) (x2—l—(y+h)2>2

5 -8h(y+h)2(3x2—(y+h)2) 2(k— 1)k (32~ (v +1)?)

LN (x2+(y+h)2)3 4R (x2+(y+h)2>2

(image double force without moment) (2.9d)

f 8h? (y+ h) (3x2 — (y+h)2)
- . (image double moment) (2.9¢)

(1+4) (x2+(y+h)2)3

(image dislocation) (2.9c)

The Green’s function for the traction-free half-plane subjected to a concentrated vertical
force as given by (2.9) consists of two parts. The first term on the right-hand side of (2.9a)
represents the Green’s function for a concentrated force applied in the infinite plane at (0, 4);
the other terms ((2.9b)—(2.9¢)) represent four Green’s functions for the infinite plane with
obtain loads at (0, —4) which is outside the half-plane. Since ,, = ¢, , we obtain

— 0 5 b P, M,
Uyy - ( VX )applied singularity + (¢y‘,)x + ¢y?x + ¢’fo + ¢y’;

) image singularity

The five terms are exactly the same as the terms in (2.9a), (2.9b), (2.9¢), (2.9d), and (2.9e).

2.3. Image Singularities of a Half-Plane Subjected to a Vertical Force (fixed boundary)

Now, we consider the problem similar to that discussed in the previous section but changed
to the rigidly fixed boundary condition. The boundary conditions are

u, (x,0) =u, (x,0) = 0.

Since the boundary conditions are displacement conditions, only the fundamental solution
corresponding to the displacement field is needed. The displacement field of an infinite plane
subjected to a vertical concentrated force f, at the object point, y = 4, is (reduced from the
solution of Ting [7], p. 247)
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_ f x(y—h)
' 2m (1 + k) x2 + (y — )"

o __ f (y—h)2 2
S 27w(f+k) [szr(y_h)z"kln\/M} (2.10)

To eliminate the term with In () on the boundary, we consider a negative vertical force
—f, applied at the image point y = —A. The displacement field is

_ I x(y+h
' 2mu (14 k) x2 + (y + b)*’

—f —f ()’+h)2 B 2 2
u, Y [x2+(y+h)2 kiny\/x2+(y+h)"|. (2.11)

Add (2.11) to (2.10) to obtain

"y —fh x
(14 k) X2+ b2

u, =0, (2.12)

on the boundary y = 0. A load with stress singularity of order 1/r? at image point will
induce the displacement field as expressed by (2.12). We naturally find the same type of
fundamental solution to superpose on the image point, y = —h. The corresponding solution
is a double force without moment along the x-direction. The displacement field is (reduced
from the solution of Ting [7], p. 306)

N P, ke 2x(y+h)
2mu(1+K) x>+ (y+h)° (x2+(y+h)2)2

bl

2 _ 3
P P X(t+h)—(+h)" (2.13)

Y 2mu (1 + k) (XQ e h)2)2

The magnitude of the double force without moment is chosen to be

_ Yk

P, 3

By setting y = 0 in (2.13) and adding to (2.12), we obtain the following displacement
field on the boundary y = O:
—2f, h? xh Sk x2 —h?

= = . 2.14
Uy 7T/1k(1 +k) (x2 +h2)27 uy Wﬂk(l + k) (x2 + h2)2 ( )
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A double moment along the x-direction at the image point y = —# is chosen to cancel the
displacements expressed in (2.14). The solutions are obtained by differentiating the solution
of the displacement field corresponding to a concentrated moment applied in an infinite plane:

M, —x(y+h) Mo 2= ()

= L =
ks (x2+(y+h)2>2 b m <x2—|—(y+h)2)

X

(2.15)

29

with the magnitude

_ %

Y k(1+k)

Setting y = 0 in (2.15) and adding (2.15) to (2.14), the displacements on the boundary
y = 0are

Thus, the applied singularities on the image point are
i, =a 7 +al 4a (2.16)

It is concluded that the structure of image singularities is negative vertical point force,
—f; ; double force without moment along the x-direction, P, ; and double moment along the
x-direction, M, .

2.4. Remarks and the Limiting Case

The image singularity of a half-plane with traction-free or rigidly fixed boundary condition
subjected to a vertical concentrated force has been presented in this section. There are some
distinctions and characteristics of the image singularity between these two different boundary
conditions.

(1) There are four image singularities for the traction-free boundary condition, but for the
rigidly fixed boundary condition, there are only three. The extra image singularity for the
traction-free boundary is a dislocation. It is also interesting to note that image singularities
for applying concentrated force are not only the force system (i.e., concentrated force,
double force without moment, and double moment) but also dislocations.

(2) The magnitudes of image singularities are very similar for these two boundary conditions.
The magnitude of image singularities for double force and double moment for traction-
free boundary is —k times the value for the fixed boundary.

(3) The magnitudes of image singularity with stress singularity of order 1/7* (double force
without moment) and 1/7* (double moment) are proportional to 4 and 4?2, respectively.
These two higher order singularities will disappear as the applied vertical force f, ap-
proaches the half-plane surface.

For the traction-free boundary, when the applied concentrated force f; approaches the
boundary, the problem reduces to that of a half-plane subjected to a surface concentrated
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force, the image singularity with high-order terms (i.e., double force without moment and
double moment) will disappear as we set # = 0 on (2.9d) and (2.9¢). Only the concentrated
force £, and dislocation b, will exist on the image point. Note that when the applied force
approaches the boundary, the object point and image point coincide. This indicates that the
solution for a half-plane subjected to a vertical concentrated force applied on the boundary,
x = 0 and y = 0, is equal to the sum of the solution for an infinite plane subjected to two
vertical point forces and one dislocation applied on the material point x = 0 and y = 0.

There is only one negative force f, left on the image point for a rigidly fixed boundary
when the applied concentrated force approaches the boundary. On the object point, the
concentrated force is f;, but the magnitude of the image singularity is —f, on the image
point. When these two points are merged into the same point at the plane boundary, the total
force is zero on the boundary. This means that the displacements and stresses will be zero in
the entire half-plane.

3. IMAGE SINGULARITIES OF A HALF-PLANE SUBJECTED TO OTHER
FORCES

Based on procedures similar to those presented in the previous section, we will investigate
the image singularities for a half-plane subjected to a horizontal concentrated force or
dislocations. Avoiding the tedium of algebraic derivation, we will present only the final
results here.

3.1. Half-Plane Subjected to a Horizontal Concentrated Force

3.1.1. Traction-Free Boundary

The solutions of stress functions for a horizontal concentrated force f, applied on the object
point in an infinite plane are

. fx [ x(y—h) 1+k |, x ]
= 5 — tan ,
T(1+k) [x2+ (y—h) 2 y—h

o _ S (J"h)2 1—k 2 2
¢y = TR [xQ-l—(y—h)z_ 5 Iny/x2+ (y h)} (3.1

The components of image singularities can be obtained by a procedure similar to that used
in Section 2.2. The image singularities at y = —A include horizontal concentrated force, f; ;
dislocation with vertical Burger’s vector, b, ; double force with moment along the x-direction,
C, ; and double moment along the y-direction, M, . The result can be expressed as

—i —fy — b, — Cy — M,
G =6" +6"+F" v, (3.2)

The stress functions for image singularities are represented as
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ot =

fi [ x(y+h) 14k, | x ]
5 — tan ,
(1 +k)[x2 + (y+ h) 2 y+h

Je (y+h)? 1—k 5
ko= — 2
d)y - 71'(1 +k) sz + (y+h)2 2 In m} ) 3.3)

o = —2ub, [ x(y+h) ]
o4k + (y+h)

—b, | (y+h) IR 1—k
by — £4 —1 2+ + h ,b = X 34
i e G 7 Gy

-C, |1+k x X —x(y+h)?

G — )
O T1+k)| 2 x2+(y+h)’ (x2+(y+h)2)2
2 _ 3

oo = ~C, |14k  y+h 2_x(y+h) (y+i21) C. = %k, (3.5)

TR 2 x4 (y+h) (x2+(y+h)2)
¢My — Aﬁ 2X(y+h) 5

(e w?)

2 2 2

o = % (y+h) —x _ R (3.6)

(x2+(y+h)2)2’ Y14k

3.1.2. Rigidly Fixed Boundary

If the boundary is rigidly fixed, the displacement fields for a horizontal force f, applied at the
object point are

o __ —ﬂ (y—h)2 AL

u, = (10 x2+(y_h)2+k1n\/x2+(y h)},

o __ f); X(y—h)

Yoz 2mu(1+ k) x2 + (y — h)? GD

The image singularities for this case include negative horizontal concentrated force, —f, ;
double force with moment along the x-direction, C,; and double moment along the y-
direction, M, . The result is

i, =a ™ +ads +at (3.8)

The displacements for image singularities are
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% A (y—l—h)2 / 2
u- = 2mu (1 + k) [x2+(y+h)2 +kln x2+(y+h):|7

s - h)
A S L) N 39
4 2mu (1 + k) x2 4 (y + h)? (3:9)
I y+h  2(y+h)
T 2m(l4h) [ (y+h)° (x2+(y+h)2>2 |
L E
_Cx 2 2 —2f

u)(zlr = 2 “ 2 + X(y+h) 2| C = fha(310)
g = M =)
X 29

2 (2 (v + 1))

M _ 2
o = Mo x(y+h) 2%k 310

”—/‘(x2+(y+h)2)2’ IR

3.2. Half-Plane Subjected to a Dislocation with Burger Vector along x-Direction

3.2.1. Traction-Free Boundary

The stress functions of a dislocation b, acting on the object point of an infinite plane are

% = Wéd)ik){ Q(y-m)”m”x”(y_hf]

X2+ (y—h
o _ _—Hb 2x(y—h)
% = (1 + k) [xQ—f—(y—h)?]' 612

The image singularities for this case are

s - —by = Vx Xy

by =0 " +O +o7. (3.13)
The image singularities include dislocation with negative horizontal Burger’s vector, b, ;

center of extension along the x-direction, 7, ; and double center of expansion along the y-
direction, , ; see Figure 4. The stress functions for image singularities are

ot = W(_lﬂ_'b_xk) [ 2(y+h) )2 4 21n /x2+(y+h)2] ,

24+ (y+h
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Fig. 4. Image singularities of the Green’s function for a half-plane (free boundary) subjected to a

dislocation b...

—by
2

o
X

o

¢ Xy
X

3.2.2. Rigidly Fixed Boundary

The displacements for a dislocation acting on the object point of an infinite plane are

pb, [ 2x(y+h) ]
T(14+k) [x2+ (y+h)*]’
21y« y+h 2% (y+h
m(L+k) | x2+ (y+h)° (x2+(y+h)2>
E

—2uy. x L xth)’
m(L+k) |x2+ (y+h)° <x2+(y+h)2)2 ’
Yy, ()’ -

(1 +k) (x2 n (y+h)2)2’

—8uxy

x(y+h)

(14 k) (

by

N2’ Xy =
x2+(y+h))

x(y—h)

Vx

—b. h*.

7T(1+k) x2-|—(y——h)2 2

1+ k X
— n

y—h]’
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1— )2

24 (y—h)’

b
u’ = al

v T R 1A

(3.17)

The image singularities include dislocation with horizontal Burger’s vector, b,; vertical
concentrated force, f,; center of extension along the x-direction, y,; and double center of
expansion along the y-direction, y,. We have

LTbix — lz*br + LTf\ + uh + wrr, (318)

The complete displacement fields for image singularities are

by [ x(y+h) 1+k, | «x ]
5 — tan ,
T(L+k) [x2+ (y+h) 2 y+h

b, 1—% 2 (y+ h)2
b~ Vet (e h)? e 2T 3.19
u Y 5 Iny\/x?+ (y + h) , (3.19)

i X2 4 (y+h)°
p f x(y+h)
l/l'\.‘ = - 29
: 2mu(1 4+ k) x2 + (y + h)
2
I WA pmfe ot (v 1)
“ 2mu (14 k) | x2 + (y+ h)* SR
2u(l —k
fo= —/‘L———)bﬂ (3.20)
: k
B ) 7
dx(y+ h
R o IR e et I
2m(1+ k) X+ (y+h) (x2+(y+h)2)
L J
M 1
42 (y+h
W = Vx (345 y+h (y+h) ,
)} 2 2
: 27 (1 + k) L x4+ (y+h) (x2+(y+h)2>
—2b.h
- x 321
Vx P (3.21)
" 4, x(y+h)
e = 1+k) 2\2’
TR (e (e )?)
22 2
N (R O ) M. Xy:bxh (3.22)
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3.3. Half-Plane Subjected to a Dislocation with Burger’s Vector along y-Direction

3.3.1. Traction-Free Boundary

The stress functions for dislocation b, acting on the object point of an infinite plane are

¢o —2,Ltby I: X (y — h) }
x 7r(1+k) x2+(y__h)2 )
0 —2ub, (y—h)? B ) 2
O SR Y In /3% + (y— )| (323)

The image singularities on the image point are

i Iné _by Ky T Xx

¢y, =9 +¢o  +o. (3.24)
The image singularities for this case are dislocation with negative vertical Burger’s vector,

by; center of shear along the x-direction, « ,; and double center of expansion along the x-

direction, y, . The stress functions for image singularities are

boh = 2ub, [ x(y+h) ]

w(1+K) :x2-+—(y+h)2 _

Qub h)?
¢ = w(1ﬂ+yk) i )2—1n\/x2+(y+h)2 : (3.25)

X+ (y+h ]
g = 2pur x N 2x (y + h)?
) T(L+K) |22+ (v +h)° (x2+(y+h)2)2 |
- .

o o, y+h 2 (y+h) . = 9b b (326)
YT 116 | 7y N | T T
TOERT (e ()

w _ Sur x(y+h)
o = m(l+ k) 2\%’
(x2+(y+h))
Ay, h)? — x?
¢;{x — ILtX (y+ ) X 5, Xx — bth. 3‘27
m(1+4) <x2+(y+h)2

3.3.2. Rigidly Fixed Boundary

The displacement fields in an infinite plane subjected to a dislocation b, on the object point
x =0,y =h,are
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T I e Y PR (et )
BT 7r(1—|-k)[ 7 ! = X2+ (y—h)’

—b, x(y—h) 1+k, , x ]
u, = + tan . 3.28
) [x2~|—(y—h)2 2 vk (3.28)

?

The image singularities on the image point include dislocation with vertical Burger’s
vector, b, ; horizontal point force, f, ; center of shear along the x-direction, « , ; and double
center of expansion along the x-direction, y, . We have

TR L

The displacement fields for image singularities are

_w(1+k){ 2 : +O+h) x2+(y+h)2}

=

—b, x(y+h) 1+k |, x }
ul = . tan™! —— |, (3.29)
! 7T(1+k)[xQ+(y+h)2 2 yth
: — + h)? / 2
ul = fx 5 +kIny/x2+ (y+h)°|,
¥ 2mu (14 k)| x2 4 (y + h)° G+
: 2(k—-1
oot xvth) e 20k Dey, (3.30)
: 2mu(1+k)x2 + (y + h) k :
- ]
. h 4 (y+h
“f":m’iﬁ(l—k)gﬁ - (y+ )22’
_ X2+ (y +h) (x2+(y+h))_
4x (y +h)? 2b, h
T I L XKD
(1 +k) x2+ (y+h) (x2+(y+h)2)
u\)’( _ 2)()( X2—(y+h)2 =
(1 +k) (x2+(y+h)2)
2
ul — 4y, x(y+h) ye = byh ) (3.32)

Y w(14-k) (x2 n (y+h)2)2’ x k

3.4. Remarks

(1) The number of image singularities for a horizontal concentrated force is the same as that
for a vertical concentrated force for traction-free and rigidly fixed boundary conditions.
The characteristics of image singularities for these two applied forces are similar.
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(2) The number of image singularities for dislocations is different for these two boundary con-
ditions. There are four image singularities when the boundary is rigidly fixed, and three
when the boundary is traction free. The extra image singularity for the fixed boundary is
a concentrated force.

(3) The higher order image singularities such as double force with moment C,, center of ex-
tension y,, and center of shear « ., have O(1/r?) stress singularity and are proportional
to h. However, double center of expansion x and double moment M with the stress singu-
larity order O(1/r?) are proportional to 4. As the applied singularity on the object point
approaches the half-plane surface, that is # — 0, all the higher order image singularities
will disappear and only concentrated forces and dislocations will remain.

(4) The magnitudes of higher order singularities mentioned in (3) are very similar for these
two boundary conditions. For instance, the magnitudes of y,, k ., x., and y, of traction-
free boundary are —k times those of rigidly fixed boundary.

(5) As the applied dislocation approaches the traction-free boundary, we obtain the well-
known result that displacements and stresses will vanish in the entire half-plane.

4. REPRESENTATION OF IMAGE SINGULARITIES IN MATRIX FORM

In the previous two sections, we have constructed the complete structure of image
singularities for forces or dislocations applied in a half-plane. The image singularities include
three different orders of stress singularity which are concentrated force and dislocation with
the singular behavior O(1/r), double force without moment, double force with moment,
center of extension and center of shear with the singular behavior O(1/r?), and double center
of expansion and double moment with the singular behavior O(1/r*). However, all the
solutions for higher order image singularities (i.e., O(1/7?) and O(1/r®)) can be obtained
by differentiation of the solutions for concentrated force and dislocation. We define the stress
function such that

o T
¢ =4 /M,

where the superscript T indicates the type of singularity and M is the magnitude of the
singularity. For instance, if T = f, or T = b,, we have

= (of ol )= (8L, ) /fy,
(ﬁbx = ((p)l;x »‘Pﬁx) = (¢f” 7¢§X ) /bx

The stress functions of higher order image singularities can be represented by the
solutions of concentrated forces and dislocations as

P, ap™ ~C, ap”
L S

ox ’ ax ’
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—b. —b,
ok 0P L, 0P
(p - ax ’ ‘P - ax ’

w0 [og" N ap" w0 (9" N 9"
 TalTa ay |’ v = dy \ ox ay |’

—b, —b, —b,. —b,
ox \ ox ay |’ dy \ ox ay |

Hence, the fundamental solutions we need for constructing all the image singularities
for the half-plane are only the solution of concentrated forces and dislocations in an infinite
plane. Finally, all the results of image singularities discussed in the previous two sections can
be summarized and represented in the following compact matrix form:

Traction-Free Boundary

(6, ] - 1—k, ]
" S 0 ——k ~f;
i 2u '
s, 1—k i
. = |0 A5 -4 ~b,
5 2u P
b 0 0 —b, 0 q;bv
] 951: | | 0 O 0 -b, ]
- atﬁ'f" 5
ox
0 2f. h 0 0 op b
—2fh 0 0 0 T ox
0 0 0 2b.h a(p"bx
0 0 -2bh O T ax
B a(ﬁb,,
ox
, ox ax dy
i 2f. h :
2f ~fe
O T 0 0| k3 (a‘P L9 )
2 ay ox ay
+ 2k 0 0 0 . .
0 0 0 —b. h? Fl R + 3y
L O 0 —b, h? 0 ) .
9 g L g
i ay 0x ay ]

Downloaded from http://mms.sagepub.com at NATIONAL TAIWAN UNIV LIB on October 31, 2008


http://mms.sagepub.com

522 C.-C.MA andR.-L. LIN

Rigidly Fixed Boundary
I [ —fx 0 0 0]
% 0 - 0 0 sﬁf
¢y, - ¢"
-;l = 0 be b): 0 — by
i u(l—k ‘ 7
| § _ —i‘Lk—_—lby 0 boo| LY
- 8([)'/; -
ox
0 2f h 0 0 a(/-,'f.v
1| -2 O 0 0  ox
k 0 0 0 2b, h o5
0 0 -2bh O T ax
L dx
) ox 0x %
[ 2f.h T » »
1| 2fk 0 0 0 dy \ ox dy
0 0 0 —b. h? - +
ox \ ox ay
| 0 0 —byh2 0 . .
i ap n ap
| 9y ox % ]

S. CONCLUSIONS

Although the Green’s function for an isotropic elastic half-plane is well-known, the physical
meaning of the solution is not clear. This study shows that the Green’s function for the half-
plane consists of several Green’s functions for the infinite plane subjected to various forms of
line singularities. This is useful information that puts the solution in a different perspective.
The image singularities for a half-plane have been derived and discussed in detail in this
study. All of the results of image singularities for applied singularity on the object point and
different boundary conditions are summarized and listed in Tables 1 and 2. It is interesting to
note that image singularities of concentrated forces for a traction-free boundary are not only
force systems but also dislocations. In addition, image singularities of dislocations for rigidly
fixed boundaries also include concentrated forces. The image singularities for an isotropic
half-plane consist of concentrated forces and dislocations with the order of stress singularity
O(1/r) and higher order singularities (O(1/r?) and O(1/r?)). However, the solutions of all
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Table 1. Applied singularities (concentrated forces and dislocations) and the correspond-
ent image singularities for traction-free boundary condition.

Applied singularity
Image singularity JA N b, b,
Horizontal body force f, A
Vertical body force f, A
Dislocation b, A A
Dislocation b, A A
Double force without moment along the x-direction P, A
Double force with moment along the x-direction C, A
Center of extension along the x-direction y, A
Center of shear along the x-direction « , A
Double center of expansion along the x-direction y, A
Double center of expansion along the y-direction y, A
Double moment along the x-direction M, A
Double moment along the y-direction M, A

Table 2. Applied singularities (concentrated forces and dislocations) and the correspond-
ent image singularities for rigidly fixed boundary condition.

Applied singularity
Image singularity fx 5 b, b,
Horizontal body force f; A A
Vertical body force f, A A
Dislocation b, A
Dislocation b, A
Double force without moment along the x-direction P, A
Double force with moment along the x-direction C, A
Center of extension along the x-direction y, A
Center of shear along the x-direction x A
Double center of expansion along the x-direction y, A
Double center of expansion along the y-direction y, A
Double moment along the x-direction M, A
Double moment along the y-direction M, A

the higher order singularities can be obtained by differentiating the solutions of concentrated
forces and dislocations. Hence, the fundamental solutions we need for constructing the image
singularities are only the solution of concentrated forces and dislocations in an infinite plane.
The image singularities of a half-plane for applied forces and dislocations are represented in
a compact matrix form in terms of the solutions of concentrated forces and dislocations. As
the applied concentrated forces or dislocations approach the half-plane surface, the higher
order image singularities will disappear and only the image singularities with order O(1/r)
(i.e., concentrated forces and dislocations) will remain in the solution. Based on the results
found in this study, the image singularities for higher order applied singularities (i.e., applied
double force, center of extension, center of shear, etc.) for half-plane can be easily derived.
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